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On S i m p l i f y i n g t he T h e o r y o f F i a t M o n e y — A b s t r a c t 

N e i l W a l l a c e * 

T h i s p a p e r a r g u e s t h a t v e r s i o n s o f S a m u e l s o n / C a s s - Y a a r i 

o v e r l a p p i n g - g e n e r a t i o n s c o n s u m p t i o n - l o a n s m o d e l s ough t t o be t a k e n 

s e r i o u s l y a s m o d e l s o f f i a t money. The c a s e i s made by s u m m a r i z i n g and 

i n t e r p r e t i n g what t h e s e mode ls have t o s a y a b o u t f i a t money and by 

a r g u i n g t h a t t h e s e p r o p e r t i e s a r e r o b u s t i n the s e n s e t h a t t hey c a n be 

e x p e c t e d to h o l d i n any mode l o f f i a t money. 

Two o f t he p r o p e r t i e s e s t a b l i s h t he c o n n e c t i o n b e t w e e n , on t he 

one h a n d , t h e e x i s t e n c e o f e q u i l i b r i a i n w h i c h v a l u e i s a t t a c h e d t o a 

f i x e d s t o c k o f f i a t money a n d , on t he o t h e r h a n d , t h e o p t i m a l i t y o f s u c h 

e q u i l i b r i a and t he n o n o p t i m a l i t y o f n o n f i a t - m o n e y e q u i l i b r i a . O t h e r 

p r o p e r t i e s d e s c r i b e a s p e c t s o f t he t e n u o u s n e s s o f m o n e t a r y e q u i l i b r i a i n 

s u c h m o d e l s : The n o n u n i q u e n e s s o f s u c h e q u i l i b r i a i n t he s e n s e t h a t 

t h e r e a l w a y s e x i s t s a n o n f i a t - m o n e y e q u i l i b r i u m and t h e dependence o f 

t he e x i s t e n c e o f t he m o n e t a r y e q u i l i b r i u m on t he p h y s i c a l c h a r a c t e r i s 

t i c s o f o t h e r p o t e n t i a l a s s e t s and on o t h e r i n s t i t u t i o n a l f e a t u r e s l i k e 

t h e t a x - t r a n s f e r scheme i n e f f e c t . R a t h e r t h a n b e i n g d e f e c t s o f t h e s e 

m o d e l s , i t i s a r g u e d t h a t t h i s t e n u o u s n e s s i s h e l p f u l i n i n t e r p r e t i n g 

v a r i o u s m o n e t a r y s y s t e m s a n d , i n any c a s e , i s u n a v o i d a b l e ; i t w i l l t u r n 

up i n any good mode l o f f i a t money. S t i l l o t h e r p r o p e r t i e s summar i ze 

what t h e s e m o d e l s i m p l y abou t t he c o n n e c t i o n — o r , b e t t e r , l a c k o f s u c h — 

be tween f i a t money and p r i v a t e b o r r o w i n g and l e n d i n g ( f i n a n c i a l i n t e r 

m e d i a t i o n ) and what t h e y i m p l y abou t c o u n t r y - s p e c i f i c m o n i e s . 

U n i v e r s i t y o f M i n n e s o t a and F e d e r a l R e s e r v e Bank o f M i n n e a p o l i s . 
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by N e i l W a l l a c e * * 

Mos t mone ta r y t h e o r i s t s c o n s i d e r t h e m s e l v e s as f a c i n g two 

p r o b l e m s : (1) e x p l a i n i n g t he p a t t e r n o f e x c h a n g e ; and (2) e x p l a i n i n g 

v a l u e d f i a t money. As r e g a r d s t he p a t t e r n o f e x c h a n g e , t he t a s k i s t o 

e x p l a i n why a few o b j e c t s a p p e a r on one s i d e o f most t r a n s a c t i o n s . More 

g e n e r a l l y , i f f o r e a c h o b j e c t we d e f i n e a t r a n s a c t i o n v e l o c i t y — t h e 

r a t i o o f t h e number o f u n i t s e x c h a n g e d p e r u n i t t i m e t o t he number o f 

u n i t s i n e x i s t e n c e , a p u r e number p e r u n i t t i m e — t h e t a s k i s to e x p l a i n 

t h e r a n k i n g o f t r a n s a c t i o n v e l o c i t i e s o f t h e d i f f e r e n t o b j e c t s . P u t 

d i f f e r e n t l y , why do a few o b j e c t s t e n d to have v e r y h i g h t r a n s a c t i o n 

v e l o c i t i e s ? As r e g a r d s v a l u e d f i a t money, t he t a s k i s to e x p l a i n how i t 

c a n be t h a t v a l u e i s a t t a c h e d t o o b j e c t s t h a t p l a y no d i r e c t r o l e i n 

p r o d u c t i o n and a r e n o t a rgumen ts i n a n y o n e ' s u t i l i t y f u n c t i o n . 

T h e r e i s f a i r l y w i d e ag reemen t t h a t a s a t i s f a c t o r y s o l u t i o n t o 

t h e p a t t e r n - o f - e x c h a n g e p r o b l e m i s to be o b t a i n e d by a d d i n g t e c h n o l o g i c a l 

c o n s t r a i n t s t o t he s t a n d a r d W a l r a s i a n g e n e r a l e q u i l i b r i u m m o d e l , c o n 

s t r a i n t s t h a t i n some way o r o t h e r make t he p r o c e s s o f e x c h a n g e a 

r e s o u r c e - o r u t i l i t y - u s i n g a c t i v i t y . T h e r e i s a l s o , I t h i n k , w i d e 

ag reemen t t h a t no good s o l u t i o n h a s s o f a r b e e n f o u n d . But I w i l l no t 
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i n t h i s p a p e r be o f f e r i n g a new s o l u t i o n t o t he p a t t e r n - o f - e x h a n g e 

p r o b l e m . My g o a l i n t h i s p a p e r i s to t r y to c o n v i n c e y o u to t a k e 

s e r i o u s l y a s m o d e l s o f f i a t money v a r i o u s v e r s i o n s o f t he S a m u e l s o n / 

C a s s - Y a a r i o v e r l a p p i n g - g e n e r a t i o n s c o n s u m p t i o n - l o a n s m o d e l . 

I t i s , o f c o u r s e , w i d e l y r e c o g n i z e d t h a t o v e r l a p p i n g - g e n e r a t i o n s 

m o d e l s do i n d e e d e x p l a i n why f i a t money i s v a l u e d . My t a s k i s two f o l d : 

(1) t o summar i ze and i n t e r p r e t what t h o s e m o d e l s have to s a y a b o u t 

v a l u e d f i a t money; and (2) t o a r g u e t h a t t he i m p l i c a t i o n s o f t h o s e 

m o d e l s a r e r o b u s t i n t h e s e n s e t h a t t h e y a r e l i k e l y t o h o l d i n m o d e l s 

t h a t i n a more i n t e r e s t i n g way c o n f r o n t t h e p a t t e r n - o f - e x c h a n g e p r o b l e m . 

What a r e t h e s e i m p l i c a t i o n s ? S u b j e c t t o an i m p o r t a n t q u a l i f i c a t i o n 

c o n c e r n i n g t a x a t i o n t h r o u g h f i a t money i s s u e a s p a r t o f an o p t i m a l t a x 

s t r u c t u r e , t h e m a i n i m p l i c a t i o n i s t h a t t he g o v e r n m e n t ' s o n l y r o l e i s t o 

make a v a i l a b l e and m a i n t a i n a f i x e d s t o c k o r number o f p i e c e s o f f i a t 

money. T h e r e i s n o t h i n g i n t h o s e m o d e l s t o s u g g e s t t h a t t he government 

o u g h t to m a i n t a i n t h e v a l u e o f f i a t money, o r t h a t i t s h o u l d r e g u l a t e 

f i n a n c i a l i n t e r m e d i a r i e s . 

T h i s p a p e r i s d i r e c t e d p r i m a r i l y t o t h o s e who w o u l d a r g u e t h a t 

t he v a l u e d - f i a t - m o n e y p r o b l e m c a n n o t f r u i t f u l l y be t a k e n up w i t h o u t 

s i m u l t a n e o u s l y t a k i n g up and s o l v i n g i n a more i n t e r e s t i n g way t he 

p a t t e r n - o f - e x c h a n g e p r o b l e m . A f t e r a l l , so t h i s a rgument w o u l d g o , a 

s o l u t i o n to t he p a t t e r n - o f - e x c h a n g e p r o b l e m w i l l have i m p l i c a t i o n s abou t 

t h e k i n d s o f o b j e c t s t h a t end up h a v i n g h i g h t r a n s a c t i o n v e l o c i t i e s , and 

p r e s u m a b l y t h e r e f o r e i m p l i c a t i o n s abou t w h e t h e r f i a t money c a n be one 

o f t h o s e o b j e c t s . S i n c e t he S a m u e l s o n / C a s s - Y a a r i m o d e l s do no t c o n t a i n 

t h e k i n d s o f c o n s t r a i n t s t h a t g i v e r i s e to an i n t e r e s t i n g p a t t e r n - o f -
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exchange p r o b l e m — i n f o r m a t i o n c o n s t r a i n t s , p r i m a r i l y — a n y c o n c l u s i o n s 

d rawn f r o m them s h o u l d be v i e w e d w i t h g r e a t s u s p i c i o n . — ^ 

Bu t t h e o v e r l a p p i n g - g e n e r a t i o n s m o d e l s do c o n f r o n t t he p a t t e r n -

o f - e x c h a n g e p r o b l e m , a l t h o u g h p e r h a p s i n a r u d i m e n t a r y and s p e c i a l way . 

The b u r d e n o f my a rgument i s t h a t a l t h o u g h t h e s e m o d e l s a r e v e r y s p e c i f i c 

i n t h e way t h e y c o n f r o n t t he p a t t e r n - o f - e x c h a n g e p r o b l e m , t h e i r i m p l i 

c a t i o n s a b o u t f i a t money a r e g e n e r a l . We do n o t need t o go beyond s u c h 

m o d e l s i n o r d e r t o be a b l e to s a y a g r e a t d e a l abou t f i a t money and t h e 

g o v e r n m e n t ' s r o l e i n t h e f i n a n c i a l s y s t e m . 

S e c o n d a r i l y , t h i s p a p e r i s a d d r e s s e d to t h o s e who t h i n k t h a t 

t h e two p r o b l e m s I c i t e d a t t he o u t s e t a r e n o t p r o b l e m s a t a l l , t h a t 

m o n e t a r y w i sdom l i e s i n t he Employment A c t o f 1946 and t h a t . t he r e m a i n 

i n g p r o b l e m s a r e l a r g e l y e m p i r i c a l ( e . g . , f i n d i n g t h e measure o f t h e 

"money s u p p l y " t h a t d i s p l a y s t he h i g h e s t c o r r e l a t i o n w i t h G N P ) . Such 

r e a d e r s w i l l f i n d i n t h i s p a p e r a mode l o f t he m o n e t a r y s y s t e m t h a t 

a l l o w s them s i m u l t a n e o u s l y to answer q u e s t i o n s abou t r e g u l a t i o n o f 

f i n a n c i a l i n t e r m e d i a r i e s and i n t e r n a t i o n a l m o n e t a r y r e l a t i o n s , and one 

t h a t need no t be abandoned e v e r y t i r a e t he p r i v a t e s e c t o r comes up w i t h a 

new fo rm o f p r i v a t e d e b t , w h e t h e r i t be C D s , NOW a c c o u n t s , o r e l e c t r o n i c 

f u n d s t r a n s f e r . 

The p a p e r i s o r g a n i z e d a s f o l l o w s . A f t e r b r i e f l y d e s c r i b i n g 

two a l t e r n a t i v e v e r s i o n s o f t he b a s i c o v e r l a p p i n g - g e n e r a t i o n s m o d e l — 

v e r s i o n s t h a t p r o v i d e some f o c u s f o r t he s u b s e q u e n t d i s c u s s i o n — S e c t i o n 1 

s e t s o u t some c o n j e c t u r e s abou t t h e e x i s t e n c e and o p t i m a l i t y o f e q u i l i b r i a 

t h a t a r e c h a r a c t e r i z e d by p o s i t i v e p r i c e s f o r f i a t money. 

— C l o w e r , H a h n , and S a m u e l s o n (1968) a r e among t h o s e who seem 
n o t t o t a k e t h e s e m o d e l s s e r i o u s l y a s m o d e l s o f f i a t money. 
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S e c t i o n s I I t h r o u g h IV d e a l w i t h o t h e r p r o p e r t i e s o f f i a t 

money e q u i l i b r i a . S e c t i o n I I t a k e s up s e v e r a l a s p e c t s o f t he t e n u o u s n e s s 

o f v a l u e d - f i a t - m o n e y e q u i l i b r i a i n t he o v e r l a p p i n g - g e n e r a t i o n s m o d e l s . 

I a r g u e t h a t t h i s t e n u o u s n e s s i s no t a d e f e c t bu t i s b o t h u n a v o i d a b l e 

and r i c h i n i m p l i c a t i o n s f o r i n t e r p r e t i n g v a r i o u s m o n e t a r y s y s t e m s . 

S e c t i o n I I I t a k e s up p r i v a t e b o r r o w i n g and l e n d i n g a n d , by i m p l i c a t i o n , 

f i n a n c i a l i n t e r m e d i a t i o n , w h i l e S e c t i o n IV c o n t a i n s a b r i e f d i s c u s s i o n 

o f c o u n t r y - s p e c i f i c f i a t m o n i e s . The p a p e r c o n c l u d e s w i t h some r e m a r k s 

a b o u t c u r r e n t l y a v a i l a b l e a l t e r n a t i v e ways o f a p p r o a c h i n g p r o b l e m s i n 

m o n e t a r y t h e o r y . 

I. E x i s t e n c e and O p t i m a l i t y o f F i a t - M o n e y E q u i l i b r i a 

B e f o r e s e t t i n g ou t some p r o p e r t i e s t h a t I c o n j e c t u r e h o l d 

q u i t e g e n e r a l l y , i t w i l l h e l p f i x i d e a s t o have b e f o r e us s e v e r a l 

s p e c i f i c S a m u e l s o n / C a s s - Y a a r i s t r u c t u r e s and some d e f i n i t i o n s . 

As s t r u c t u r e s , c o n s i d e r t he f o l l o w i n g d i s c r e t e t i m e e c o n o m i e s . 

A t t ime t , N ( t ) t w o - p e r i o d l i v e d members o f g e n e r a t i o n t (age 1 a t t ime 

t ) a p p e a r . E a c h i s endowed w i t h some amount o f n o n s t o r a b l e p e r i o d t 

l a b o r and e a c h m a x i m i z e s t he e x p e c t e d v a l u e o f u [ c ^ ( t ) , C ^ C t ) ] — c ^ ( t ) 

i s age j c o n s u m p t i o n o f member h o f g e n e r a t i o n t — w h e r e u i s a s m o o t h , 

w e l l - b e h a v e d u t i l i t y f u n c t i o n . A s p o s s i b l e t e c h n o l o g i e s f o r p r o d u c t i o n 

o f t h e s i n g l e c o n s u m p t i o n good we h a v e : 

M o d e l A — p e r i o d t l a b o r e q u a l s o u t p u t s o t h a t e a c h age 1 p e r s o n i s 

endowed w i t h o u t p u t . T h e r e i s a common l i n e a r t e c h n o l o g y : k 

u n i t s o f p e r i o d t - 1 o u t p u t can be t r a n s f o r m e d i n t o x ( t ) k u n i t s 

o f p e r i o d t o u t p u t , where x ( t ) > 0 i s i n g e n e r a l a random 

v a r i a b l e . N ( t ) / N ( t - 1 ) = n > 0 . 
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M o d e l B — p e r i o d t l a b o r and l a n d , a f i x e d and u n c h a n g i n g q u a n t i t y 

o f w h i c h i s a v a i l a b l e , a r e i n p u t s i n t h e p r o d u c t i o n o f n o n -

s t o r a b l e o u t p u t v i a a smooth and i n g e n e r a l s t o c h a s t i c p r o 

d u c t i o n f u n c t i o n . N ( t ) = N . 

A s an i n i t i a l c o n d i t i o n , t he c u r r e n t o l d a r e endowed w i t h a l l 

t h e " a s s e t s . " In a l l v e r s i o n s , one o f t h e s e a s s e t s i s some " s t u f f " 

whose q u a n t i t y , f o r t he moment, we t a k e t o be f i x e d f o r a l l t i m e . T h i s 

" s t u f f " i s d i s t i n c t f r om a n y t h i n g e l s e i n t h e m o d e l s a n d , h e n c e , by 

i m p l i c a t i o n s a t i s f i e s t he p r o p e r t i e s we a s s i g n t o f i a t money: I t p l a y s 

no d i r e c t r o l e i n p r o d u c t i o n and i s n o t a n argument i n a n y o n e ' s u t i l i t y 

f u n c t i o n . I n M o d e l A we a l s o endow the c u r r e n t o l d w i t h some o u t p u t 

s t o r e d f r om t h e p r e v i o u s p e r i o d w h i l e i n M o d e l B we endow them w i t h a l l 

t h e l a n d . I n M o d e l B , t he o l d ge t b o t h t h e r e n t a l o f l a n d and t he 

p r o c e e d s f r om s e l l i n g i t t o t he y o u n g . 

I d e f i n e a p e r f e c t f o r e s i g h t c o m p e t i t i v e e q u i l i b r i u m ( h e n c e f o r t h , 

s i m p l y e q u i l i b r i u m ) t o be s e q u e n c e s b e g i n n i n g a t t h e a r b i t r a r y c u r r e n t 

d a t e — o n e s e q u e n c e f o r e a c h o f t he endogenous v a r i a b l e s — c o n s i s t e n t w i t h 

o p t i m i z i n g p r i c e - t a k i n g b e h a v i o r , p e r i o d - b y - p e r i o d m a r k e t c l e a r i n g , and 

2/ 

e q u a l i t y be tween s u b j e c t i v e and o b j e c t i v e d i s t r i b u t i o n s . — A n o n f i a t -

money e q u i l i b r i u m i s one i n w h i c h a t e v e r y d a t e t h e " s t u f f " has no v a l u e 

i n te rms o f t he c o n s u m p t i o n good a t t h a t d a t e , w h i l e a f i a t - m o n e y 
3 / 

e q u i l i b r i u m i s any o t h e r e q u i l i b r i u m . — I w i l l assume i n t he d i s c u s s i o n 

t h a t f o l l o w s t h a t a l l t h e m o d e l s u n d e r c o n s i d e r a t i o n have s t r u c t u r e s 

— I f t h e model i s s t o c h a s t i c , t h e r e i s one s e q u e n c e f o r e a c h 
o f t h e endogenous v a r i a b l e s f o r e a c h r e a l i z a t i o n , a r e a l i z a t i o n b e i n g 
one p o s s i b l e i n f i n i t e s e q u e n c e o f d r a w i n g s . 

— I f t he " s t u f f " h a s v a l u e a t any d a t e , t h e n i t h a s v a l u e a t 
e v e r y d a t e . 
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c o n s i s t e n t w i t h t he e x i s t e n c e o f a u n i q u e n o n f i a t - m o n e y e q u i l i b r i u m . 

I n e x t want to d e f i n e an o p t i m a l a l l o c a t i o n . An a l l o c a t i o n 

d e s c r i b e s l i f e t i m e c o n s u m p t i o n f o r t he c u r r e n t young and f u t u r e g e n e r a 

t i o n s and s e c o n d - p e r i o d c o n s u m p t i o n o f t he c u r r e n t o l d . A l l o c a t i o n A i s 

P a r e t o s u p e r i o r t o a l l o c a t i o n B i f A i s s t r i c t l y p r e f e r r e d to B by 

someone- - someone c u r r e n t l y a l i v e o r some member o f some f u t u r e g e n e r a 

t i o n — a n d i s j u d g e d i n f e r i o r t o B by no o n e . An a l l o c a t i o n i s o p t i m a l 

i f t h e r e does no t e x i s t an a l l o c a t i o n t h a t i s t e c h n o l o g i c a l l y f e a s i b l e 

4 / 

and P a r e t o s u p e r i o r t o i t . — 

I c a n now s t a t e two c o n j e c t u r e s . 

C o n j e c t u r e I: T h e r e e x i s t f i x e d - s u p p l y f i a t - m o n e y e q u i l i b r i a i f 

and o n l y i f t he n o n f i a t - m o n e y e q u i l i b r i u m i s n o n o p t i m a l . 

C o n j e c t u r e I I : Among f i x e d - s u p p l y f i a t - m o n e y e q u i l i b r i a , t h a t 

w h i c h a t t a c h e s t he h i g h e s t v a l u e t o t he " s t u f f " i s o p t i m a l . 

M o d e l A may bu t need no t have f i a t - m o n e y e q u i l i b r i a . I f x i s 

c o n s t a n t , t h e n t h e r e e x i s t s a f i a t - m o n e y e q u i l i b r i a i f and o n l y i f 

x <_ n . In M o d e l B t h e r e does no t e x i s t a f i a t - m o n e y e q u i l i b r i a . The 

l a n d o f M o d e l B d o m i n a t e s t h e " s t u f f " even i f i t s r e n t a l and p r i c e a r e 

s t o c h a s t i c and e v e n i f i t s e q u i l i b r i u m r a t e - o f - r e t u r n d i s t r i b u t i o n 

r a n g e s o v e r n e g a t i v e ou tcomes.—^ 

— I f t h e mode l i s s t o c h a s t i c , an a l l o c a t i o n d e s c r i b e s what 
e a c h p e r s o n g e t s f o r e a c h r e a l i z a t i o n . But how s h o u l d an a l l o c a t i o n be 
j u d g e d ? In p a r t i c u l a r , what s h o u l d c o n d i t i o n t he e x p e c t a t i o n i n com
p u t i n g e x p e c t e d u t i l i t y . F o r e x a m p l e , i n M o d e l B i f t h e young ( t h e 
w o r k e r s ) a p p e a r a f t e r t h e random draw t h a t d e t e r m i n e s t h e t e c h n o l o g y f o r 
t h e p e r i o d , t h e n any r i s k s h a r i n g be tween t he o l d ( t h e l a n d o w n e r s ) and 
t h e young i s r u l e d o u t . I n s u c h c i r c u m s t a n c e s , i f a l l o c a t i o n s a r e 
j u d g e d by an e x p e c t a t i o n o f u t i l i t y t h a t i s no t c o n d i t i o n e d on t h i s 
random d r a w , t hen any marke t scheme i s n o n o p t i m a l . I f t he e x p e c t a t i o n 
i s c o n d i t i o n a l on t h i s random d r a w , t h e n one must p r o c e e d by c a l l i n g one 
a l l o c a t i o n P a r e t o s u p e r i o r to a n o t h e r i f t h e f o r m e r i s w e a k l y p r e f e r r e d 
f o r e a c h p o s s i b l e v a l u e o f t h e c o n d i t i o n i n g i n f o r m a t i o n . 

— F o r a p r o o f o f t h i s l a s t a s s e r t i o n , s e e W a l l a c e . 
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C o n j e c t u r e s I and I I a r e c o n s i s t e n t w i t h m u l t i p l e f i a t - m o n e y 

e q u i l i b r i a . W h i l e p e r h a p s i n some s e n s e no t l i k e l y , m u l t i p l e f i a t - m o n e y 

e q u i l i b r i a c a n o c c u r . A s i s w e l l known, M o d e l A w i t h x = n p o s s e s s e s a 

c o n t i n u u m o f s t a t i o n a r y e q u i l i b r i a : t he f r a c t i o n <j» s a y , o f a f i x e d 

amount o f s a v i n g s t h a t i s i n t he fo rm o f s t o r a g e o f t he c o n s u m p t i o n good 

c a n be a n y t h i n g i n t he i n t e r v a l [ 0 , 1 ] . A l l e q u i l i b r i a w i t h a <1 a r e 

f i a t - m o n e y e q u i l i b r i a and a l l e q u i l i b r i a w i t h a > 0 a r e n o n o p t i m a l . I n 

a d d i t i o n , i n many o f t h e s e m o d e l s i t seems d i f f i c u l t t o r u l e ou t f i a t -

money e q u i l i b r i a i n w h i c h t he v a l u e o f f i a t money c o n v e r g e s to z e r o . 

I I . The T e n u o u s n e s s of F i a t - M o n e y E q u i l i b r i a 

The o v e r l a p p i n g - g e n e r a t i o n s m o d e l s seem t o i m p l y t h a t ( a b s e n t 

r e s t r i c t i o n s o f v a r i o u s k i n d s ) t h e demand f o r f i a t money i s e x t r e m e l y 

t e n u o u s . I s t h i s a d e f e c t ? I t h i n k n o t . T h i s t e n u o u s n e s s i s no t o n l y 

u n a v o i d a b l e bu t i s s u g g e s t i v e i n the s e n s e t h a t i t i s h e l p f u l i n i n t e r 

p r e t i n g o b s e r v a t i o n s . T h r e e a s p e c t s o f t h i s t e n u o u s n e s s w i l l be d i s c u s s e d . 

1 . N o n u n i q u e n e s s 

One a s p e c t o f t h e t e n u o u s n e s s o f v a l u e d f i a t money i n t he 

o v e r l a p p i n g - g e n e r a t i o n s m o d e l s i s t h a t t h e r e a l w a y s e x i s t s a n o n f i a t -

raoney e q u i l i b r i u m . S h o u l d we n o t have a s a g o a l a mode l w i t h a u n i q u e 

e q u i l i b r i u m , where t h a t e q u i l i b r i u m i s m o n e t a r y i n t h e s e n s e o f t he l a s t 

s e c t i o n , i . e . , a t t r i b u t e s v a l u e to f i a t money? A b s e n t g o v e r n m e n t a l 

r e s t r i c t i o n s , s u c h u n i q u e n e s s wou ld no t seem to be a c h i e v a b l e . I f we 

m a i n t a i n a s p r o p e r t i e s o f f i a t money t h a t i t no t a p p e a r a s an argument 

o f u t i l i t y f u n c t i o n s o r a s an i n p u t i n t o p r o d u c t i o n i n t h e o r d i n a r y 

s e n s e , t h e n any w e l l - s p e c i f i e d model must have an e q u i l i b r i u m i n w h i c h 

f i a t money h a s no v a l u e b e c a u s e a p e r s o n ' s u t i l i t y d o e s no t depend on 

t h e amount o f v a l u e l e s s f i a t money h e l d . 
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T h i s n o n f i a t - m o n e y e q u i l i b r i u m s h o u l d n o t , t h o u g h , be t hough t 

o f a s b e i n g a " b a r t e r " e q u i l i b r i u m . In a mode l w i t h t e c h n o l o g i c a l 

c o n s t r a i n t s t h a t make e x c h a n g e c o s t l y , a n o n f i a t - m o n e y e q u i l i b r i u m c o u l d 

w e l l d i s p l a y a t r a n s a c t i o n v e l o c i t y p a t t e r n among d i f f e r e n t o b j e c t s i n 

w h i c h o n e , o r a s m a l l number o f o b j e c t s i s p l a y i n g a m e d i u m - o f - e x c h a n g e 

r o l e . S i m i l a r l y , one c a n have o v e r l a p p i n g - g e n e r a t i o n s m o d e l s i n w h i c h 

many m a r k e t s o p e r a t e i n t he n o n f i a t - m o n e y e q u i l i b r i u m . O n l y i n v e r y 

s i m p l e v e r s i o n s o f t h e s e m o d e l s i s t he n o n f i a t - m o n e y e q u i l i b r i u m a u t a r k i c . 

2 . F i a t Money and t he T e c h n o l o g y 

The p a r t i c u l a r o v e r l a p p i n g - g e n e r a t i o n s m o d e l s s e t ou t above 

make e x i s t e n c e o f a f i a t - m o n e y e q u i l i b r i u m depend on t he p h y s i c a l 

c h a r a c t e r i s t i c s o f o t h e r p o t e n t i a l a s s e t s . T h u s , i n M o d e l A i f t he 

s t o r a g e t e c h n o l o g y i s t oo p r o d u c t i v e , t h e r e w i l l n o t e x i s t a f i x e d -

s u p p l y f i a t - m o n e y e q u i l i b r i u m . And i n M o d e l B t h e r e does no t e x i s t a 

f i x e d - s u p p l y m o n e t a r y e q u i l i b r i u m . S h o u l d we n o t t h e r e f o r e l o o k beyond 

t h e s e m o d e l s t o o t h e r m o d e l s o f f i a t money, m o d e l s t h a t wou ld a l l o w 

f i x e d - s u p p l y f i a t - m o n e y t o c o e x i s t a l o n g w i t h , s a y , t he l a n d o f M o d e l B 

o r p r o d u c t i v e s t o r a g e i n M o d e l A? Two comments a r e i n o r d e r . 

The f i r s t i s i n t h e n a t u r e o f a c o n j e c t u r e d t h e o r e m : The 

f 

s e a r c h f o r s u c h mode ls w i l l be f r u i t l e s s . I n o t h e r w o r d s , one w i l l no t 

g e t v a l u e d f i a t money to c o e x i s t a l o n g w i t h p h y s i c a l a s s e t s t h a t a r e a s 

a t t r a c t i v e a s c o n s u m p t i o n goods t h a t a r e c o n s t a n t l y and c o s t l e s s l y 

a p p r e c i a t i n g o r t he l a n d o f M o d e l B. 

The s e c o n d comment i s i n t he n a t u r e o f an o b s e r v a t i o n . The 

c h a l l e n g e posed by t h i s q u e s t i o n seems to be i n a s e n s e empty . Most o f 

mone ta r y e x p e r i e n c e i s i n c o n s i s t e n t w i t h t he e x i s t e n c e o f p h y s i c a l 

a s s e t s w i t h t h e s e p r o p e r t i e s . The l a n d o f M o d e l B i s Henry George l a n d . 
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I t i s homogeneous and i n exogenous s u p p l y . F o r some p u r p o s e s i t may be 

a u s e f u l a b s t r a c t i o n to assume t h a t t h e r e e x i s t s a homogeneous n o n r e p r o -

d u c a b l e f o rm o f c a p i t a l . But s u c h an a b s t r a c t i o n i s d i s a s t r o u s f o r 

e x p l a i n i n g why H e n r y G e o r g e ' s t a x p r o p o s a l h a s no t been i m p l e m e n t e d , o r 

f o r e x p l a i n i n g why t i t l e s t o l a n d have no t p l a y e d a p r o m i n e n t commodi ty 

money r o l e ; i . e . , t i t l e s t o l a n d have no t h i s t o r i c a l l y been among the 

o b j e c t s w i t h t h e h i g h e s t t r a n s a c t i o n v e l o c i t y . 

I n d e e d , I am tempted to go f u r t h e r and a r g u e t h a t t h e r e i s no 

s t u f f f o u n d i n n a t u r e w i t h the a s s e t p r o p e r t i e s o f e i t h e r the l a n d of 

M o d e l B o r t h e " s t u f f " o f any o f t h o s e m o d e l s . I n my v i e w , t h o s e o b j e c t s 

t h a t have p l a y e d t he commodi ty -money r o l e have been o b j e c t s t h a t have to 

some e x t e n t h o m o g e n e i t y and a f i x e d s u p p l y . But i t seems l i k e l y t h a t a 

w e l l - m a n a g e d f i a t money c o u l d a p p r o x i m a t e t h e f i x e d - s u p p l y p r o p e r t y 

b e t t e r t h a n c o u l d any n a t u r a l o b j e c t . 

3 . F i a t Money and A l t e r n a t i v e I n s t i t u t i o n s 

A t h i r d s e n s e i n w h i c h v a l u e d f i a t money i s t e n u o u s i n t he 

o v e r l a p p i n g g e n e r a t i o n s m o d e l s i s t h a t o t h e r i n s t i t u t i o n s may s u b s t i t u t e 

f o r i t . As Saraue lson e m p h a s i z e d , a t a x - t r a n s f e r scheme c a n s u b s t i t u t e 

f o r i t . P o s i n g a s e e m i n g l y more s e r i o u s c h a l l e n g e to my i n t e r p r e t a t i o n , 

E a r l Thompson h a s a r g u e d t h a t t h e r e a r e p r i v a t e i n c e n t i v e s to c r e a t e a 

s t o r e o f v a l u e and t h a t a " s o c i a l c o n t r i v a n c e , " t o u s e S a r a u e l s o n ' s 

p h r a s e , i s n o t n e e d e d . But t h i s I t h i n k i s m i s l e a d i n g . 

C o n s i d e r , s a y , M o d e l A , w i t h x _< n f o r a l l t , s o t h a t the 

n o n f i a t - m o n e y e q u i l i b r i u m i s n o n o p t i m a l . E v e r y p e r s o n a l i v e a t t wou ld 

l i k e t o be t he s o l e i s s u e r o f a s t o r e o f v a l u e . T h e r e a r e , a s i t w e r e , 

a s many f i a t - m o n e y e q u i l i b r i a a s t h e r e a r e p o s s i b l e i s s u e r s . I n f a c t , 

t h e r e a r e many more t h a n t h a t . Suppose t h a t one p e r s o n i s s u e s some 
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number o f p i e c e s o f r e d p a p e r and t h a t a n o t h e r p e r s o n i s s u e s some p i e c e s 

o f g r e e n p a p e r . Then i n any e q u i l i b r i u m , e a c h r e d p i e c e must exchange 

f o r t he same number o f g r e e n p i e c e s i n e v e r y p e r i o d . But f o r how many 

g r e e n p i e c e s must i t e x c h a n g e ? Name any n o n n e g a t i v e number and t h e r e i s 

a c o r r e s p o n d i n g e q u i l i b r i u m . How do we s e t t l e on one o f t h e s e e q u i l i b r i a ? 

I t may be b e g g i n g t h e q u e s t i o n to say t h a t t h e r e must be a s o c i a l 

d e c i s i o n , bu t i t i s c e r t a i n l y t he c a s e t h a t t he u s u a l a p p e a l to f r e e 

e n t r y and p r i v a t e i n c e n t i v e s does no t seem t o d e t e r m i n e an e q u i l i b r i u m . 

T h i s i s i m p o r t a n t b e c a u s e i f Thompson were r i g h t , t h e n t h e r e w o u l d be no 

r e a s o n to i n t e r p r e t the " s t u f f " o f the o v e r l a p p i n g - g e n e r a t i o n s mode l a s 

f i a t money.—^ 

The f a c t t h a t a t a x - t r a n s f e r scheme can s u b s t i t u t e f o r f i a t 

money s h o u l d n o t , I t h i n k , d i s t u r b u s . I n g e n e r a l , u n c o n s t r a i n e d t a x -

t r a n s f e r schemes c a n a c h i e v e any f e a s i b l e a l l o c a t i o n and t h e r e i s e v e r y 

r e a s o n to t h i n k t h a t t h i s r e s u l t w o u l d h o l d i n v i r t u a l l y any m o d e l . 

I I I . P r i v a t e B o r r o w i n g and L e n d i n g and F i n a n c i a l I n t e r m e d i a t i o n 

I n t he o v e r l a p p i n g - g e n e r a t i o n s mode ls d e s c r i b e d i n S e c t i o n I, 

t h e r e i s no t r a d e among members o f t he same g e n e r a t i o n . T h i s i s b e c a u s e 

a l l members o f t he same g e n e r a t i o n have the same t a s t e s and endowments . 

Bu t i t i s e a s y enough to f o r m u l a t e m o d e l s i n w h i c h d i f f e r e n c e s among 

members o f t he same g e n e r a t i o n g i v e r i s e t o t r a d e among them, t r a d e t h a t 

c a n r e s e m b l e d e a l i n g s i n s e c u r i t i e s m a r k e t s . T h u s , f o r e x a m p l e , c o n s i d e r 

—^Fr iedman a r g u e s t h a t t he o n l y c o m p e t i t i v e s o l u t i o n i s commodi ty 
m o n e y — f i a t money t h a t i s w o r t h no more t h a n the p a p e r on w h i c h i t i s 
p r i n t e d . K l e i n ' s n o t i o n o f c o m p e t i t i v e l y p r o d u c e d money i s f l a w e d by 
h i s f a i l u r e to c a r e f u l l y d i s t i n g u i s h be tween f i a t and commodi ty money. 
Commodi ty o r c o n v e r t i b l e money c a n be p r o d u c e d c o m p e t i t i v e l y (and need 
n o t be r e g u l a t e d ) . See t he d i s c u s s i o n o f f i n a n c i a l i n t e r m e d i a r i e s 
b e l o w . 
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a v e r s i o n o f model A w i t h no s t o r a g e ( t h a t i s , x = 0 ) , bu t i n w h i c h some 

o f t h e young a r e endowed w i t h f i r s t - p e r i o d c o n s u m p t i o n and o t h e r s a r e 

endowed w i t h s e c o n d - p e r i o d c o n s u m p t i o n . 

I f t h e a g g r e g a t e endowment i s t i l t e d s u f f i c i e n t l y t owa rd 

f i r s t - p e r i o d c o n s u m p t i o n , t h e n t h i s mode l w i l l have a f i x e d - s u p p l y f i a t -

money e q u i l i b r i u m . V a l u e d f i a t money w i l l c o e x i s t a l o n g w i t h p r i v a t e 

b o r r o w i n g and l e n d i n g . M o r e o v e r , i f t he s e c o n d - p e r i o d endowment i s 

s t o c h a s t i c , t h e n i n d i v i d u a l p o r t f o l i o s w i l l be d i v e r s i f i e d i n a d e t e r 

m i n a t e way . Bu t t h e r e i s no r e a s o n t o a d j u s t t he r u l e f o r manag ing f i a t 

money b e c a u s e t h e r e i s p r i v a t e b o r r o w i n g and l e n d i n g . T h e r e i s e v e r y 

r e a s o n t o b e l i e v e t h a t c o n j e c t u r e s I and I I h o l d f o r s u c h m o d e l s . I n 

t h i s s e n s e , p r i v a t e b o r r o w i n g and l e n d i n g i s no t a s u b s t i t u t e f o r t he 

e x i s t e n c e o f f i a t money. 

Bu t i n o t h e r s e n s e s i n t e r n a l d e b t and f i a t money a r e s u b s t i t u t e s . 

T h u s , t he f i x e d - s u p p l y f i a t - m o n e y e q u i l i b r i a f o r c l o s e d econom ies t h a t 

d i f f e r o n l y i n t h e d e g r e e to w h i c h endowments a r e t i l t e d t owa rd f i r s t -

p e r i o d c o n s u m p t i o n d i s p l a y an i n v e r s e r e l a t i o n s h i p be tween t he amount o f 

p r i v a t e deb t and t he v a l u e o f f i a t money. A l s o , t he f i a t - m o n e y e q u i l i b r i a 

o f a l t e r n a t i v e c l o s e d econom ies t h a t d i f f e r o n l y i n t he way f i a t money 

i s managed d i s p l a y an i n v e r s e r e l a t i o n s h i p be tween t he v a l u e o f f i a t 

money and i t s r a t e o f r e t u r n . The d i f f e r e n c e s i n t h e e q u i l i b r i a r e s u l t 

f r o m d i f f e r e n c e s i n t he r a t e s a t w h i c h f i a t money i s b e i n g c r e a t e d v i a a 

l ump-sum t r a n s f e r scheme. A n d , f i n a l l y , i n any s u c h mode l v a r i o u s 

r e s t r i c t i o n s on p r i v a t e b o r r o w i n g and l e n d i n g — f o r e x a m p l e , an o u t r i g h t 

p r o h i b i t i o n on p r i v a t e b o r r o w i n g and l e n d i n g o r a t a x on i t — e n h a n c e the 

demand f o r f i a t money. Bu t so w h a t . The f a c t t h a t p r i v a t e d e b t s u b 

s t i t u t e s f o r f i a t money i n t h e s e s e n s e s does no t j u s t i f y government 

i n t e r f e r e n c e w i t h p r i v a t e d e b t c r e a t i o n . 
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And what does a l l t h i s have to do w i t h f i n a n c i a l i n t e r m e d i a t i o n ? 

I n my v i e w , e v e r y t h i n g . Why no t r e g a r d v a r i o u s fo rms o f i n t e r m e d i a t i o n 

as ways o f c a r r y i n g ou t p r i v a t e b o r r o w i n g and l e n d i n g ? — ^ A c c o r d i n g to 

s u c h a v i e w , p r o p e r management o f f i a t money does no t c a l l f o r r e g u l a 

t i o n o f the f i n a n c i a l i n t e r m e d i a t i o n i n d u s t r y . 

T h i s i s n o t to s a y , t h o u g h , t h a t t e c h n o l o g i c a l payments 

mechan i sm d e v e l o p m e n t s have no e f f e c t . I n p a r t i c u l a r , t h e y a r e v e r y 

l i k e l y t o a f f e c t t he v a l u e o f a f i x e d s t o c k o f f i a t money. But what 

f o l l o w s f r o m t h a t ? Such changes w o u l d seem t o be a n a l y t i c a l l y e q u i v a 

l e n t to a t r e n d i n t h e d e g r e e t o w h i c h a g g r e g a t e endowments a r e t i l t e d 

t o w a r d s e c o n d - p e r i o d c o n s u m p t i o n . I n e i t h e r c a s e , a f i x e d - s u p p l y f i a t -

money e q u i l i b r i u m c o u l d d i s p l a y a f a l l i n g v a l u e o f f i a t money , s o m e t h i n g 

we have come t o c a l l i n f l a t i o n . And i n e i t h e r c a s e , n o t h i n g need be 

done abou t i t . We c a n , t h o u g h , u n d e r s t a n d why a m o n e t a r y a u t h o r i t y 

c h a r g e d w i t h m a i n t a i n i n g t he v a l u e o f f i a t money w o u l d s e e k to impose 

v a r i o u s r e s t r i c t i o n s on f i n a n c i a l i n t e r m e d i a t i o n . What i s no t e a s y to 

u n d e r s t a n d i s why m a i n t e n a n c e o f t he v a l u e o f f i a t money s h o u l d be a 

g o a l . 

IV . C o u n t r y - S p e c i f i c F i a t M o n i e s 

Here I w i l l b r i e f l y i n d i c a t e what t he o v e r l a p p i n g - g e n e r a t i o n s 

8 / 
m o d e l s have t o s a y abou t c o u n t r y - s p e c i f i c f i a t m o n i e s . — 

— T h i s i s n o t to s a y t h a t we do n o t need a t h e o r y o f t he f i r m . 
I n f a c t , t h e r e w o u l d seem t o be a c l o s e c o n n e c t i o n b e t w e e n a deep t h e o r y 
o f t h e s t r u c t u r e o f e x c h a n g e and a deep t h e o r y o f t he f i r m , one t h a t 
f o l l o w s C o a s e ' s s u g g e s t i o n f o r a t h e o r y t h a t a l l o c a t e s i n t e r a c t i o n s 
b e t w e e n m a r k e t i n t e r a c t i o n s and nonmarke t i n t e r a c t i o n s . F o r a mode l o f 
an i n t e r m e d i a r y , see Townsend . 

8 / 
— The d e t a i l s o f s u c h an a n a l y s i s a r e s p e l l e d o u t i n a f o r t h c o m i n g 

p a p e r by J o h n K a r e k e n and me e n t i t l e d , " S a m u e l s o n ' s C o n s u m p t i o n L o a n 
M o d e l w i t h C o u n t r y - S p e c i f i c F i a t M o n i e s . " 
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R o u g h l y s p e a k i n g , t he key i m p l i c a t i o n i s t h a t one f i a t money 

i s e n o u g h . S e p a r a t e demands f o r c o u n t r y - s p e c i f i c m o n i e s — t h a t i s , 

demands c o n s i s t e n t w i t h t he d i f f e r e n t mon ies b e i n g i m p e r f e c t s u b s t i t u t e s — 

a r e e n t i r e l y t he r e s u l t o f government r u l e s , c a p i t a l c o n t r o l s and o t h e r 

r u l e s t h a t make i t d i f f i c u l t f o r r e s i d e n t s o f one c o u n t r y t o h o l d and 

u s e f i a t money i s s u e d by a n o t h e r c o u n t r y . A b s e n t s u c h r e s t r i c t i o n s , t he 

i n d e t e r m i n a c y i n t he r e l a t i v e v a l u e s o f two o r more f i a t m o n i e s r e f e r r e d 

t o a b o v e i n t he d i s c u s s i o n o f f r e e e n t r y i n t o f i a t money i s s u e h o l d s i n 

t he c a s e o f s e v e r a l n a t i o n a l f i a t m o n i e s . P u t d i f f e r e n t l y , t he demand 

f o r a p a r t i c u l a r f i a t money i n a w o r l d o f s e v e r a l s u c h m o n i e s i s e x t r e m e l y 

t e n u o u s . 

I s t h i s i m p l i c a t i o n t o be t a k e n s e r i o u s l y ? The way to a v o i d 

t h i s i m p l i c a t i o n i s to ge t a mode l t h a t g e n e r a t e s s e p a r a t e demands f o r 

c o u n t r y - s p e c i f i c f i a t m o n i e s . But c a n t h a t be done? C o u l d a mode l 

b u i l t f r om p o s t u l a t e s a b o u t p r e f e r e n c e s and t he t e c h n o l o g y p r o d u c e 

s e p a r a t e demands f o r c o u n t r y - s p e c i f i c f i a t m o n i e s ? By now, you know my 

a n s w e r . 

V . C o n c l u d i n g Remarks 

Mos t o f my message has been i n t h e n a t u r e o f p r e d i c t i o n s abou t 

t h e i m p l i c a t i o n s o f s t i l l - t o - b e - d e v e l o p e d m o d e l s o f money. I have 

a r g u e d t h a t you ough t to t a k e s e r i o u s l y a s m o d e l s o f f i a t money S a m u e l s o n / 

C a s s - Y a a r i o v e r l a p p i n g - g e n e r a t i o n s m o d e l s b e c a u s e t h e i r i m p l i c a t i o n s a r e 

l i k e l y to c a r r y o v e r to o t h e r m o d e l s o f money. I now want t o t a k e a 

s l i g h t l y d i f f e r e n t t a c k and a r g u e t h a t t he S a m u e l s o n / C a s s - Y a a r i m o d e l s 

a r e t he o n l y c u r r e n t l y a v a i l a b l e mode ls o f money. 

What a r e t he c u r r e n t l y a v a i l a b l e a l t e r n a t i v e s ? T h e r e seem to 

be two : One c a n b e g i n e i t h e r by p o s t u l a t i n g demand f u n c t i o n s f o r money 



o r by p o s t u l a t i n g t h a t money i s an a rgumen t o f u t i l i t y o r p r o d u c t i o n 

f u n c t i o n s . The i n h e r e n t w e a k n e s s e s o f e i t h e r a p p r o a c h a r e r e v e a l e d by 

p o s i n g some h y p o t h e t i c a l ( o r , p e r h a p s , no t s o h y p o t h e t i c a l ) q u e s t i o n s . 

What w o u l d be t h e demand , s a y , f o r a new money i s s u e d by a n e w l y i n d e 

p e n d e n t p r o v i n c e o f Quebec? Does t h a t demand depend on w h e t h e r t h e 

money i s c o n v e r t i b l e on demand i n t o a commod i t y o r a n o t h e r c u r r e n c y ? 

Does i t depend on t h e s y s t e m o f e x c h a n g e c o n t r o l s t h a t i s i m p o s e d ? The 

S a m u e l s o n / C a s s - Y a a r i o v e r l a p p i n g - g e n e r a t i o n s m o d e l s c a n a d d r e s s t h e s e 
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q u e s t i o n s . The c u r r e n t l y a v a i l a b l e a l t e r n a t i v e a p p r o a c h e s c a n n o t . — 

I w o u l d l i k e t o c l o s e by e m p h a s i z i n g an i m p o r t a n t q u a l i f i c a t i o n 

t o v i r t u a l l y e v e r y t h i n g I have s a i d . T h r o u g h o u t t h i s p a p e r I have 

i g n o r e d t h e r o l e o f f i a t money i s s u e a s p a r t o f an o p t i m a l t a x s t r u c 

t u r e . I f we a r e t o come t o g r i p s i n a p o s i t i v e s e n s e w i t h t he d i f f e r e n t 

m o n e t a r y p o l i c i e s f o l l o w e d by d i f f e r e n t c o u n t r i e s , t h e n t h a t r o l e o f 

f i a t money c a n n o t be i g n o r e d . I n f u t u r e w o r k , I hope t o show t h a t 

v e r s i o n s o f S a m u e l s o n / C a s s - Y a a r i o v e r l a p p i n g - g e n e r a t i o n s m o d e l s c a n 

c o n f r o n t q u e s t i o n s o f o p t i m a l t a x s t r u c t u r e i n a s e t t i n g t h a t a l l o w s 

f i a t money i s s u e , i n t e r e s t b e a r i n g d e b t i s s u e , and o r d i n a r y f o r m s o f 

t a x a t i o n t o be a l t e r n a t i v e p o s s i b l e ways o f f i n a n c i n g gove rnmen t e x p e n 

d i t u r e s . I f we assume t h a t any f o r m o f t a x a t i o n c a u s e s d i s t o r t i o n s , 

t h e n t o no o n e ' s s u r p r i s e we w i l l f i n d t h a t some r a t e o f f i a t money 

i s s u e i s a f e a t u r e o f an o p t i m a l t a x s t r u c t u r e . 

9 / 
— More g e n e r a l l y , a r e t he p o s t u l a t e d demand f u n c t i o n s i n v a r i a n t 

o v e r t h e r a n g e o f p o l i c y r e g i m e s mos t a n a l y s e s a t t e m p t t o s t u d y ? And 
what o f t h e way money i s assumed to e n t e r u t i l i t y a n d / o r p r o d u c t i o n 
f u n c t i o n s . 
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