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1. In t roduct ion 

I t i s now w e l l e s t a b l i s h e d that economic models w i th a f i n i t e number 

o f goods have e q u i l i b r i a that are g e n e r i c a l l y de terminate ; a s p e c i f i c a t i o n o f 

p re fe rences , endowments, and t e c h n o l o g i c a l o p p o r t u n i t i e s almost always ( i n a 

sense that can be made p rec i se ) determines a f i n i t e se t o f e q u i l i b r i u m o u t 

comes that can be observed. In models w i th an i n f i n i t e number o f goods, 

however, e q u i l i b r i a can be indeterminate . For example, Kehoe and Lev ine 

(1987) prov ide a s imple example o f an over lapp ing genera t ions model (wi thout 

f i a t money) that has a continuum o f e q u i l i b r i a . Th is continuum i s robust in 

the sense that i t p e r s i s t s even when the bas i c parameters o f p re fe rences and 

the technology are a l t e r e d , and i t a r i s e s i n a model tha t i s o therw ise w e l l 

behaved. I t has no c y c l e s and no chaos; i n f a c t , a l l o f the e q u i l i b r i a c o n 

verge a s y m p t o t i c a l l y to the same s t a b l e s t a t i o n a r y s t a t e . A l l o f the e q u i l i b 

r i a are pareto e f f i c i e n t ; the value o f the aggregate endowment i s f i n i t e ; and 

the p r i c e sequences l i e in the dua l space of the commodity space. More 

s t r o n g l y , Kehoe, Lev ine , M a s - C o l e l l , and Zame (1986) show tha t robust i n d e t e r 

minacy can a r i s e when the p r i c e and commodity spaces are the same H i l b e r t 

space. 

Models w i th indeterminacy are undes i rab le from a s c i e n t i f i c po i n t o f 

v iew. S t a r t i n g from the fundamentals of the economy, a theory based on t h i s 

k ind o f model o f f e r s l i t t l e guidance about should be observed. Nor i s i t 

poss i b l e to cond i t i on on the e q u i l i b r i u m va lues tha t are observed and do a 

comparat ive s t a t i c s a n a l y s i s ; smal l changes in the under l y ing parameters can 

lead to l a rge and d iscon t inuous changes in the observed outcomes. Inde te rmi 

nacy i s e s p e c i a l l y troublesome in dynamic models because i t undermines the 

i n t e r p r e t a t i o n o f these models in terms o f an e q u i l i b r i u m where agents t rade 

in spot markets and form expec ta t ions about the f u t u r e . I f there i s i n d e t e r -
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minacy concerning the e q u i l i b r i u m tha t ob ta in i n the present , there a l s o i s 

indeterminacy i n the e q u i l i b r i a s t a r t i n g from fu tu re da tes , and t h i s makes 

expec ta t ion format ion p rob lemat ic . 

In t h i s paper, we extend the c l a s s o f dynamic models that are known 

to have a f i n i t e number of l o c a l l y unique e q u i l i b r i a and c l a r i f y the sense i n 

which f i n i t e n e s s i s important f o r t h i s r e s u l t . As noted above, models w i th a 

f i n i t e number o f goods are g e n e r i c a l l y determinate , but t h i s i s o f no he lp f o r 

the study o f i n f i n i t e hor i zon dynamic models. Moreover, we know from examples 

that a f i n i t e number of goods i s not necessary f o r determinacy. A model w i th 

a s i n g l e rep resen ta t i ve agent i s determinate regard less of the number o f goods 

i n the model ; the e q u i l i b r i u m q u a n t i t i e s are s o l u t i o n s to a concave maximiza

t i on problem, and under m i ld s t r i c t concav i t y assumptions they, are un ique . 

The Kehoe-Levine over lapp ing genera t ions example shows that indeterminacy can 

a r i s e i n a model w i th both an i n f i n i t e number o f goods and an i n f i n i t e number 

o f i n d i v i d u a l s . What the r e s u l t s presented here suggest i s that t h i s k ind o f 

double i n f i n i t y o f goods and consumers i s the c r u c i a l element i n t h i s exam

p l e . In p a r t i c u l a r , we show that what matters f o r determinacy i n the usua l 

rep resen ta t i ve agent dynamic model i s not that there be a s i n g l e agent i n the 

economy. I t i s s u f f i c i e n t f o r the number o f agents to be f i n i t e . 

Proofs o f determinacy i n a model wi th a f i n i t e number o f goods 

proceed by examining the p r o p e r t i e s o f a f i n i t e number o f supply-equals-demand 

equat ions that depend on a f i n i t e number of p r i c e s . Determinacy f o l l ows from 

e s s e n t i a l l y count ing equat ions and unknowns. S ince the number o f equat ions i s 

the same as the number of undetermined p r i c e s , there are almost always a 

f i n i t e number o f s o l u t i o n s to these equa t ions . Count ing equat ions and un 

knowns does not work when there are an i n f i n i t e number o f equat ions and v a r i 

a b l e s . What we e x p l o i t i s a d u a l i t y r e l a t i o n s h i p between goods and i n d i v i d -
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u a l s . We reduce the s p e c i f i c a t i o n o f the e q u i l i b r i u m to a f i n i t e number o f 

equat ions, one fo r each i n d i v i d u a l , that equate the value o f consumption w i th 

the value o f the i n d i v i d u a l ' s endowment. These equat ions depend on a se t o f 

we l fa re weights that are the analogs o f p r i c e s ; the weights are ass igned to 

i n d i v i d u a l s i n a pareto op t im i za t i on problem that determines consumption f o r 

each i n d i v i d u a l by maximizing the weighted sum o f i n d i v i d u a l u t i l i t i e s . Our 

a n a l y s i s o f determinacy then proceeds as i n the usua l f i n i t e d imens iona l c a s e . 

Our r e s u l t s extend those of Mu l l e r and Woodford (1986), who cons ide r 

product ion economies w i th both f i n i t e l y and i n f i n i t e l y l i v e d consumers. They 

show that there can be no indeterminacy i f the i n f i n i t e l y l i v e d consumers are 

s u f f i c i e n t l y l a r g e . The i r r e s u l t s are l o c a l , however, and concern on ly e q u i 

l i b r i u m that converge to a p a r t i c u l a r s t a t i o n a r y s t a t e . We prove a g l o b a l 

theorem: f o r a g iven s t a r t i n g c a p i t a l s tock , there are on ly f i n i t e l y many 

e q u i l i b r i a . (We do no t , however, permit an i n f i n i t e number o f f i n i t e l y l i v e d 

consumers, as do M u l l e r and Woodford.) 

We assume tha t markets are complete and tha t the technology and 

preferences are convex. Consequent ly, the behavior o f e q u i l i b r i a i n our model 

can be cha rac te r i zed by the p rope r t i es o f a value f u n c t i o n . Th i s i s because 

the second theorem o f we l fa re economics h o l d s : any pareto e f f i c i e n t a l l o c a 

t i on can be d e c e n t r a l i z e d as a compet i t i ve e q u i l i b r i u m wi th t r a n s f e r pay

ments. I f the pre ferences o f consumers can be represented by concave u t i l i t y 

f u n c t i o n s , then an e q u i l i b r i u m wi th t r a n s f e r s can be c a l c u l a t e d by maximiz ing 

a weighted sum o f the i n d i v i d u a l u t i l i t y f unc t i ons sub jec t to the f e a s i b i l i t y 

c o n s t r a i n t s imp l ied by the aggregate technology and the i n i t i a l endowments. 

Showing tha t an e q u i l i b r i u m e x i s t s i s equ iva len t to showing that there e x i s t s 

a vector of we l fa re weights such that the t r a n s f e r payments needed to decen

t r a l i z e the r e s u l t i n g pareto e f f i c i e n t a l l o c a t i o n are z e r o . Th i s approach has 
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been pioneered by Neg ish i (1960) and a p p l i e d to dynamic models by Bewley 

(1980,1982). Using t h i s approach, Kehoe and Lev ine (1985a) have cons idered 

the r e g u l a r i t y p rope r t i es o f an i n f i n i t e hor i zon economy without p r o d u c t i o n . 

In g e n e r a l , c a l c u l a t i n g the t r a n s f e r s assoc ia ted w i th a g i ven se t o f 

weights requ i res the complete c a l c u l a t i o n of e q u i l i b r i u m q u a n t i t i e s and p r i 

ces . In a dynamic model w i th an i n f i n i t e number o f commodit ies, t h i s can be 

awkward. To s i m p l i f y the c a l c u l a t i o n , we adopt an a l t e r n a t i v e s t ra tegy based 

on the s imple geometr ica l observa t ion tha t any convex se t in R n can be i n t e r 

preted as the cross s e c t i o n o f a cone i n R n + 1 . To e x p l o i t t h i s f a c t , we add a 

se t o f a r t i f i c i a l f i x e d f a c t o r s to the economy and inc lude them as arguments 

of the weighted s o c i a l va lue f u n c t i o n . These f a c t o r s are chosen so tha t the 

augmented u t i l i t y and product ion func t i ons are homogeneous of degree one. 

Thus, the usua l problem o f choosing a po in t on the f r o n t i e r o f a convex u t i l 

i t y p o s s i b i l i t y set i s converted i n t o a problem o f choosing a po in t from a 

cone of f e a s i b l e va lues fo r u t i l i t y . Th is ex tens ion has t h e o r e t i c a l advan

tages analogous to those that a r i s e when a s t r i c t l y concave p roduc t ion f u n c 

t i o n i s conver ted i n t o a homogeneous o f degree one f u n c t i o n by the a d d i t i o n o f 

a f i xed f a c t o r . When the technology f o r the f i rm i s a cone, p r o f i t s and 

revenues are complete ly accounted f o r by f a c t o r payments. Ana logous ly , making 

the s o c i a l va lue func t i on homogeneous o f degree one s i m p l i f i e s the accoun t ing 

necessary to keep t rack o f the t r a n s f e r s assoc ia ted w i th any g iven pareto 

e f f i c i e n t a l l o c a t i o n . The present va lue o f income and expendi ture f o r each 

i n d i v i d u a l can be c a l c u l a t e d d i r e c t l y from an augmented l i s t o f endowments and 

from the d e r i v a t i v e s o f the augmented s o c i a l va lue f unc t i on wi thout e x p l i c i t l y 

c a l c u l a t i n g the dynamic paths f o r p r i c e s or q u a n t i t i e s . Th i s i s the framework 

f o r s tudy ing mul t iagent in te r tempora l e q u i l i b r i a developed by Kehoe and Lev ine 

(1985b). 
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In such a s e t t i n g , e q u i l i b r i a are equ iva len t to zeros o f a s imp le 

f i n i t e d imensional system o f equat ions i n v o l v i n g the d e r i v a t i v e s o f the s o c i a l 

value func t i on and the endowments. I n t u i t i o n says t h a t , s i nce the number o f 

equat ions and the number of unknowns in t h i s system are both equal to the 

number o f agents , e q u i l i b r i a ought to be determinate . To do the usua l k ind o f 

r e g u l a r i t y a n a l y s i s , however, we requ i re tha t the f unc t i ons i nvo l ved i n the 

system o f equat ions that determines the e q u i l i b r i a be con t inuous ly d i f f e r e n t i -

a b l e . Because these func t i ons invo lve d e r i v a t i v e s o f the s o c i a l va lue func 

t i o n , they are con t inuous ly d i f f e r e n t i a b l e i f the va lue func t i on i s tw ice 

cont inuous ly d i f f e r e n t i a b l e . Thus, we show how to reduce an e q u i l i b r i u m 

problem to a problem i n growth theory : how smooth i s the value f u n c t i o n ? 

Roughly, the r e s u l t i s the same as i n the f i n i t e case : i f the economy ( i n 

t h i s case , the value func t ion ) i s smooth enough, e q u i l i b r i a are g e n e r i c a l l y 

determinate. Un l i ke the f i n i t e hor i zon case , however, we have no s imple and 

general assumptions on preferences and technology that guarantee tha t the 

economy i s smooth enough. 

In our bas i c model , a one sec to r n e o c l a s s i c a l growth model, smooth

ness of the value func t i on may be deduced from a g l o b a l tu rnp ike theorem. 

With m u l t i p l e c a p i t a l s t o c k s , twice cont inuous d i f f e r e n t i a b i l i t y o f the va lue 

func t ion i s not known to f o l l ow from smoothness o f u t i l i t y and p roduc t ion 

p o s s i b i l i t i e s , except i n s p e c i a l cases . I f the d i scoun t f a c t o r i s s u f f i 

c i e n t l y c l ose to one, then Araujo and Scheinkman ( 1977) show that the va lue 

func t ion must be twice con t inuous ly d i f f e r e n t i a b l e ; i f the d iscount f a c t o r i s 

s u f f i c i e n t l y c l o s e to z e r o , B o l d r i n and Montrucchio (1987) show that the va lue 

funct ion must be twice con t inuous ly d i f f e r e n t i a b l e . In the l a t t e r case , a 

g l oba l tu rnp ike theorem i s not t rue , and B o l d r i n and Montrucchio (1986) and 

Deneckere and P e l i k a n (1985) have shown that both c y c l e s and chaos can occur 
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wi th sma l l d iscount f a c t o r s . In f a c t , B o l d r i n and Montrucchio d e s c r i b e a 

general method fo r cons t ruc t i ng examples w i th smoothness and chaos. Conse

quent ly , determinacy does not r e s t on a tu rnp i ke theorem, but on the ra the r 

d i f f e r e n t assumption o f a twice con t inuous ly d i f f e r e n t i a b l e value f u n c t i o n . 

In the case o f in te rmed ia te va lues o f the d iscount f a c t o r r e l a t i v e l y 

l i t t l e i s known. B o l d r i n and Montrucchio (1988) p rov ide some c o n d i t i o n s 

s u f f i c i e n t f o r a C^ va lue f u n c t i o n . In a d d i t i o n , Kehoe, L e v i n e , and Romer 

(1987) show that rega rd less o f the d i scoun t f a c t o r , there are a t most f i n i t e l y 

many e q u i l i b r i a that converge to a nondegenerate steady s t a t e . Moreover, our 

genera l methods apply to s t o c h a s t i c as w e l l as d e t e r m i n i s t i c complete c o n t i n 

gent c la ims economies (see Kehoe and Lev ine 1985b), and r e s u l t s due to Blume, 

Eas ley , and O'Hara (1982) imply that a sma l l amount o f the r i g h t k i nd o f 

uncer ta in ty leads to smooth va lue f u n c t i o n s . T h i s can prov ide an a l t e r n a t i v e 

d i r e c t i o n f o r prov ing determinacy r e s u l t s . 

In the next s e c t i o n , we se t up a s imple one s e c t o r , mu l t i pe rson 

economy. Sec t i on 3 c h a r a c t e r i z e s e q u i l i b r i a as s o c i a l optima wi thout t r a n s f e r 

payments. Sec t i on 4 ana lyzes p r o p e r t i e s o f the sav ings f unc t i on of the econ

omy. Sec t i on 5 shows how d i f f e r e n t i a b i l i t y o f the sav ings f unc t i on imp l i es 

determinacy o f e q u i l i b r i a . F i n a l l y , Sec t i on 6 d i s c u s s e s ex tens ions to m u l t i -

sec tor models. 

2 . The B a s i c Model 

Consider a s imple m person n e o c l a s s i c a l growth model. The p r e f e r 

ences of each consumer take the usua l a d d i t i v e l y separab le form, d i scoun ted by 

the common f a c t o r 6, 0 < 8 < 1. Consumption o f the s i n g l e p e r i s h a b l e good by 

consumer i a t time t i s denoted by c i f c . The u t i l i t y f u n c t i o n f o r consumer i , 

i = 1, m, i s then Y™ 8 t u . ( c . ). The i n i t i a l endowment o f c a p i t a l , the 
U — \J 1 XT' 

s i n g l e rep roduc ib le p roduc t ive f a c t o r , i s k n > 0, and 9. > 0 i s the share 
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owned by consumer i . Obv ious l y , 2 . i - i 9 i = 1 1 and e^kg i s the endowment o f 

consumer i . The economy a l s o has x > 0 u n i t s o f labor in each p e r i o d , a p e r 

i shab le p roduc t ive f a c t o r ; > 0 i s the share of t o t a l l abor owned by con-

sumer i . Aga in , Z i - i * i = '» a n ( * *-s the endowment o f consumer i . I f q .̂ 

denotes the output o f consumption, and k f c and x f c inputs o f c a p i t a l and l a b o r , 

the technology i s descr ibed by an aggregate product ion func t i on q f c + k f c + 1 = 

G ( k t , x t ) . 

We next spec i f y the p rope r t i es assumed fo r the pre fe rences and 

technology. The assumptions concerning c o n t i n u i t y , monoton ic i t y , and concav

i t y are s tanda rd . 

Assumption 1: For 1, . . . , m, Uj_: R + + R u { -» } i s concave, s t r i c t l y i n c r e a s 

i n g , and con t inuous . On the s t r i c t l y p o s i t i v e o r than t , R + + , u i i s smooth 

( i n f i n i t e l y many t imes cont inuous ly d i f f e r e n t i a b l e ) and au^/3c > 0 , 

2 2 
3 u . /3 c < 0. Moreover, l i m 3u . ( c ) / 3c = +». 

1 c*0 1 

In the statement that i s con t inuous , we are us ing the n a t u r a l 

topology on R u {-<=}, that i s , the one generated by adding open i n t e r v a l s o f 

the form [-<=,a) to the usua l topology on R. For example, the func t i ons u (c ) = 

In c and u(c) = ( c p - 1 ) / p , p < 1 a l l s a t i s f y the cond i t i ons o f t h i s assumpt ion . 

2 
Assumption 2 : The product ion func t i on G: R + * R + i s homogeneous o f degree 

p 
one, concave, and cont inuous. On the s t r i c t l y p o s i t i v e o r than t , R + + , G i s 

smooth, and 3G/3k > 0 , 3G/3x > 0, 3 2 G / 3 k 2 < 0 . Moreover, G(0 ,x ) = 0 , 

l i m 3G(k,x) /3k = +<*>, and l i m sup G ( k , x ) / k < 1. 
k-0 k-c° 

In what f o l l o w s , smoothness p lays an important r o l e . To ensure tha t 

i t ho lds , we need know not on ly that the re levan t func t ions be smooth, but 

a l s o that p roduc t ion and consumption p lans are s t r i c t l y i n t e r i o r . Th i s f o l -
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lows from the i n f i n i t e steepness c o n d i t i o n s , 3 IK (0 ) /3C = +•<*>, and 

3G(0,x) /3k = « . F i n a l l y , by assuming l im sup G(k , x ) / k < 1, we ensure tha t the 
k*» 

c a p i t a l s tock must remain bounded. 

3. C h a r a c t e r i z a t i o n o f E q u i l i b r i u m 

A compet i t i ve e q u i l i b r i u m fo r t h i s model c o n s i s t s o f a sequence p Q , 

P i , o f p r i c e s f o r the consumption good, a p r i ce r f o r the i n i t i a l c a p i t a l 

s t ock , a sequence WQ, Wp . . . o f p r i c e s f o r l abo r , a consumption a l l o c a t i o n 

c i 0 ' c i 1 » ' • • * " o r e a c h c o n s u m e r *•» a sequence o f c a p i t a l s tocks k Q , k^, a 

sequence o f labor inputs X Q , X « , and a sequence o f outputs o f the c o n 

sumption good qg, q ^ , . . . . Given the p r i c e s p^., w^., and r, the consumption 

a l l o c a t i o n c ^ t must so l ve the u t i l i t y maximizat ion problem fo r consumer i : 

I t = o s t u i ( c i t ) 

sub jec t to 

E t = o p t c i t - e i r k o + * i E - o V * 

Furthermore, g iven the p r i c e s p f c , the product ion p lans k f c , x f c , q f c must max i 

mize p r o f i t s : 

* * * ^ t = o ( p t q t _ w t x t ) " r k o 

sub jec t to 

% + k t + i - G ( k t ' V ' fc s °» 1« • • • • 

F i n a l l y , demand must equal supply fo r the consumption good and labor in every 

pe r iod and fo r the i n i t i a l c a p i t a l s t o c k : 

5 - i ° i t - v t s 0 ' 1 - • • • 



k o = V 

As i s usua l i n such c a p i t a l theory problems, the c o n s t r u c t i o n o f a 

compet i t i ve e q u i l i b r i u m i s accomplished by s o l v i n g a s o c i a l o p t i m i z a t i o n 

problem. The necessary cond i t i ons fo r t h i s problem guarantee the ex i s t ence o f 

a set of shadow p r i c e s that s a t i s f y c e r t a i n p r o p e r t i e s . I t i s then a t r i v i a l 

matter to show tha t these p r i c e s , a long wi th the op t ima l q u a n t i t i e s , s a t i s f y 

the s u f f i c i e n t cond i t i ons f o r the op t im i za t i on problems o f the consumer and 

the f i r m . 

Consider the s o c i a l p lann ing problem of determin ing a pareto e f f i 

c i e n t consumption a l l o c a t i o n and product ion sequence. Given nonnegat ive 

wel fare weights (c^ ,a^,...,0^), we maximize a weighted sum o f the i n d i v i d u a l 

consumers' u t i l i t i e s sub jec t to f e a s i b i l i t y c o n s t r a i n t s : 

^ i = i a J t = o 8 t u i ( c i t ) 

sub jec t to 

2 i = 1 ° i t + k t + 1 S G < V * t > ' b = °» 1 f 

x f c < x , t = 0, 1, . . . 

ko*Eo 
k f c > 0, t = 0 , 1, . . . . 

Using r e s u l t s that are analogous w i th the Kuhn-Tucker Theorem f o r f i n i t e 

maximizat ion problems, we can express the necessary cond i t i ons f o r t h i s p rob

lem as a set o f i n te r tempora l o p t i m i z a t i o n cond i t i ons and a t r a n s v e r s a l i t y 

cond i t i on a t i n f i n i t y . Let p f c be the Lagrange m u l t i p l i e r a p p l i e d to the 
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cons t ra i n t on output in each p e r i o d , l e t ŵ . be the m u l t i p l i e r on the con

s t r a i n t on x f c , and l e t r be the m u l t i p l i e r on the i n i t i a l s tock o f c a p i t a l . 

The Lagrangean f o r t h i s problem i s 

£ = s . * i ; = o 8 V c i t > • ' < w 

+ £t=oK ( i-xt )+pttG(kt-xt )_kt+r 3«i0it^-
Since the opt ima l q u a l i t i e s c i f c , k f c , x f c are s t r i c t l y p o s i t i v e , the inter tempo

r a l o p t i m i z a t i o n c o n d i t i o n s fo l l ow by s e t t i n g d e r i v a t i v e s o f £ equal to z e r o : 

a . B t 3 u . ( c . ) /3c - p = 0, i = 1, m; t = 0 , 1, . . . 
1 I X C c 

P Q 3 G ( k 0 , x 0 ) / 3 k - r = 0 , 

" P t - 1 + P t

3 G ( k

t > x

t ) / 3 k = 0 , t = 1, 2 , . . . 

p f c a G ( k t , x f c ) / 3 x - w fc = 0 , t = 0, 1, . . . 

x = x 

k - k" Ko Ko-

The t r a n s v e r s a l i t y c o n d i t i o n a t i n f i n i t y i s 

l i m p t k f c + 1 = 0 . 

See Weitzman (1973) or Romer and Shinotsuka (1988). 

The s u f f i c i e n t cond i t i ons f o r the problem o f the consumer and the 

problem o f the f i rm can be de r i ved ana logous ly . Let \ ^ denote the m u l t i p l i e r 

on the budget c o n s t r a i n t fo r consumer i , when faced w i th p r i c e s p f c . The 

s u f f i c i e n t cond i t i ons f o r an opt ima l consumption sequence are 

6 t 3 u . ( c . ) /3c - X.p = 0 , t = 0, 1, . . . 
1 1 C 1 c 
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combined w i th the requirement o f o v e r a l l budget ba lance , 

£ t = o p t c i t = e i r k o + * i E - o V -

Not ice that the l e f t hand s i de o f t h i s e x p r e s s i o n , expend i tu re on consumption, 

i s s t r i c t l y decreas ing in \ ^ and that the r i g h t hand s i d e i s g i v e n , so tha t 

t h i s express ion can be thought o f as determin ing 

Let y f c denote the Lagrange m u l t i p l i e r a s s o c i a t e d w i th the c o n s t r a i n t 

faced by the f i r m . S u f f i c i e n t cond i t i ons f o r the f i r m ' s maximizat ion problem 

are once aga in a set o f in ter tempora l cond i t i ons and a t r a n s v e r s a l i t y c o n d i 

t i on a t i n f i n i t y . Using once again the f a c t tha t the op t ima l quan t i t y cho ices 

are i n t e r i o r , we can de r i ve the in te r tempora l cond i t i ons by s e t t i n g d e r i v a 

t i v e s of t h i s express ion equal to z e r o : 

P t " wfc = 0, t = 0, 1, . . . 

- r + y 0 3 G ( k 0 , x Q ) / 3 k = 0 

- p f c _ 1 + u t 3 G ( k t , x f c ) / 3 k = 0 , t = 1, 2 , . . . 

-w f c + u f c 3 G ( k f c , x t ) / 3 x = 0 , t = 0 , 1, . . . . 

The t r a n s v e r s a l i t y c o n d i t i o n i s 

Jim * t k t + 1 = ° -

These cond i t i ons can be s i m p l i f i e d to 

3 G ( k 0 , x ) / 3 k 0 2 -

P t - 1 

3G(k ,x ) /3k = -f-i-, t = 1, 2 , . . . 
6 C p. 
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w 

3G(k Q , x ) / 3x = p t = 0 , 1, . . . 

l i m p t k f c + 1 - 0. 

Comparing the necessary cond i t i ons f o r the weighted s o c i a l o p t i m i z a 

t i on problem wi th the s u f f i c i e n t cond i t i ons f o r the consumer and f i r m prob

lems, we observe that the q u a n t i t i e s from a compet i t i ve e q u i l i b r i u m are pareto 

e f f i c i e n t . They so lve the s o c i a l o p t i m i z a t i o n problem when the weights a re 

chosen to s a t i s f y = 1/X^. Th is i s s imp ly the f i r s t we l fa re theorem f o r 

t h i s economy. Not i ce too that f o r any a r b i t r a r y weights a ^ , the q u a n t i t i e s 

from the s o c i a l o p t i m i z a t i o n problem can be d e c e n t r a l i z e d as a compet i t i ve 

equ i l i b r i um wi th t r a n s f e r s . A l l that i s requ i red i s to ad jus t the m u l t i p l i e r 

represent ing the marg ina l u t i l i t y o f income f o r each i n d i v i d u a l so tha t i t 

equals that i n d i v i d u a l ' s weight a ^ ; as we have remarked above, \ ^ f o r each 

i n d i v i d u a l v a r i e s monoton ica l l y wi th the income a l l o c a t e d to i n d i v i d u a l i . 

Th is i s , of course , the second we l fa re theorem f o r t h i s economy. The appro 

p r i a t e t r a n s f e r to each i n d i v i d u a l i s that amount that j u s t a l l ows the i n d i 

v i d u a l to a f f o r d the consumption stream a l l o c a t e d by the s o c i a l o p t i m i z a t i o n 

problem. Thus, f o r g iven weights a = ( a . . , a _ , . . . > « m ) » the requ i red t r a n s f e r s 

are 

^ = o p t { a ) c i t ( a ) " V ^ o ' * i It=owt(a)*' i • i . . . . . 

For t h i s economy, a compet i t i ve e q u i l i b r i u m i n the usua l sense corresponds to 

a se t of weights a such tha t these t r a n s f e r to z e r o . 

In p r i n c i p a l , t h i s g ives a l l we need to cons ider the r e g u l a r i t y 

p roper t i es o f t h i s economy. By equat ing the t r a n s f e r payments f o r each o f the 

m consumers to 0, we have m equat ions i n the m unknowns, ( a . , c u , . . . , a ) . In 

p r a c t i c e , t h i s i s not a u s e f u l system o f equat ions to work w i th because the 
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equat ions requ i re the c a l c u l a t i o n o f the i n f i n i t e se t o f q u a n t i t i e s c ^ t ( a ) and 

an i n f i n i t e l i s t o f p r i c e , p t ( a ) , w f c(a) f o r each cho ice o f the vec to r a . One 

could attempt to e x p l i c i t l y c h a r a c t e r i z e the dependence of these i n f i n i t e 

d imensional vec to rs on a ; i n the next s e c t i o n , however, we show how t h i s s tep 

can be avoided by the use o f a s u i t a b l y chosen value f u n c t i o n . Of course the 

i n f i n i t e d imens iona l nature o f the problem does not d i sappear . Rather , i t i s 

embodied i n the p r o p e r t i e s o f the value f u n c t i o n , which i s the r e s u l t o f 

s o l v i n g the s o c i a l p lann ing problem, an e a s i e r i n f i n i t e d imens iona l problem 

than the o r i g i n a l e q u i l i b r i u m problem. 

4 . The Savings Func t ion 

Let us now develop a c h a r a c t e r i z a t i o n of s o l u t i o n s to the s o c i a l 

p lanning problem, and o f compet i t i ve e q u i l i b r i a , in dynamic programming 

terms. Given an aggregate endowment of c a p i t a l k Q , a l abor supply x , and a 

vector o f nonnegat ive we l fa re weights a , we de f i ne a va lue f u n c t i o n V ( k Q , x , a ) 

as the maximum o f 

sub jec t to the c o n s t r a i n t s 

2 i = 1 C i t + k t + 1 * G < k t ' x ) ' t - 1 ' 2 ' • 

The envelope theorem a l l ows us to t r e a t the d e r i v a t i v e 3 V ( k 0 , x , a ) / 3 k Q as the 

p r i c e f o r c a p i t a l r and use i t to c a l c u l a t e the value of the c a p i t a l endow

ment e i k Q f o r each i n d i v i d u a l . S i m i l a r l y , we can show that 

3V(k , x , a ) / 3 x = j r _ o M t » 
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so we can c a l c u l a t e the present va lue o f the labor endowment $.x f o r each 

i n d i v i d u a l . To c a l c u l a t e the t r a n s f e r s assoc i a t ed w i th these we igh ts , we must 

a l so c a l c u l a t e the expendi ture o f each i n d i v i d u a l . 

To c a l c u l a t e i n d i v i d u a l expend i tu res , we must in t roduce an account 

ing d e v i c e . We f i r s t show that s t r i c t l y concave u t i l i t y f unc t i ons can be made 

homogeneous o f degree one. In p roduc t ion theory a dec reas ing re tu rns t e c h n o l 

ogy can be converted in to a constant re tu rns technology by i n t r oduc ing a f i x e d 

f ac to r to a c t as an account ing dev ice to keep t rack o f producer s u r p l u s — t h e 

d i f f e r e n c e between revenue and expendi ture (see , fo r example, McKenzie 

1959). A s i m i l a r f ac to r can be used to account fo r consumer su rp lus —the 

d i f f e r e n c e between u t i l i t y and expend i tu re . Introduce an a d d i t i o n a l , person 

s p e c i f i c f i x e d u t i l i t y f a c t o r yi f o r each agent , and endow agent i w i th the 

e n t i r e aggregate supply o f one u n i t o f f a c t o r i . (For s i m p l i c i t y , we make no 

d i s t i n c t i o n i n the no ta t i on between the i n d i v i d u a l ' s ho ld ings o f f a c t o r y^ and 

the aggregate endowment.) As i n product ion theory , f o r y^ > 0 , de f i ne an 

augmented u t i l i t y f unc t i on U ^ c ^ ) = y ^ u ^ e / y ^ ) . We now de f i ne a va lue 

func t i on V ( k Q , x , y , o ) as the maximum o f the weighted sum o f the augmented 

u t i l i t y f unc t i ons sub jec t to the augmented technology. 

I f we l e t c i t denote the op t ima l consumption o f agent i a t t ime t , 

the f i r s t order c o n d i t i o n s from the maximizat ion imply the e q u a l i t y 

B V a U . t c . ^ y . V a c = B ^ a U ^ c ^ . y ^ / a c . 

As a r e s u l t , weighted d iscounted marg ina l u t i l i t y fo r any consumer can be used 

as a present va lue p r i c e f o r consumption a t time t . The on l y d i f f e r e n c e from 

the usua l r e p r e s e n t a t i v e consumer framework i s tha t the weights a conver t the 

i n d i v i d u a l marg ina l u t i l i t y p r i c e s in to a s o c i a l marg ina l va lue p r i c e . We can 

then eva luate the expend i tu re o f consumer i i n pe r iod t as c i t m u l t i p l i e d by 
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t h i s p r i c e . Using the p rope r t i es o f homogeneous f u n c t i o n s , we can decompose 

per iod t u t i l i t y fo r consumer i i n t o the sum o f a term o f t h i s form and an 

analogous term i n v o l v i n g the added u t i l i t y f a c t o r : 

V ' i t - V - c i t 3 U i ( c i t ' y i ) / 8 c + v u i ( c i f y i t ) / 3 * -

I f the term i n v o l v i n g the u t i l i t y f a c t o r i s i n t e rp re ted as a measure o f con

sumer s u r p l u s , expend i tu re on goods i n per iod t i s s imply u t i l i t y minus con

sumer s u r p l u s . Using the envelope theorem, we can then c a l c u l a t e the present 

value o f consumer su rp l us f o r agent i as the d e r i v a t i v e o f the s o c i a l va lue 

func t ion v ( k Q , x , y , a ) w i th respec t to y^ m u l t i p l i e d by the endowment y » : 

y i 3 V ( k 0 , x , y , a ) / 3 y i = ^ • V i W i ( o i t * l ) / * l -

S i m i l a r l y , we can c a l c u l a t e the d iscounted sum o f u t i l i t y f o r consumer i , 

measured i n s o c i a l va lue u n i t s , as the d e r i v a t i v e (we show below tha t V i s 

d i f f e r e n t i a b l e ) o f the s o c i a l va lue f unc t i on w i th respec t to m u l t i p l i e d 

by a . : 

a . 3 V ( k 0 , x , y , a ) / 3 a . = ^ S ^ V ° i t ' y i > " 

Then the present va lue o f expendi ture by agent i i s s imply the d i f f e r e n c e 

a . 3 V ( k ( ) , x , y , a ) / 3 a i - y i 3 V ( k Q , x , y , a ) / 3 y . , 

The t r a n s f e r to agent i necessary to support t h i s e q u i l i b r i u m i s zero i f and 

only i f t h i s expend i tu re i s equal to the time zero va lue o f the a g e n t ' s endow

ment, 

9 . k 0 3 V ( k 0 , x , y , a ) / 3 k 0 + 4> i x3V(k ( ) , x , y ,a ) /3x . 
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Fo rma l l y , e q u a l i t y o f these two express ions can be i n t e r p r e t e d i n 

terms o f an augmented economy where t rade i n the u t i l i t y f a c t o r s y^ a c t u a l l y 

takes p l a c e . In t h i s case , t h i s e q u a l i t y can be i n te rp re ted as a requirement 

that the va lue o f the augmented endowment f o r agent i , Q^k^/dk^ + <^x3V/3x + 

y . 3 V / 3 y . , equals the amount o f s o c i a l u t i l i t y purchased, a . 3 V / 3 a . = 

I t i s u s e f u l to de f ine a net sav ings func t i on s^ fo r consumer i as 

(») s.(k 0 ,9,<*>,«) = 9 i k 0 3 V ( k 0 , x , 1 , o ) / 3 k 0 + * . x 3 V ( k 0 , x , 1 , a ) / 3 x 

+ y . 3 V ( k Q , x , 1 , a ) / 3 y i - a . 3 V ( k Q , x , 1 , a ) / 3 a . . 

For a g iven set o f we l fa re weights a , the t r a n s f e r f o r each i n d i v i d u a l needed 

to support the s o c i a l optimum as a compet i t i ve e q u i l i b r i u m i s the negat i ve o f 

the net sav ings f o r tha t i n d i v i d u a l . A compet i t i ve e q u i l i b r i u m i s t he re fo re 

equ iva len t to a vec to r o f weights a such tha t the vector s(kQ,9,<j>,a) = 0 . 

To c a l c u l a t e e q u i l i b r i a , we need to analyze the sav ings f u n c t i o n . 

Our goal i s to prove the f o l l o w i n g r e s u l t s : 

P ropos i t i on 1: Under Assumptions 1 and 2 : 

(a) s(k 0 ,e,4>,a) i s homogeneous o f degree one i n a . 

(b) ^ = 1 s . ( k 0 , 9 , * , a ) = 0 . 

(c) For each kg , 9, <t>, l i m s , ( k g , 0 , 4 , a ) > 0 . 

(d) s i s con t inuous ly d i f f e r e n t i a b l e . I t i s a f f i n e in both 9 and $ and D s 
9 

i s d iagona l and nons ingu la r . 

An i m p l i c a t i o n o f t h i s p r o p o s i t i o n i s tha t the func t ions s ^ ( a ) / a ^ s a t i s f y the 

same formal p rope r t i es as the excess demand func t ions o f a s t a t i c pure ex 

change economy w i th m goods. Th is obse rva t i on leads immediately to the c o n 

c l u s i o n that an e q u i l i b r i u m e x i s t s . 
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In prov ing P r o p o s i t i o n 1, no t i ce tha t in par t ( d ) , the dependence o f 

s on 9 i s obvious from the d e f i n i t i o n o f the sav ings f u n c t i o n ( * ) : s i s 

a f f i n e i n 9 and D s i s a d iagona l matr ix w i th d iagona l e n t r i e s 
9 

kg3V(kQ,x ,1 ,a ) /3kQ. Moreover, s i nce u t i l i t y and produc t ion are s t r i c t l y 

monotone and endowments s t r i c t l y p o s i t i v e , these e n t r i e s are s t r i c t l y p o s i 

t i v e . S i m i l a r l y , s i s a f f i n e in 

The proof o f the remaining par ts o f the p r o p o s i t i o n f o l l ows by us ing 

dynamic programming to c h a r a c t e r i z e the value f u n c t i o n . To so l ve the s o c i a l 

op t im i za t i on problem, we f i r s t so l ve the problem in pe r iod t f o r g iven k t and 

k t + 1 . Let the vector of weights a be f i x e d . Defined w(C,y ,a ) as the maximum 

of 

max Tm . a . U . ( c . , y . ) 

sub jec t to 

^ •1=11 

The f o l l o w i n g r e s u l t f o l l o w s immediately from Assumption 1: 

Lemma 2 : The f unc t i on w i s concave in (C,y) convex i n a , s t r i c t l y i n c r e a s i n g 

i n C and a , and cont inuous. On the s t r i c t l y p o s i t i v e o r than t w i s smooth 

and 3w/3C > 0 , 3 2 w/3C 2 < 0 . Moreover, 3w(0,y ,a) /3C = +->. The f u n c t i o n w i s 

homogeneous o f degree one i n (C,y) and separa te l y in a. 

Using the f unc t i on w, we can w r i t e s o c i a l va lue i n pe r iod t as 

v ( k t , k t + 1 , x , y , a ) = w ( G ( k t , x ) - k t + 1 , y , o ) . 

The s o c i a l present va lue f unc t i on V then s a t i s f i e s the dynamic programming 

r e l a t i o n s h i p 
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V ( k t , x , y , o ) = max v ( k f c , k t + 1 , x , y , a ) + 8 V ( k f c + 1 , x t y , o ) . 
k t + 1 

Proof of P r o p o s i t i o n 1; No t i ce that v i s concave and homogeneous o f degree 

one in (k,. , k t + ^ x , y ) and convex and homogeneous o f degree one i n a . I t f o l l o w s 

d i r e c t l y tha t V shares these same p r o p e r t i e s . An argument of Benvenis te and 

Scheinkman (1979) imp l i es that i t i s a l s o con t inuous ly d i f f e r e n t i a b l e . Ex 

amining ( * ) , we see that s^ i s made up o f terms where a constant i s m u l t i p l i e d 

by 3V /3z , f o r arguments z o ther than a , and o f a term a ^ V / S c ^ . In e i t h e r 

case, each term i s homogeneous o f degree one, s i nce V i s homogeneous o f degree 

one i n a . Th is proves par t (a) of the p r o p o s i t i o n . Moreover, s i n c e V i s 

cont inuous ly d i f f e r e n t i a b l e , homogeneity o f V o f degree one i n k f c , x , and y 

and £^8 j = 1, £ ^ = 1 imply tha t the terms 

e . k . 3 V / 3 k . + 4>.x3V/3x + y .3V /3y . l 0 0 l Ji Ji 

add up to V ( k t , x , y , a ) homogeneity o f V o f degree one in a imp l i es t ha t the 

terms a^dV/da^ do as w e l l . Th is proves par t ( b ) . 

Next , l e t a be a sequence i n the i n t e r i o r o f the p o s i t i v e o r than t 

converging to a po in t a such that = 0 and * 0 . I f c^ and c^ denote the 

corresponding op t ima l consumption cho ices i n the d e f i n i t i o n of w, i n f i n i t e 

steepness on the boundary of the u t i l i t y f unc t i ons imp l i es that ^ and c^ are 

s t r i c t l y p o s i t i v e and that the e q u a l i t y 

a * 3 U 1 ( c * ) / 3 C I = 8 J 3 U J ( C J ) / 3 C . 

holds fo r a l l i. By an a p p l i c a t i o n o f the maximum theorem (see , f o r example, 

Hi ldenbrand 1974), s i n c e the mapping that sends a to the vector o f op t ima l 

consumptions i s s i n g l e va lued , i t i s a cont inuous f u n c t i o n . From the d e f i n i 

t i o n of w, i t i s c l e a r that the op t ima l va lue f o r c i i s 0 s i nce = 0 . By 
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c o n t i n u i t y , c^ converges to zero wh i l e > 0 c l e a r l y imp l i es c^ * 0. Us ing 

the e q u a l i t y noted above, t h i s imp l i es tha t 

l i m a * c * 3 u . ( c * ) / 3 c . = 0. 
1 1 1 1 l 

That i s , the expendi ture on consumption goods a l lowed consumer i goes to 0 as 

h i s weight i n s o c i a l u t i l i t y goes to 0 . 

By the envelope theorem, we know tha t the l a s t term in the d e f i n i 

t i o n of s i s s imply the product o f the u t i l i t y weights t imes the present 

d iscounted u t i l i t y f o r each consumer. Us ing the homogeneity o f the augmented 

u t i l i t y f u n c t i o n U ^ c . y ^ ) , we can combine the l a s t two terms i n s and express 

s^ as 

s.(k 0,8,<j>,a) = 9 . k 0 3 V ( k 0 , X , 1 , a ) / 3 k 0 + <J>.x3V(k0,x, 1 ,a ) /3x 

- a i ^ t = o 9 t c i t 3 u i ( c i t ) / 3 c i f 

By the argument above, the l a s t terra i n t h i s express ion goes to 0 as CK goes 

to 0 ; from the d e f i n i t i o n of w and the envelope theorem, the f i r s t and second 

d e r i v a t i v e s of V can be expressed i n terms o f the marg ina l u t i l i t y o f agent j 

and hence i s cont inuous as l •* <*>. The re fo re , s approaches 

e i k ( ) 3 V ( k 0 , x , 1 , o ) / 3 k 0 + <t>.3V(k0,x, 1 ,w) /3x . 

No t i ce tha t t h i s l a s t term i s s imply the value o f consumer i ' s endowment o f 

c a p i t a l and l a b o r . By assumpt ion, 9^, 4K > 0 . S ince G and U J were assumed to 

be s t r i c t l y i n c r e a s i n g , every component o f 3V/3kQ i s s t r i c t l y p o s i t i v e and s^ 

i s greater than 0 . 

I t remains to show tha t s i s con t inuous ly d i f f e r e n t i a b l e . From ( * ) , 

i t c l e a r l y s u f f i c e s to show tha t V i s twice con t inuous ly d i f f e r e n t i a b l e . In 

t h i s one d imensional example, Cc d i f f e r e n t i a b i l i t y o f v f o l l o w s from b a s i c 
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proper t i es o f the s o c i a l o p t i m i z a t i o n problem. Given 9, <i>, and a , the maximi 

za t i on problem i s a standard one sec to r growth problem wi th pe r i od o b j e c t i v e 

func t ion w. By Lemma 2 , t h i s s a t i s f i e s standard p r o p e r t i e s . I t i s w e l l known 

that such a problem s a t i s f i e s a g l o b a l tu rnp ike proper ty and has no u n i t 

r oo t s . See, f o r example, H a r r i s (1987, pp. 34 -45) , or Cass (1965). In a d d i 

t i on v i s s t r i c t l y concave i n ( k t , k f c + 1 ) and 

( k t , k t + 1 , x , y , a ) . - A ( G ( k t , x ) - k t + 1 , y , « ) ff- ( k f c , x ) > 0 . 
t t+1 3 C t 

2 

Not ice that 3 v /3k 3k cou ld be negat ive i f there was j o i n t p r o d u c t i o n . The 

imp l i ca t i ons o f t h i s p o s s i b i l i t y are d i scussed i n Sec t i on 6. In a s i t u a t i o n 

where i t i s p o s i t i v e and there i s a g l o b a l tu rnp ike w i th no u n i t r o o t s , Arau jo 

and Scheinkman (1977) show that V i s tw ice con t inuous ly d i f f e r e n t i a b l e w i th 

respect to k f c and 8. A s t r a i gh t f o rwa rd ex tens ion o f t h e i r argument shows tha t 

i t i s a l s o j o i n t l y tw ice con t inuous ly d i f f e r e n t i a b l e w i th respec t to k f c , x , y , 

and a . Let k denote the i n f i n i t e vec to r ( k , , k o , . . . ) in 8.^, the space o f 

bounded sequences. The op t ima l path can be c h a r a c t e r i z e d by f i r s t order 

cond i t i ons 5 ( k , k Q , x , y , c t ) = 0 where 5 ( • , k Q , x , y , a ) : %m * l^. Under the s t a t e d 

cond i t i ons Araujo and Scheinkman show tha t c i s con t inuous ly d i f f e r e n t i a b l e in 

k and k Q ; the Appendix o f Kehoe, L e v i n e , and Romer (1987) shows tha t t h i s 

extends i n a s t ra i gh t f o rwa rd way to cover o ther parameters such as x , y , and 

a . Araujo and Scheinkman a l s o show under the s ta ted c o n d i t i o n s tha t the 

d e r i v a t i v e o f £ wi th respec t to k i s nons ingu la r ; i t f o l l ows from the i m p l i c i t 

func t ion theorem tha t the op t ima l k i s a con t inuous ly d i f f e r e n t i a b l e f u n c t i o n 

o f kg , x , y , and a . F i n a l l y , observe tha t the f i r s t d e r i v a t i v e s o f V a r e , by 

the envelope theorem, con t inuous ly d i f f e r e n t i a b l e f unc t i ons o f k, kg , x , y , 

and a . The twice cont inuous d i f f e r e n t i a b i l i t y o f V then f o l l o w s from the f a c t 

that the composi t ion o f con t inuous ly d i f f e r e n t i a b l e f unc t i ons i s con t inuous ly 

d i f f e r e n t i a b l e . D 
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5. Determinacy o f E q u i l i b r i a 

By cons ide r i ng sav ings func t i ons s , we have reduced the problems o f 

f i n d i n g an e q u i l i b r i u m to the problem o f f i n d i n g an m vec to r a t ha t so l ves the 

m equat ions s(k0,9,<t>,a) = 0 . In t h i s sec t i on we use tha t f a c t to prove tha t 

f o r almost a l l endowments, there are a f i n i t e (and odd) number o f e q u i l i b r i a . 

From proper ty (b) o f P r o p o s i t i o n 1, we see that L - i s i = ° - Conse

quen t l y , i t s u f f i c e s to so lve the system s " m = ( s 1 , s 2 , . • • , s m _ 1 ) , w i th one 

equat ion d e l e t e d . Moreover, by proper ty ( a ) , we may r e s t r i c t a to l i e on the 

un i t s imp lex . S ince 1".^ = 1, we may s imply se t 9^ = 1 - Î l]9^ and l e t 

9~ r a = ( 9 - , . . . , 8 1 ) . ( R e c a l l that 9^ i s consumer i ' s share o f the t o t a l s tock 

of c a p i t a l . ) From property (d ) , we see that f o r f i x e d kg and $ we may s o l v e 

s " m ( k , 9 , * , o ) = 0 to f i n d 

9 " r a = f (a ) 

where f i s con t inuous ly d i f f e r e n t i a b l e . Indeed, 

f . ( a ) = - ( 4 . . x 3 V ( k 0 , x , 1 , a ) / 3 x + y . a V ( ^ 0 , x , 1 , a ) / 3 y i - a . 3 V ( k 0 , x , 1 , a ) / 3 a i ) / 

( k 0 3 V ( k 0 , x , 1 , a ) / 3 k 0 ) . 

No t i ce t ha t , f o r some va lues o f a , some components o f 9 - m may be n e g a t i v e . 

Indeed, from proper ty ( c ) , we see that i f i s z e r o , 9.̂  i s always nega t i ve . 

Of course , no such a can a r i s e i n e q u i l i b r i u m . 

For a two person economy (m=2), we sketch f in F igu re 1. In t h i s 

case , the ex is tence o f an e q u i l i b r i u m fo r each 0 < 9^ < 1 f o l l o w s from f < 0 

when a 1 = 0 and f > 1 when = 1. In the genera l case , e x i s t e n c e f o l l o w s 

from Brouwer's f i x e d po in t theorem a s , fo r example, in Var ian (1984) . 

Let us c a l l an e q u i l i b r i u m a regu la r i f the (m-1) x (m-1) dimen

s i o n a l d e r i v a t i v e mat r ix o f f w i th respect to a , D^ f (a ) , i s n o n s i n g u l a r . We 
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c a l l a va lue 8 regu la r i f every corresponding e q u i l i b r i u m , a , c h a r a c t e r i z e d 

by 9~m = f ( a ) , i s r e g u l a r . 

For f i x e d 6~ m , can there be a sequence o f e q u i l i b r i a <*n * a converg 

ing to a regu la r e q u i l i b r i u m a? C l e a r l y , (a n -a ) / l | ( a n -a ) I I has a convergent 

subsequence, converg ing to a vec to r d w i th u n i t l e n g t h . Moreover, 

f ( a n ) = f (a ) = 9~m imp l i es tha t the d i r e c t i o n a l d e r i v a t i v e D a f ( o ) d equa ls 0 . 

Th is c o n t r a d i c t s the f a c t tha t n

a f ( a ) i s nons ingu la r . Consequent ly , every 

regu lar e q u i l i b r i u m has a neighborhood in which there are no other e q u i l i b 

r i a . T h i s , together w i th the compactness of the s implex and the c o n t i n u i t y o f 

the e q u i l i b r i u m c o n d i t i o n s , imp l i es t h a t , i f 9~ m i s a regu la r v a l u e , there a re 

only f i n i t e l y many corresponding e q u i l i b r i a . Because of the boundary c o n d i 

t i o n (c) i t f o l l o w s from in P r o p o s i t i o n 1, index theory t ha t the number o f 

e q u i l i b r i a i s odd (see , f o r example, Var ian 1974). 
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F igure 1: The E q u i l i b r i u m Map 
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In the two person case i l l u s t r a t e d i n F igure 1, the h o r i z o n t a l 

l i n e 8. = 1/2 i l l u s t r a t e s a t y p i c a l regu lar endowment. The s lope o f f does 

not van ish where t h i s l i n e i s c rossed . Consequent ly, there are f i n i t e l y many 

e q u i l i b r i a , and, s i n c e both the i n i t i a l c ross ing of the l i n e and the f i n a l 

c ross ing are from below by the boundary c o n d i t i o n , i t i s c l e a r tha t the number 

o f e q u i l i b r i a i s odd. 

Th is f i g u r e i l l u s t r a t e s why indeterminacy cou ld a r i s e fo r a measure 

zero se t o f i n i t i a l va lues fo r 8 . . Nothing r u l e s out the p o s s i b i l i t y tha t f 

i s constant over some i n t e r v a l o f a ' s . I f the economy happened to s t a r t w i th 

a value f o r e 1 equal to the value that f takes on in t h i s range, then there 

would be an i n f i n i t e number o f nearby s o l u t i o n s to the equat ions f ( a ) = 8 ^ . 

I t i s i n t u i t i v e l y c l e a r , however, tha t almost a l l o f the p o s s i b l e cho ices o f e 

do not correspond to a f l a t i n f . 

Th i s i n t u i t i o n i s made p r e c i s e by S a r d ' s theorem. I t says tha t i f a 

func t ion f t ha t maps an open subset o f R 1 0 " 1 (cor responding in t h i s case to the 

i n t e r i o r o f the s implex f o r a) to R 1"" 1 i s con t inuous ly d i f f e r e n t i a b l e , then 

the se t of r egu la r va lues e " m has f u l l measure. In o ther words, f o r a lmost 

a l l e~ m , D o f ( a ) i s nons ingu la r fo r every va lue o f a w i th f (a ) = e " m . In the 

example i n the f i g u r e , D f ( a ) i s nons ingu la r i f f ' ( a ) * 0. 
a 

Since the se t o f regu lar endowments e~ m has f u l l measure f o r each 

f i x e d k Q and <t>, i t f o l l o w s from F u b i n i ' s theorem tha t the set o f a l l 9, <t>, and 

k Q fo r which 9~ m i s a regu la r value a l s o has f u l l measure. Our arguments can 

be summarized in the f o l l o w i n g r e s u l t : 

P r o p o s i t i o n 2 : Assumptions 1 and 2 imply t ha t , f o r almost a l l 9, <t>, and k Q , 

there i s a f i n i t e (odd) number of e q u i l i b r i a . Fur thermore, the e q u i l i b r i u m 

weights a vary con t inuous ly w i th 8, <f, and k Q i n some neighborhood o f each 

e q u i l i b r i u m . 
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Moreover, s i n c e D f (a ) i s nons ingu lar a t each such e q u i l i b r i u m , the i m p l i c i t 
a 

func t ion theorem a l l ows us to so lve l o c a l l y f o r a as a f unc t i on o f 9, 4>, and 

k Q to do comparat ive s t a t i c s . 

6. The M u l t i s e c t o r Model 

To what extend does the determinacy of e q u i l i b r i u m depend on the 

s p e c i a l f ea tu res o f the one sec to r growth model? Although the n o t a t i o n and 

assumptions can be s ta ted more s imply i n the one sec to r case , the reduc t i on o f 

f i n d i n g e q u i l i b r i u m i n a product ion economy wi th f i n i t e l y many consumers to 

f i n d i n g zeros o f f i n i t e l y many sav ings func t i ons requ i res on ly tha t markets 

are complete and that the f i r s t and second we l fa re theorems h o l d . T h i s , 

however, i s t rue i n a much more genera l s e t t i n g s . Moreover, the c o n c l u s i o n 

that e q u i l i b r i a are determinate fo r gener i c endowments i s based on ly on the 

f a c t tha t the sav ings func t i on i s C ^ . The important use o f the one sector-

assumptions has been in prov ing the s t ronger p r o p o s i t i o n that the va lue f u n c 

t i on i s C 2 . Consequent ly, i t i s s u f f i c i e n t f o r the study o f determinacy i n a 

product ion economy to study the C 2 d i f f e r e n t i a b i l i t y o f the value f u n c t i o n f o r 

that technology. 

To what extent i s the value func t i on C 2 i n a m u l t i s e c t o r model? 

Araujo and Scheinkman (1977) show that i f the technology i t s e l f i s s u f f i 

c i e n t l y d i f f e r e n t i a b l e , a C 2 va lue func t i on f o l l ows from a g l o b a l t u rnp i ke 

theorem. In o ther words, i f a l l s o c i a l l y op t ima l paths converge to a unique 

s t a t i o n a r y s t a t e (which may, however, depend on the we l fa re w e i g h t s ) , and 

s u i t a b l e t e c h n i c a l cond i t i ons are s a t i s f i e d , e q u i l i b r i a are g e n e r i c a l l y d e t e r 

minate. T h i s , indeed, i s the b a s i s of the r e s u l t i n the one sec to r c a s e . In 

a m u l t i s e c t o r model, a g l o b a l tu rnp ike theorem gene ra l l y r equ i res tha t the 

d iscount f a c t o r be c l o s e to one: see McKenzie (1983,1986). 
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On the other hand, i f the d iscount f a c t o r i s s m a l l , and s u i t a b l e 

t e c h n i c a l cond i t i ons are s a t i s f i e d , B o l d r i n and Montrucchio (1988) have shown 

that the va lue func t i on i s C 2 . This i s t rue desp i te the f a c t tha t B o l d r i n and 

Montrucchio (1985) and Deneckere and P e l i k a n (1986) have shown tha t w i th the 

same smal l d iscount f a c t o r s not only may op t ima l paths c y c l e , they may be 

c h a o t i c . In other words, a C 2 va lue func t i on (and determinacy) do not r e q u i r e 

a g l oba l tu rnp ike theorem. 

Th is leaves one important gap: there i s an in te rmed ia te range o f 

d iscount f a c t o r s f o r which i t has not been shown that the va lue f unc t i on i s 

C 2 . Moreover, there are no known counterexamples that do not v i o l a t e c o n d i 

t i ons (such as s t rong concav i t y ) that are pa r t of the s u f f i c i e n t c o n d i t i o n s 

f o r C 2 d i f f e r e n t i a b i l i t y o f the value f unc t i on w i th a f i n i t e h o r i z o n . 

Given t h i s gap, i t i s important to ask to what ex ten t C c d i f f e r e n 

t i a b i l i t y o f the va lue f u n c t i o n i s a c t u a l l y needed. F i r s t , i s C d i f f e r e n t i 

a b i l i t y o f the sav ings f u n c t i o n needed? C e r t a i n l y , i f the sav ings f unc t i on i s 

C®, robust examples o f indeterminacy e x i s t : see Kehoe, L e v i n e , M a s - C o l e l l , 

and Zame (1986). I f the sav ings func t i on i s L i p s h i t z cont inuous i n the u t i l 

i t y weights a , however, Santos (1987) has shown that t h i s s u f f i c e s f o r d e t e r 

minacy. The argument i s tha t of the prev ious s e c t i o n : S a r d ' s theorem r e 

qu i res on ly L i p s h i t z c o n t i n u i t y . On the other hand, Montrucchio (1986) has 

shown that the va lue f u n c t i o n i s C 1 L i p s h i t z in i n i t i a l c a p i t a l s tocks under 

r e l a t i v e l y genera l c o n d i t i o n s . Although t h i s i s p romis ing , the remaining gap 

i s to show tha t the va lue f u n c t i o n i s a l s o C 1 L i p s h i t z w i th respec t to parame

te r s such as a . Aga in , n e i t h e r a p o s i t i v e r e s u l t nor a counterexample i s 

a v a i l a b l e . 
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