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A Compound Note 
(Or, a Note on Harry Johnson 's Note 

on the Theory of T ransac t ions Demand fo r Cash) 

In a recent note Harry Johnson observes that i n the Baumol-Tobin 

inven to ry model of the demand fo r money, the i n d i v i d u a l i s assumed to maximize 

end -o f -pe r i od weal th sub jec t to a consumption c o n s t r a i n t . Johnson argues tha t 

a be t t e r assumption i s i n d i v i d u a l max imizat ion of consumption sub jec t to an 

end -o f -pe r i od weal th c o n s t r a i n t . He c la ims tha t t h i s r e v e r s a l of the r o l e 

of o b j e c t i v e and c o n s t r a i n t f unc t i ons g ives r i s e to a d i f f e r e n t demand f u n c t i o n 

f o r cash . In t h i s note i t i s mainta ined that both assumptions are unduly 

r e s t r i c t i v e . I t i s more c o n s i s t e n t w i t h s tandard consumer theory to assume 

the i n d i v i d u a l maximizes u t i l i t y , a f unc t i on of both consumption and end-o f -

per iod w e a l t h , sub jec t only to the c o n s t r a i n t that h i s cho ice be a t t a i n a b l e . 

Th i s note i s d i v i ded i n t o th ree p a r t s . In the f i r s t par t the g e n e r a l 

i zed model i s desc r ibed i n d e t a i l . By assuming extreme types of u t i l i t y f u n c t i o n s , 

both the Baumol-Tobin model and a co r rec ted v e r s i o n of Johnson 's model f a l l out 

as s p e c i a l cases . In the second par t reasons fo r the d i f f e r e n c e i n the Baurnol-Tobi 

and Johnson money demand func t i ons are exp lo red . I t i s shown that Johnson 's f i n d i n 

of a d i f f e r e n t demand fo r money fo r g iven consumption expend i tu res i s i n c o r r e c t . 

In the f i n a l s e c t i o n cond i t i ons are de r i ved which u t i l i t y f unc t i ons must s a t i s f y 

i n order f o r standard money demand r e l a t i o n s h i p s to o b t a i n . 

I. A Broadened Framework f o r the Theory of T ransac t i ons Demand fo r Cash 

Money inventory models can be i n t e rp re ted as d e s c r i b i n g an e f f i c i e n t 

payments process i n a m u l t i p e r i o d u t i l i t y max imizat ion s e t t i n g . D e f i n i n g a pe r iod 

to be the t ime e l a p s i n g between an i n d i v i d u a l ' s non in te res t income r e c e i p t s , 

these models determine a consumption — end -o f -pe r i od wea l th f r o n t i e r ; i . e . , 

the g rea tes t a t t a i n a b l e p a i r s of l e v e l r a tes of consumption over the per iod 

and s tocks of weal th at the end of the period-—'' The same f r o n t i e r r e s u l t s 

whether consumption i s maximized sub jec t to an e n d - o f - p e r i o d wea l th cons t ra in t , 

or end-o f -pe r iod weal th i s maximized sub jec t to a consumption constraint. ,2J 



In a m u l t i p e r i o d model e n d - o f - f i r s t - p e r i o d wea l th can be cons ide red 

a proxy f o r f u t u r e consumpt ion. I t might be assumed, t h e r e f o r e , tha t an 

i n d i v i d u a l ' s p re fe rences can be rep resen ted by a numer i ca l o r d e r i n g over the 

consumption — e n d - o f - ( f i r s t ) - p e r i o d wea l th s p a c e . H is o b j e c t i v e under 

t h i s assumpt ion i s to choose a consumpt ion r a t e and e n d - o f - p e r i o d w e a l t h 

s tock from those wh ich a re mu tua l l y a t t a i n a b l e i n o rde r to maximize h i s 

l e v e l of s a t i s f a c t i o n . Hence, g i v e n i n i t i a l c o n d i t i o n s and market c o n s t r a i n t 

an i n v e n t o r y model genera tes the f r o n t i e r to the i n d i v i d u a l ' s o p p o r t u n i t y s e t 

i n the consumpt ion — e n d - o f - p e r i o d w e a l t h s p a c e . A p re fe rence o r d e r i n g over 

t h i s space pe rm i t s a s i n g l e po in t to be chosen on the f r o n t i e r , the one wh ich 

maximizes the i n d i v i d u a l ' s l e v e l of s a t i s f a c t i o n (see F i g u r e 1 ) . 

Average h o l d i n g s of money per p e r i o d can be a s s o c i a t e d w i t h each 

po in t of the f r o n t i e r . Thus , f o r g i v e n parameter v a l u e s , a money demand func-

t i o n expresses the average q u a n t i t y of money he ld a t the s a t i s f a c t i o n 

m a x i m i z a t i o n po i n t on the consumpt ion — e n d - o f - p e r i o d w e a l t h f r o n t i e r . 

L e t : 

W - f ( c ; y ) be the f u n c t i o n a l r e p r e s e n t a t i o n of the consump
t i o n — e n d - o f - p e r i o d w e a l t h f r o n t i e r , where 

W = s t o c k of w e a l t h a t the end of the pe r i od (W>0) 

c = r a t e of consumpt ion over the p e r i o d (c>0) 

Y = v e c t o r of pa ramete rs . 

L e t : 

U = U(c,W) be an i n d i c a t o r of the i n d i v i d u a l ' s l e v e l of 

s a t i s f a c t i o n f o r every p a i r ( c , W) j> 0— and 

M = C I ( C , W ; Y ) be the average h o l d i n g s of money per p e r i o d f o r 
every p a i r ( c , W"\ such tha t W - £ ( C ; Y ) = 0 . 
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The . . i n d i v i d u a l seeks to maximize U = U(c,W) s u b j e c t to W - f ( c ; y ) = 0 . 

M a x i m i z a t i o n s u b j e c t to the c o n s t r a i n t makes i t p o s s i b l e to express the 

max imizers c and W ( i n a neighborhood of y) a s : , 

c = g(y ) 

W = h ( y ) , where h (y ) = f ( g ( y ) ; Y ) = f ( c ; y ) . 

The i n d i v i d u a l ' s demand f o r money i s then : 

M • m ( y ) , where m(y) = m ( g ( Y ) , H ( Y ) 5 Y ) • 

I I . An I n t e r p r e t a t i o n of the Baumol-Tobin and Johnson Approaches 

The money demand f u n c t i o n m(Y ) w i l l not be the same, i n g e n e r a l , as 

the ones wh ich r e s u l t u s i n g the Bauno l -Tob in and Johnson approaches . Suppose 

f o r Y = Y Q the i n d i v i d u a l maximizes h i s s a t i s f a c t i o n a t po in t ' a ' on the 

consumpt ion — e n d - o f - p e r i o d w e a l t h f r o n t i e r p i c t u r e d in F i g u r e 2. H i s average 

h o l d i n g s of money a t po i n t ' a ' i s : 

M = m ( c a > W a ; y o ) . 

Now suppose there i s a change i n Y Q

 t 0 Y-^ caus ing an upward s h i f t i n 

the f r o n t i e r ( e . g . , an i n c r e a s e i n i n i t i a l wea l th ) : 

f ( c ; Y x ) > f ( c ; Y Q ) . (See F i g u r e 2 . ) 

The Baumol -Tobin a n a l y s i s assumes tha t the i n d i v i d u a l ' s consumpt ion i s f i x e d . 

A c c o r d i n g to t h i s approach the i n d i v i d u a l ' s new e q u i l i b r i u m i s a t po i n t ' b ' , 

and the' change i n average money h o l d i n g s i s : 

(AM)„ - m(c ,W. ; y J - n ( c ,W ; Y ) Baumol-ToDin a ' D ' ' 1 a a o 

The Johnson a n a l y s i s assumes tha t the i n d i v i d u a l ' s e n d - o f - p e r i o d w e a l t h i s 
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f i x e d . A c c o r d i n g to t h i s approach the i n d i v i d u a l ' s new e q u i l i b r i u m i s a t 

po i n t 'j', and the change i n average money h o l d i n g s i s : 

(AM) , = m(c.,V.' ; Y , ) - m(c ,K ;y ) . Johnson j ' a ' 1 a ' a ' o 

The Baumol-Tobin and Johnson approaches i m p l i c i t l y assume ve ry s p e c i a l types 

of p re fe rence o r d e r i n g s . A more g e n e r a l s a t i s f a c t i o n max im iza t i on app roach , 

of which the Baumol-Tobin and Johnson approaches are s p e c i a l c a s e s , i n d i c a t e s 

the new e q u i l i b r i u m i s at po in t ' s ' and the change i n average money h o l d i n g s 

i s : 

(AM) fc. , , . = m(c ,17 ; Y , ) - m(c ,W ;Y )• s a t i s f a c t i o n s s 1 a * a ' o 

max im iza t i on 

Hence, a change i n parameter v a l u e s causes the f r o n t i e r to s h i f t , and g e n e r a l l y 

new e q u i l i b r i u m va lues r e s u l t f o r both consumption over the p e r i o d and w e a l t h 

a t the end of the p e r i o d . 

In summary, an i n d i v i d u a l ' s money demand f u n c t i o n depends on h i s 

p re fe rences between p resen t and f u t u r e consumption and , t h e r e f o r e , i s p a r t l y 

s u b j e c t i v e i n n a t u r e . An i n v e n t o r y mode l , on the o ther hand , i s an o b j e c t i v e 

c o n s t r u c t , and i t s l o g i c a l end p roduc t i s an e f f i c i e n c y l o c u s : a consumpt ion -

e n d - o f - p e r i o d wea l th f r o n t i e r . Money demand f u n c t i o n s are not p roduc ts of 

i n v e n t o r y models a l o n e ; they are p roduc ts of i n v e n t o r y models augmented by 

i n d i v i d u a l p re fe rence r e l a t i o n s . The f u n c t i o n n , wh ich r e l a t e s average 

money ho ld ings to p o i n t s on the f r o n t i e r , i s independent of p r e f e r e n c e s a n d , 

hence , i s not a money demand f u n c t i o n . 

T h i s framework suggests t ha t any d i f f e r e n c e i n the Baumol-Tobin and 

Johnson money demand f u n c t i o n s can be t raced to a d i f f e r e n c e i n assumed 

consumpt ion-weal th p r e f e r e n c e s . I t a l s o suggests tha t f o r g i v e n parameter 

v a l u e s Baumol-Tobin and Johnson shou ld f i n d the same f r o n t i e r w i t h i d e n t i c a l 
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money ho ld ings a t every po in t on tha t f r o n t i e r . Johnson ' s c l a i m to have found 

a d i f f e r e n t demand fo r money f o r g i ven consumption expend i tu res cannot be v a l i d . 

I t i s , i n f a c t , due to a m i s s p e c i f i c a t i o n of h i s model ( d i scussed i n T a r t I I I ) . 

I I I . I m p l i c a t i o n s fo r the T r a n s a c t i o n s Demand fo r Cash from a Broadened 
Framework 

Assuming zero p r o p o r t i o n a l t r a n s a c t i o n c o s t s , the consumpt ion — end-

o f - p e r i o d wealth, f r o n t i e r us ing e i t h e r the Baumol-Tobin or Johnson approach i s 

W » ( l+r)M - c ( l+ r /2 ) - /2b7c = f ( c ; M , r , b ) o o 

where M c i n i t i a l wea l th assumed to be i n the form of money, 

r «• s imp le r a t e of i n t e r e s t per p e r i o d , and 

b • f i x e d t r a n s a c t i o n cos t i n the bond market ( i . e . , cos t i s 

4 / 

independent of t r a n s a c t i o n s i z e ) . — 

T h i s f u n c t i o n i s de r i ved by max imiz ing W(n) w i t h r e s p e c t to n , where 

W(n) • ( M 0 - c ) ( l + r ) + ^ ( c - f) +' ~ ( c - ~ ) + . . . 

+ ~ ( c - ( — ) c) - nb n n 

- (M - c ) (1+r) + | £ ( ~ " - ) - nb o / n 

and 

n K number of t r a n s a c t i o n s i n bond marke t , 

1/n • t ime e l a p s i n g between bond t r a n s a c t i o n s . 

The max imize* n i s g i ven by 

n * ™ \ ^ o " ' ^ r o n t * e r - s s ^ p i y W • W(n ).—^ 
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The consumption — e n d - o f - p e r i o d wea l th f r o n t i e r i s a convex 

f u n c t i o n : 

2 , 
d f /2hrc 
— 2 = —~~2~ > ®' Thus , t n e assumpt ion of f i x e d market t r a n s a c t i o n 
dc 4c 

c o s t s i m p l i e s the i n d i v i d u a l ' s o p p o r t u n i t y s e t i s not convex. T h i s i n d i c a t e 

that the re are i n c r e a s i n g r e t u r n s to s c a l e i n i nven to ry management. 

The i n d i v i d u a l seeks to maximize U(c, ' . ' ) sub jec t to '.' • f (c ;M , r , b ) 
o 

More s i m p l y , he seeks to maximize U [c , f (c. ; M q , r ,b) ] w i th r e s p e c t to "c . 

Supposing an i n t e r i o r s o l u t i o n , the f i r s t and second order c o n d i t i o n s f o r 

c to be a max imizer a r e : 

( l S t ) Uj + U 2 f 1 - 0 and 

( 2 n d ) 0 „ + O ^ f j + U n f 1 + U 2 2 f J + u 2 f 1 3 < 0 , a l l p a r t i a l , 

eva lua ted a t c - c . 

The f i r s t - o r d e r c o n d i t i o n i s that the f r o n t i e r must be tangent to an 

i n d i f f e r e n c e curve a t c = c . The second-order c o n d i t i o n i s tha t the 

i n d i f f e r e n c e curve has a h igher degree of c o n v e x i t y than the f r o n t i e r a t 

c = c . 

* c / be 
The i n d i v i d u a l ' s money demand f u n c t i o n i s M = —-r = 

2n 

The e l a s t i c i t i e s of M w i th respec t to the parameters can be e x p r e s s e d : 

( i ) E(M/M o ) = | c ( c / M o ) , 

( i i ) e (M/ r ) = | [ e ( c / r ) - l ] , and 

( i i i ) E(M/b) = ^[C(c7b)41] , 

A e r o efoc/v^ = ' —) (Z , 
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The e l a s t i c i t y of money demand w i t h r e s p e c t to any parameter i s a 

l i n e a r f u n c t i o n of the e l a s t i c i t y of consumpt ion demand w i th r e s p e c t to the 

same parameter . The l a t t e r e l a s t i c i t y depends on the i n d i v i d u a l ' s u t i l i t y • 

f u n c t i o n . Thus , we now c o n s i d e r p r o p e r t i e s the u t i l i t y f u n c t i o n must possess 

i n o rder f o r the f o l l o w i n g s tandard money demand r e l a t i o n s h i p s to o b t a i n : 

(a? e(M/M Q ) > 0 , 

(b) e (M/ r ) < 0 , and 

(c.) c (M/b) > 0 . 

These, p r o p e r t i e s , de r i ved by a p p l i c a t i o n of max im iza t i on t h e o r y , a re ; 

(a) e(M/M ) > 0 <-> e ( c / M ) > 0 o o 

~ U 2 U 1 2 " U 1 U 2 2 >" ° -

.(b) c ( M / r ) < 0 <«> e ( e / r ) < 1 

> 0 ^ o - ^ ) [ U 2 U l r t U 2 2 ] - c [ U 1 U 1 2 - U 2 U n ] < ( r / 2 ) U 2 , 

and 

(c) E O i / b ) > 0 <-> c (c /b ) > -1 

a r e : 

<=> ( l + r / 2 ) [ U 2 U 1 2 - U l U 2 2 ] + 1 0 ^ ^ ^ ] > ^ f - " 2 , 

a l l p n r t i a l s eva lua ted a t the maximum ( c ^ . 

The c o n d i t i o n s that c and V; a r c not i n f e r i o r goods ( i n the vea l ; sense) 

U 2 U 1 2 " U J U 2 2 > ° 2 n d l ' l U 1 2 " U 2 U 1 1 > ° ' r e s P e c t l v e l y - ~ ^ 
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Prope r t y (a) s t a t e s tha t i f consumption i s r.ot an i n f e r i o r good, average money 

h o l d i n g s w i l l i n c r e a s e when the i n i t i a l money endowment i n c r e a s e s . P r o p e r t y 

(b) sugges ts that i f n e i t h e r consumption nor e n d - o f - p e r i o d wea l th a re i n f e r i o r 

goods, and c _> ( j ^ ) - ' 0 » average money h o l d i n g s w i l ] decrease when the i n t e r e s t 

r a t e i n c r e a s e s . P rope r t y (c) i s not easy to d e c i p h e r , but i t can be shown 

that i f ----- < 0 , then c ( c / b ) > -1 and average money ho ld ings w i l l i n c r e a s e when 
CD — 

\ 

the bond market t r a n s a c t i o n cos t i n c r e a s e s . 



Footnotes 

•~-^/x,y^ i s a g r e a t e s t p a i r i n a set XxY means the re e x i s t s no 
p a i r o ; ' , y ' > i n ' t h a t set such t h a t : x 1 > x and y ' > y or x ' > x and y ' > y . 

2 / 
— I t i s on ly necessary to show tha t the f u n c t i o n a l r e p r e s e n t a t i o n 

of the f r o n t i e r found by max imiz ing e n d - o f - p e r i o d wea l th 'W 1 sub jec t to a 
consumption ' c ' c o n s t r a i n t i s s t r i c t l y m o n o t o n i c a l l y d e c r e a s i n g ; i . e . , 
i f -̂̂ >̂ 'y>> < \ ^2 ' " " ) > a r e t W 0 I K > i n ! ; 5 o r ' t n e - r e n t i e r and c^ < c ^ , then fr^ > V.',̂ . 
(Loth c and W are i n r e a l te rms. ) 

The maximal W fo r g i ven c i s p rov ided by an op t ima l market s t r a t e g y , 
where a s t r a t e g y c o n s i s t s of t imes of t r a n s a c t i o n s and va lues of a s s e t s 
exchanged. Let s be an o p t i m a l s t r a t e g y f o r c«« A s t r a t e g y s ' w i l l be 

c o n s t r u c t e d from s such tha t g i ven c . < c „ , s ' i m p l i e s V.'' > W_. I t then 
f o l l o w s > V," > W 2 . 

Suppose, as Baumol—Tobin and Johnson do , that the commodity market 
t r a n s a c t i o n c o s t i s zero and tha t the nominal r a t e of r e t u r n on commodi t ies 
i s n e g a t i v e . These assumpt ions imply tha t r e a l consumption expend i t u res under 
s are be ing made a t a s teady r a t e equa l to the r a t e of consumption c ^ . Under 
s ' Je t a l l market t r a n s a c t i o n s be the same as under s except l e t t h e ' r a t e 
of r e a l consumption expend i tu res be lowered to c^ and l e t the i n d i v i d u a l 
accumulate the d i f f e r e n c e i n nominal expend i tu res i n the form of money. 
Then under a ' , W' exceeds by the accumulated d i f f e r e n c e i n nominal c o n 
sumpt ion expend i tu res d i scoun ted by the e n d - o f - p e r i o d p r i c e l e v e l . 

3 / o 
— The f u n c t i o n U i s assumed to be tw ice d i f f e r e n t i a b l e , and 

V U 2 > ° : U l l K 0 ; U 2 ? < 0 ; U 1 1 U 2 2 " °12 " ° ' 

—^Johnson's income c o n s t r a i n t i s i n e r r o r , and t h i s causes the 
f r o n t i e r h i s model genera tes to d i f f e r from the Baumol-Tobin f r o n t i e r . 
Assuming z e r o - p r o p o r t i o n a l t r a n s a c t i o n c o s t s , average money h o l d i n g s a t a 
po i n t on the Johnson f r o n t i e r a r c g i v e n by : 

H j - b / 2 n f ' 

(found by s o l v i n g f o r M i n J o h n s o n ' s income c o n s t r a i n t and s u b s t i t u t i n g the 
/ ( 2 T ? ) b : r 

e x p r e s s i o n i n t o h i s formula M= v, ). The co r respond ing r e l a t i o n determined 

by the Baumol -Tobin model i s : 

M = M . 
B-T \ 2r 

The f a c t tha t J o h n s o n ' s model g e n e r a t e s ' a d i f f e r e n t fo rmu la f o r average money 
h o l d i n g s i m p l i e s i t genera tes a d i f f e r e n t f r o n t i e r a l s o . • He w r i t e s h i s income 
c o n s t r a i n t a s : 

M 
c = (M + r ( T - - M ) ) ( l - ~ ) . o 2.

 1
 li-i 



Footnotes (con t inued) 

Assuming the i n d i v i d u a l d e s i r e s zero e n d - o f - p e r i o d w e a l t h as Johnson d o c s , h i s 
c o n s t r a i n t should have been w r i t t e n : 

,c be 
r ( ? *~ 2M 

c - M o + — " T + l • 

— Three t e c h n i c a l no tes a re i n o r d e r . 
(a) T o b i n ' s theorem on equa l spac ing of bond market t r a n s a c t i o n s has been 
a p p l i e d to d e r i v e W(n). 
(b) I t i s supposed that parameter v a l u e s imply n > 1 f o r a l l v a l u e s of c > 0 . 
(c) The o p t i m a l number of bond market t r a n s a c t i o n s i s p r o p e r l y an i n t e g e r , 
but n i s t r ea ted i n t h i s tex t as a rea l -number . The advantage of do ing t h i s 
i s t ha t i t a l l o w s c a l c u l u s t o o l s to be a p p l i e d to the s o l u t i o n r o u t i n e . T h i s 
procedure r e s u l t s i n a smoothing of the consumption — e n d - o f - p e r i o d wea l th 
f r o n t i e r . When n i s r e s t r i c t e d to the s e t of p o s i t i v e i n t e g e r s , the f r o n t i e r 
i s composed of a s e r i e s of connected l i n e segments. The p r o j e c t i o n of a 
segment on the consumption a x i s measures the change i n consumpt ion r e q u i r e d 
to a l t e r the op t ima l number of bond market t r a n s a c t i o n s . Uhon n i s d e f i n e d 
to be a r e a l number, i t s o p t i m a l v a l u e changer, c o n t i n u o u s l y as the v a l u e of 
consumpt ion changes. S ince the se t of r e a l numbers not l e s s than one c o n t a i n s 
the p o s i t i v e i n t e g e r s as a proper s u b s e t , the smoothed f r o n t i e r can never be 
below the t rue f r o n t i e r . Moreover the f r o n t i e r s are tangent wherever n 
determined by c a l c u l u s techn iques i s an i n t e g e r . The r e l a t i o n s h i p between 
the two f r o n t i e r s i m p l i e s they have the f o l l o w i n g p r o p e r t i e s i n common: 
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i i i . D i r e c t i o n c>f s h i f t s to 'parameter changes. 

- ' ' s e e Henderson and Quandt [ 2 ] , p. 27 , f o r d e f i n i t i o n of i n f e r i o r goo:! 


