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I. I n t r o d u c t i o n 

In t h i s p a p e r , s e v e r a l p r o p o s i t i o n s a r e p r o v e d w h i c h r e l a t e to 

t h e c o n c e p t o f c a u s a l i t y o r e x o g e n e i t y i n m u l t i v a r i a t e w e a k l y s t a t i o n a r y 

s t o c h a s t i c p r o c e s s e s . From a m a t h e m a t i c a l v i e w p o i n t , t h e r e s u l t s c o n c e r n 

c e r t a i n p r o j e c t i o n s i n H i l b e r t s p a c e , a f a c t w h i c h s u g g e s t s s t a n d a r d s 

f o r p r o o f s — s t a n d a r d s w h i c h a r e , l a m e n t a b l y , l a c k i n g i n much o f t h i s 

l i t e r a t u r e . ( [ 24 ] i s t h e o b v i o u s e x c e p t i o n ) . Theorems abou t t h e s e 

p r o j e c t i o n s wou ld be o f l i m i t e d i n t e r e s t , h o w e v e r , were i t n o t f o r a 

n a t u r a l i n t e r p r e t a t i o n o f t h e s e c o n c e p t s to c a u s a l i t y i n m u l t i p l e t i m e 

s e r i e s , due o r i g i n a l l y t o W iene r [ 2 9 ] . T h i s i n t e r p r e t a t i o n and t he 

p r o p o s i t i o n s o f G r a n g e r [4] and S ims [24] have g i v e n r i s e to a f l o u r i s h i n g 

e m p i r i c a l l i t e r a t u r e , i n c l u d i n g , b u t no t l i m i t e d t o , [ 3 ] , [ 5 ] , [ 1 8 ] , 

[ 2 1 ] . I t i s hoped t h a t t h e r e s u l t s p r o v e d h e r e , w h i c h , f o r t he most 

p a r t , g i v e n e c e s s a r y and s u f f i c i e n t c o n d i t i o n s f o r c a u s a l i t y i n t e rms o f 

s t r u c t u r a l a s p e c t s o f t he t i m e s e r i e s i n v o l v e d , w i l l f u r t h e r t h e u n d e r s t a n d i n g 

o f t h i s c o n c e p t and t h e s e e m p i r i c a l r e s u l t s . 

P r o p o s i t i o n s 1 and 3 s t r e n g t h e n and s l i g h t l y g e n e r a l i z e theorems 

o f G r a n g e r [4] and Sims [ 2 4 ] ; s p e c i a l i s t s may f i n d t h e s e p r o o f s o f 

i n d e p e n d e n t i n t e r e s t b e c a u s e t h e y d i f f e r i n c h a r a c t e r f rom t h e i r p r e d e c e s s o r s . 

P r o p o s i t i o n 2 was p r o v e d when t h e a u t h o r was unaware o f t h r e e u n p u b l i s h e d 

wo rks (Haugh [ 8 ] , Haugh and Box [ 9 ] , and P i e r c e and Haugh [ 1 5 ] ) . These 

p a p e r s i n d e p e n d e n t l y a r r i v e , v i a " o p e r a t i o n a l m e t h o d s " a t what i s 

p e r h a p s a s p e c i a l c a s e o f t h e p r e s e n t r e s u l t . The d i f f e r e n c e i n emphas i s 

be tween ou r p a p e r s — t h e y s t r e s s t h e i d e n t i f i c a t i o n ( i n b o t h t he e c o n o -

m e t r i c i a n ' s s e n s e and t he t ime s e r i e s a n a l y s t ' s s e n s e ) o f m o d e l s f r om 
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d a t a , whereas we s t r e s s i n t r i n s i c m a t h e m a t i c a l - l o g i c a l p r o p e r t i e s o f t he 

w ide s e n s e s t a t i o n a r y p r o c e s s — i s r e f l e c t e d i n a d i f f e r e n c e i n t he 

l a n g u a g e s e m p l o y e d ; t h i s c o m p l i c a t e s a c o m p a r i s o n o f ou r p a p e r s , bu t 

some comments on t h i s s u b j e c t a r e made a t t he end o f S e c t i o n I I I . 

P r o p o s i t i o n s 4 and 5 c o n t i n u e to d e a l w i t h b i v a r i a t e s y s t e m s , 

bu t s e t ou t i n a new d i r e c t i o n . Any d e f i n i t i o n o f a c o n c e p t a s l o a d e d 

w i t h p h i l o s o p h i c a l c o n n o t a t i o n s a s i s c a u s a l i t y must be a b l e t o w i t h s t a n d 

s e v e r e s c r u t i n i z a t i o n . Here we i n q u i r e abou t t he b e h a v i o r o f t h i s 

d e f i n i t i o n under t i m e r e v e r s a l ; e q u i v a l e n t l y , i s t i m e t r e a t e d s y m m e t r i c a l l y 

w i t h r e g a r d t o t he p a s t and f u t u r e ? S p e c i f i c a l l y , assume a c c o r d i n g to 

t h e u s u a l d e f i n i t i o n t h a t Y does no t c a u s e X , by w h i c h we mean t h a t p a s t 

Y i s o f no a d d i t i o n a l h e l p , g i v e n p a s t X , i n p r e d i c t i n g c u r r e n t X ; 

a l t e r n a t i v e l y , X i s s a i d to be e x o g e n o u s . I s i t now t r u e t h a t , a g a i n 

t r y i n g t o p r e d i c t t h e c u r r e n t X but now g i v e n f u t u r e X , t h a t f u t u r e Y i s 

o f no m a r g i n a l v a l u e ? Were t h i s t he c a s e , c a u s a l i t y m igh t be s a i d to be 

n e u t r a l w i t h r e s p e c t to the f l o w o f t i m e . Whether t h i s l a t t e r p r o p e r t y 

wou ld enhance t he d e f i n i t i o n i s a c a d e m i c , b e c a u s e we g i v e ( r e s t r i c t i v e ) 

n e c e s s a r y and s u f f i c i e n t c o n d i t i o n s f o r t ime n e u t r a l i t y to o c c u r i n 

t e rms o f t h e Wold ( b i v a r i a t e mov ing a v e r a g e ) r e p r e s e n t a t i o n , a W o l d - l i k e 

r e p r e s e n t a t i o n , and t he p o p u l a t i o n r e g r e s s i o n o f c u r r e n t Y on p a s t , 

c u r r e n t , and f u t u r e X . A c o r o l l a r y n o t e s t h a t , w i t h X e x o g e n o u s , to 

p r e d i c t c u r r e n t X , i n g e n e r a l t he p r o g n o s t i c a t o r w i l l p r e f e r t he f u t u r e 

X , Y d a t a to t he p a s t X , Y d a t a — i n t u i t i v e l y b e c a u s e i n t he l a t t e r s i t u a t i o n 

he w i l l f i n d Y o f no m a r g i n a l u s e . 

N e x t , i n hopes o f s h e d d i n g some l i g h t on a common c r i t i c i s m o f 

t h i s m e t h o d o l o g y , we add a t h i r d s e r i e s and c o n s i d e r t he t r i v a r i a t e 

sys tem I Y ] ( t ) . The s e n s i t i v i t y o f a " Y c a u s e s X f i n d i n g t o t he u n d e r -
W 

l y i n g d a t a s e t a v a i l a b l e f o r p r e d i c t i o n has been a p p r e c i a t e d f r om the 
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s t a r t . But beyond t he p r e s u m p t i o n t h a t c o n c l u s i o n s i n l o w e r o r d e r s y s t e m s 

w i l l be o v e r t u r n e d i n h i g h e r o r d e r s y s t e m s and a s u g g e s t i o n by G r a n g e r 

t h a t p a r t i a l c r o s s s p e c t r a be c o n s i d e r e d ( [ 4 ] , p . 4 3 7 ) , l i t t l e 

a t t e n t i o n has been g i v e n to t he a n a l y s i s o f s y s t e m s o f h i g h e r o r d e r t h a n 

two . C e r t a i n n a t u r a l d e f i n i t i o n s a r e made and a s t r a i g h t f o r w a r d g e n e r a l i z a t i o n 

to b l o c - b i v a r i a t e s y s t e m s n o t e d i n P r o p o s i t i o n 6 . Then a more s u b s t a n t i v e 

r e s u l t i s p r o v e d f o r t r i v a r i a t e and b l o c - t r i v a r i a t e s y s t e m s . P r o p o s i t i o n 7 

c l o s e l y examines t he r e l a t i o n s h i p be tween the e v e n t s " X i s exogenous 

w i t h r e s p e c t t o Y i n t h e t r i v a r i a t e sys tem I Y J" and " X i s exogenous w i t h 

X W 

r e s p e c t t o Y i n t h e i m p l i e d b i v a r i a t e (^) s y s t e m . " U s i n g p r e v i o u s 

p r o p o s i t i o n s , t h e answer i s i n d i c a t e d on a c a s e - b y - c a s e b a s i s , so t h a t 

t h e r e s e a r c h e r i s p r o v i d e d w i t h a s y s t e m a t i c way o f u s i n g any i n f o r m a t i o n 

abou t a t h i r d p r o c e s s Z w h i c h may be a v a i l a b l e . I n d e e d , t he r e s u l t may 

be i n t e r p r e t e d a s an i n f i n i t e d i m e n s i o n a l T h e i l - t y p e o m i t t e d v a r i a b l e s 

t heo rem. The r o l e o f t he a s s u m p t i o n s c o n c e r n i n g i n s t a n t a n e o u s c a u s a l i t y 

i n t h i s r e s u l t i s a l s o i n v e s t i g a t e d . We s t r e s s t h a t t he word " f i n d i n g " 

p e r t a i n s to a c o n d i t i o n abou t t h e o r e t i c a l r e g r e s s i o n s o r p r o j e c t i o n s i n 

t h e " p o p u l a t i o n " ( H i l b e r t s p a c e ) w h i c h wou ld be a t t a i n e d by c o n s i s t e n t 

e s t i m a t o r s ; many t h o r n y i s s u e s i n v o l v i n g s t a t i s t i c a l e s t i m a t i o n p r o c e d u r e s 

a r e no t d i s c u s s e d h e r e . 

F i n a l l y , some remarks on t he economic s i g n i f i c a n c e o f c a u s a l i t y -

e x o g e n e i t y r e l a t i o n s h i p s a r e o f f e r e d , f o l l o w e d by a c o n c l u s i o n and 

i n d i c a t i o n of some d i r e c t i o n s f o r f u r t h e r r e s e a r c h . 
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I I . M a t h e m a t i c a l and S t a t i s t i c a l F ramework ; Backg round and D e f i n i t i o n s ; 
N o r m a l i z a t i o n - I d e n t i f i c a t i o n I s s u e s 

I n t h i s s e c t i o n the d e f i n i t i o n s and n o t a t i o n employed i n t he 

r e s t o f the paper a r e p r e s e n t e d . S e v e r a l v e r y u s e f u l f a c t s r e l a t i n g 

t h e s e n o t i o n s a r e s t a t e d f o r r e a d y r e f e r e n c e . A few theorems i n t he 

p r e d i c t i o n t h e o r y of m u l t i v a r i a t e s t o c h a s t i c p r o c e s s e s w h i c h a r e i m p o r ­

t a n t f o r ou r p u r p o s e s a r e e x p l i c i t l y m e n t i o n e d . F o r a c o m p r e h e n s i v e 

t r e a t m e n t of t h i s e n t i r e t o p i c , i n c l u d i n g p r o o f s , t he r e a d e r i s r e f e r r e d 

t o any or a l l p a r t s of t h e s e e x c e l l e n t r e f e r e n c e s : Rozanov [ 1 7 ] , 

Hannan [ 7 ] , and W i e n e r - M a s a n i [ 3 0 ] . To make t h i s p a r t more r e a d a b l e and 

to o f f e r d o c u m e n t a t i o n f o r some of t h e s e a s s e r t i o n s , e x t e n s i v e u s e o f 

t e c h n i c a l f o o t n o t e s i s made; t h e s e may be skimmed on a f i r s t r e a d i n g . 

Because the f i r s t p a r t o f t h i s paper and most of the r e l a t e d 

e c o n o m e t r i c s and s t a t i s t i c s l i t e r a t u r e d e a l w i t h b i v a r i a t e p r o c e s s e s , we 

a d o p t t h i s t a c t a s an e x p o s i t o r y d e v i c e h e r e . S i n c e the m a j o r c o m p l i ­

c a t i o n s i n t r o d u c e d by t he g e n e r a l q - v a r i a t e m a t h e m a t i c a l t h e o r y a r e 

a l r e a d y p r e s e n t when q=2, t h e r e r e s u l t s n e i t h e r a l o s s of g e n e r a l i t y no r 

a need f o r e x c e s s i v e r e p e t i t i o n when m u l t i v a r i a t e s i t u a t i o n s a r e e n c o u n t e r e d . 

On an u n d e r l y i n g p r o b a b i l i t y s p a c e ft w i t h accompany ing a-

a l g e b r a of s u b s e t s F and p r o b a b i l i t y measure P i s d e f i n e d a v e c t o r 

f a m i l y of random v a r i a b l e s ( m e a s u r a b l e f u n c t i o n s ) , i n d e x e d by t he d i s c r e t e 

p a r a m e t e r t , t d = i n t e g e r s , ( y ) ( t ) = ( y ( t ) ) w h i c h i s the s u b j e c t of 

ou r s t u d y . F o l l o w i n g t r a d i t i o n , we have a l r e a d y s u p p r e s s e d t he dependence 

X X 

o f (y) on w e f t : C y ) ( t , w ) m i g h t have appea red more a p p r o p r i a t e . Our 

n o t a t i o n r e f l e c t s the f a c t t h a t we w i l l n e v e r i n v e s t i g a t e t he b e h a v i o r 

o f samp le p a t h s ( a sequence { ( y M t j W ) , t = . . . - 1 , 0 , 1 , . . . f o r f i x e d u)}) 

i n t he s e q u e l , so t h e r e i s no need t o keep t r a c k of a second a r g u m e n t . 



- 5 -

We do r e q u i r e t h a t ( Y ) ( t ) be a w e a k l y s t a t i o n a r y s t o c h a s t i c p r o c e s s 

2 / X 0 
( w . s . s . p . ) , — w h i c h means : ( i ) E ( Y ) ( t ) = ( Q ) , a l l t e l ; and ( i i ) t h e 

Gramian o r a u t o c o v a r i a n c e m a t r i x 

( ( x ) ( t ) ( x ) ( t - k ) ) = r ( t k ) = E ( x ( t ) x ( t - k ) x ( t ) Y ( t - k ) \ A ( k ) V k M 
u Y M t ; , ( Y nt - X > Y U , K ; - ^ Y ( t ) x ( t - k ) Y ( t ) Y ( t - k ) , / " " ^ f l O R ^ f l O / 

T 
does no t depend on t , and so may be w r i t t e n T ( k ) ( = T ( - k ) , where 

A , I A , I 

x 
d e n o t e s t r a n s p o s e ) . Here E d e n o t e s m a t h e m a t i c a l e x p e c t a t i o n , so t h a t 

one e f f e c t o f ( i i ) i s t h a t X ( t ) and Y ( t ) must be i n L 2 ( f t , F, P ) , t he 

s p a c e o f a l l random v a r i a b l e s Z ( . ) s u c h t h a t / | z ( W ) | d?(W) < °=. T h i s 

l a t t e r s p a c e i s a H i l b e r t s p a c e , H , w i t h t he i n n e r p r o d u c t g i v e n by 

< Z 1 ( w ) , Z 2 ( M ) ) > = JZ^IM) Z 2 ( w ) d P ( w ) - / and norm M z J I = ( J l z ^ w ) | 2 d P ( W ) ) 1 / 2 ; 

t h e s e c l a s s i c a l f a c t s may be found i n any a n a l y s i s t e x t , e . g . , [ 1 0 ] , p . 235 . 

I f < Z ^ , Z 2 > = ^ ' w e w r i - t e %i -1 Z 2 ' c a H z ^ a n c * Z 2 o r t h o g o n a l e l e m e n t s i n 

H , and u n d e r s t a n d t h e s e symbo ls to s a y t h e random v a r i a b l e s a r e u n c o r ­

r e c t e d ( i f E Z ^ o r E Z 2 = 0 , a s w i l l a l w a y s be a s s u m e d ) . 
4 / 

More r e l e v a n t f o r ou r p u r p o s e s i s a subspace— ( c l o s e d l i n e a r 
m a n i f o l d ) o f H , t h e s p a c e o f v a l u e s o f the p r o c e s s ( ^ ) , t o be d e n o t e d 

H o r H (-oo, <»). F o r any s e t s o f i n t e g e r s s.. , . . . s ; t 1 , . . . t 
A , Y A , Y x m .L n 

and any s e t s o f r e a l o r complex c o n s t a n t s a ^ , . . . a ^ ; b ^ , . . . b^ t h e 
m n 

f i n i t e l i n e a r c o m b i n a t i o n Y a . X ( s . ) + 7 b . Y ( t . ) i s a l s o a random 
i = l 1 1 j = l J J 

v a r i a b l e i n H. The s e t o f a l l s u c h random v a r i a b l e s w i l l be i n d i c a t e d 

by ( U X ( i ) ) U ( U Y ( i ) ) o r S ( X ( i ) , Y ( j ) , i , j e l ) ; - ^ t h i s i s by d e f i n i t i o n 
i e l i e l 

a l i n e a r m a n i f o l d o f H , w h i c h i s i n g e n e r a l no t c l o s e d i n t he t o p o l o g y 

o f t he norm. The c l o s u r e o f t h i s s e t i s d e f i n e d to be H^ Y ( ° r H x Y ^ — C O . CO ) 

t o emphas i ze t h e s e t o f t i m e s w h i c h may be used i n f o r m i n g c o m b i n a t i o n s ) . 

H i s a l s o r e f e r r e d t o a s t he p a s t , p r e s e n t , and f u t u r e o f t he ( ) 
A , i 1 
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p r o c e s s and f o r ou r p u r p o s e s may be r e g a r d e d a s the u n d e r l y i n g H i l b e r t 

s p a c e , s e v e r a l o f whose s u b s p a c e s w i l l command p a r t i c u l a r a t t e n t i o n . 

L e t us r e g a r d t he p r e s e n t as t ime t , and i m a g i n e t h a t we 

p o s s e s s a l o n g d a t a s e r i e s e x t e n d i n g i n t o t he remote p a s t , D ( t ) = { ( ^ M s ) , 

X 

s = t , t - 1 , . . . } g e n e r a t e d by t he w . s . s . p . ( „ ) » a s e r i e s s u f f i c i e n t l y 

r e p r e s e n t a t i v e t o y i e l d p e r f e c t knowledge o f t he c o v a r i a n c e sequence 

{r g > s = . . . - 1 , 0 , 1 , . . . } . I t i s n a t u r a l to pose t he q u e s t i o n : What 

i s t h e " b e s t " p r e d i c t o r o f ( Y ) ( t + 1 ) , and what i s t he mean ing o f " b e s t " ? 

S i n c e we do no t know w h i c h e l e m e n t a r y e v e n t h a s o c c u r r e d , t he mean ing 

o f " b e s t " w i l l have t o i n v o l v e some s t a t i s t i c a l o r a v e r a g i n g c r i t e r i o n ; 

by p r e d i c t o r , we mean B o r e l f u n c t i o n m e a s u r a b l e w i t h r e s p e c t to t he o~ 

a l g e b r a g e n e r a t e d by D. I f o u r s t a t i s t i c a l c r i t e r i o n i s now to m i n i m i z e 

mean s q u a r e e r r o r , the b e s t p r e d i c t o r w i l l be a c o n d i t i o n a l e x p e c t a t i o n ; 

p r o c e e d i n g to g i v e an e f f e c t i v e f o r m u l a t i o n f o r t he s o l u t i o n w i l l be 

q u i t e d i f f i c u l t and w i l l i n v o l v e h a r d a n a l y s i s i n s t o c h a s t i c p r o c e s s 

t h e o r y . I f , howeve r , we r e s t r i c t o u r s e l v e s t o l i n e a r p r e d i c t o r s ( t h o s e 

i n H v v (-co, t ) ; t h i s s u b s p a c e w i l l h e r e a f t e r be a b b r e v i a t e d a s tL. v ( t ) 

when no c o n f u s i o n w i l l a r i s e ) and i f we m a i n t a i n t he c r i t e r i o n o f m i n i ­

m i z i n g mean s q u a r e e r r o r , t hen f i n d i n g t he o p t i m a l p r e d i c t o r f o r X ( t+1 ) 

i n v o l v e s p r o j e c t i n g ^ X ( t+1 ) on to H v ( t ) , and s i m i l a r l y f o r Y ( t + 1 ) . 
X , Y 

( S i n c e so much use i s made o f t he c o n c e p t of p r o j e c t i o n , f o o t n o t e 6 

p r o v i d e s a n e x t e n s i v e d i s c u s s i o n o f t h i s and r e l a t e d t o p i c s . ) 

These ( o r t h o g o n a l ) p r o j e c t i o n s a l w a y s e x i s t and w i l l be 

d e n o t e d (X( t+1) | H V v ( t ) ) and ( Y ( t + 1 ) | H ( t ) ) , r e s p e c t i v e l y . C o n s e q u e n t l y , 
A , Y A , Y 

t h e r e r e s u l t t he o r t h o g o n a l d e c o m p o s i t i o n s X ( t+1 ) = ( X ( t + 1 ) y ( t ) ) + 

u ( t + l ) and Y( t+1) = ( Y ( t + 1 ) | H X y ( t ) ) + w ( t + l ) , where a l l f o u r of t h e 

R . H . S . t e rms a r e u n i q u e . u ( t + l ) and w ( t + l ) a r e c a l l e d t he b i v a r i a t e 
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i n n o v a t i o n s o f X( t+1) and Y ( t + 1 ) , r e s p e c t i v e l y ; t h e y a r e t h e e r r o r s 

a s s o c i a t e d w i t h t he o p t i m a l o n e - s t e p - a h e a d p r e d i c t o r s f o r t he p r o c e s s . 

L e t t i n g t v a r y t h r o u g h t he i n t e g e r s , t he c o r r e s p o n d i n g e r r o r s ( U ) ( t ) 
w 

f o r m a new s . p . , t he i n n o v a t i o n s p r o c e s s ( i . p . ) , c o r r e s p o n d i n g t o t he 

o r i g i n a l ( y ) ( t ) p r o c e s s ; s t a t i o n a r i t y i n t he l a t t e r can be shown t o 

i n d u c e s t a t i o n a r i t y i n the f o rme r w i t h t he a i d o f a f a m i l y o f u n i t a r y 
o p e r a t o r s on H f a m i l i a r t o e c o n o m i s t s as tJ~ , where L i s t h e l a g X , Y 

o p e r a t o r . — ' ' More e v i d e n t i s t he u n c o r r e l a t e d n e s s o f ( U ) ( t ) o v e r t i m e . 
w 

S i n c e $ ( t ) 1 ^ ( t - l ) - 7 and (£ ) ( t - k ) ^ y ( t - k ) c B j ( t - 1 ) , Q) ( t ) 1 

( U ) ( t - k ) (by w h i c h i s meant t h a t t he a u t o c o v a r i a n c e m a t r i x fo rmed f rom w 

the two v e c t o r s , 

r (k) = f f u H t l ( u ) ( t - k ) ) = ( < u ( t > > " ( t - k ) > < u ( t ) , w ( t - k ) > )  
Tu,wW C C w M t ; ' V U K ) ) - C < w ( t ) , w ( t - k ) > <w( t ) , w ( t - k ) > ; ' 

v a n i s h e s f o r k 4 0 ; t h i s w i l l happen p r e c i s e l y when a l l o f t he components 

o f one v e c t o r a r e J_ t o a l l o f t he components o f t h e o t h e r ) . I f , a s i s 

t h e c a s e h e r e , ^ ( k ) = £ . 6 ^ where = {J JjJJ , t he p r o c e s s 

( U ) ( t ) w i l l be s a i d t o be v e c t o r w h i t e n o i s e ( v . w . n . ) - , t h i s s a i d , we w 

w i l l emphas i ze t h a t b e i n g v . w . n . i s a c h a r a c t e r i s t i c b u t n o t c h a r a c t e r ­

i z i n g f e a t u r e o f the i n n o v a t i o n s p r o c e s s . 

9 / X 

The r a n k of p ( £ ) , i s known a s t he rank— o f the ( y ) p r o c e s s 

and i n d i c a t e s an i m p o r t a n t s t r u c t u r a l c h a r a c t e r i s t i c o f t he s y s t e m . 

Some taxonomy r e g a r d i n g s y s t e m r a n k f o l l o w s : (a) ( y ) may be p e r f e c t l y 

p r e d i c t e d f r om i t s p a s t o n l y i f ( ^ ) ( t ) = (g)> a l l t ; i n t h i s c a s e £ i s 

t he n u l l m a t r i x , p (£ ) = 0 , and the p r o c e s s i s s a i d to be d e t e r m i n i s t i c , 

(b) P(£) .> 1> t he p r o c e s s i s n o n d e t e r m i n i s t i c ( n . d . ) : i t p o s s e s s e s a t 

l e a s t one "componen t " w h i c h c a n n o t be p e r f e c t l y p r e d i c t e d f rom t he p a s t . 

The s u b c a s e s a r e : ( i ) p(J) = 1 < 2 , a d e g e n e r a t e c a s e i n w h i c h t he 
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b i v a r i a t e shock ( U ) ( t ) i s e s s e n t i a l l y u n i v a r i a t e . We w i l l n o t s t u d y 
w 

t h i s c a s e h e r e ; howeve r , t he d e s c r i p t i o n s u g g e s t s an a l t e r n a t i v e m o d e l ­

i n g f o r k - i n d e x m o d e l s [22] i n w h i c h a few a g g r e g a t e s h o c k s i m p i n g e on 

s e v e r a l s e c t o r s o f t he e c o n o m y . — ^ ( i i ) p (£ ) = 2 , t he f u l l r a n k c a s e , 

i s s u r e l y t he o b j e c t o f most p h y s i c a l i n t e r e s t . From now on we d e a l 

e x c l u s i v e l y w i t h t h i s c a s e : £ 1 e x i s t s , | YJ 4 0 , two g e n u i n e ( l i n e a r l y 

i n d e p e n d e n t ) s h o c k s p e r t u r b t he sys tem e a c h p e r i o d . 

T h i s l a s t deve lopment s u g g e s t s the d e c o m p o s i t i o n H v ( t ) = 
A , I 

H v ( t - l ) ft D v v ( t ) , where t he space D v ( t ) i s t h e t w o - d i m e n s i o n a l 

o r t h o g o n a l complement o f ^ ( t - l ) i n y ( t ) (ft was d e f i n e d i n f o o t n o t e 7 ) . 

I t i s n o t h a r d to show t h a t D v ( t ) = S ( u ( t ) , w ( t ) ) . T h i s c o n s t r u c t i o n 
A , I 

i s c a n o n i c a l : H ( t ) E H ( t - 1 ) ft D ( t ) . The v . w . n . p r o p e r t y o f u,w u,w u,w s t 
( U ) ( t ) i m m e d i a t e l y g i v e s H ( t ) i S ( u ( s ) , w ( s ) , s<t) = Y ft S ( u ( s ) , w ( s ) ) = w u , w " 
S = t . S=-co 

Y ft D ( s ) . — H e n c e , D ( t ) = D v „ ( t ) , t e I . A t t he o t h e r e x t r e m e , 
U U , W U , W A , I S = -co x 

t h e s p a c e H H ( t ) = H,. v ( - ~ ) i s c a l l e d t h e remote p a s t o f ( ) ; we 

c o u l d f o r e c a s t a v a r i a b l e i n i t , Z ( t+1) s a y , p e r f e c t l y f r om H v ( t ) , 
A , I 

and j u s t a s w e l l f rom H ( t - k ) f o r any k e l . S t a t i o n a r i t y g u a r a n t e e s , 
A , I 

o f c o u r s e , t h a t p e r f e c t f o r e c a s t s a r e a v a i l a b l e a r b i t r a r i l y f a r i n t o t he 

f u t u r e f o r s u c h random v a r i a b l e s . 

By c o m b i n i n g t h e s e s u b s p a c e s , an i m p o r t a n t o r t h o g o n a l d e c o m p o s i t i o n 

o f t h e p r e s e n t and p a s t o f ( v ) i s o b t a i n e d : H v ( t ) = H v ( - ° ° ) ft 
I A , I A , I 1 2 / H ( t ) = H v „ ( - « . ) ft Y ft D v v ( s ) . — The g round work h a s now been 

U , W A , I * . A , I S=-co 

l a i d f o r t he most i m p o r t a n t r e s u l t i n t he t ime domain a n a l y s i s o f w i d e 

s e n s e s t a t i o n a r y s t o c h a s t i c p r o c e s s e s . 

Wo ld D e c o m p o s i t i o n Theorem. F o r t he w . s . s . p . ( y ) ( t ) w i t h i n n o v a t i o n s 

p r o c e s s ( u ) ( t ) , and where the a s s o c i a t e d s p a c e s a r e a s d e f i n e d a b o v e , w 
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( i ) ( * ) ( t ) = (*) ( t ) + (*) ( t ) , where 
l . r . d . 

( 5 ( t ) = « * ) ( t ) | H ( t ) ) ! d) ( t ) = ( ( X ) ( t ) | H (-co)) 
1 1 r

 1 u,w — Y ^ I A , I 

( i i ) ( Y ) ( t ) has t he ( o n e - s i d e d ) mov ing a v e r a g e r e p r e s e n t a t i o n 
l . r . 

00 0 0 

y A ( k ) . ( u ) ( t - k ) ^ A * ( u ) ( t ) s I ( ( 5 ( 0 ) , ( " ) ( - k » r 1 0 ( t - k ) , 
k=0 w w k=0 

CO 

where I|X ( t ) | | 2 + l | Y ( t ) | | 2 = t r a c e 7 A(k) TA'(-k) = t r AY * A ' ( 0 ) < « 
i ' r - l . r . k=0 

( i i i ) ( ) ( t ) i s d e t e r m i n i s t i c , a n d , f o r a l l t e l , 
d . 

S ( ( y ) ( j ) , - < j £ t ) = H x Y ( - » ) 

d . 

The mnemonics l . r . and d . s t a n d f o r l i n e a r l y r e g u l a r and 

d e t e r m i n i s t i c , r e s p e c t i v e l y . The l a t t e r term has a l r e a d y b e e n d e f i n e d ; 

c o n c e r n i n g the f o r m e r , a s . p . ( y ) ( t ) i s s a i d to be l i n e a r l y r e g u l a r 

( p u r e l y n o n d e t e r m i n i s t i c i s a l s o used) i f ( ( Y ) ( t ) | H X Y ( s ) ) -> 0 as s ->• - » ; 

i n t u i t i v e l y , i f t he e f f e c t o f t h e p a s t d i m i n i s h e s as t he " p a s t becomes 

more r e m o t e , " o r e q u i v a l e n t l y by s t a t i o n a r i t y , i f the d i s t a n t f u t u r e can 

be p r e d i c t e d no b e t t e r t han by s o l e l y u s i n g t h e p r o c e s s mean ( h e r e , 
1 3 / 

z e r o ) . E q u i v a l e n t c h a r a c t e r i z a t i o n s o f l i n e a r r e g u l a r i t y ^ — a r e e a c h o f 

(a) t h e a b i l i t y t o e x p r e s s the e n t i r e p r o c e s s as a m . a . i n v o l v i n g i t s 

i n n o v a t i o n s ; and (b) H v ( - » ) = {0} . 
X , Y 

We may now p a r a p h r a s e t he Wold theorem t o s a y t h a t an a r b i t r a r y 

w . s . s . p . may be decomposed i n t o two p a r t s , u n c o r r e l a t e d w i t h e a c h o t h e r , 

o f w h i c h one i s p u r e l y d e t e r m i n i s t i c and the o t h e r p u r e l y n o n d e t e r m i n ­

i s t i c . S i n c e the p u r e l y d e t e r m i n i s t i c p a r t may be p e r f e c t l y p r e d i c t e d 

a r b i t r a r i l y f a r i n t o the f u t u r e ( w i t h no e f f e c t on t he l i n e a r l y r e g u l a r 

p a r t b e c a u s e o f t he o r t h o g o n a l i t y ) , we can w i t h o u t l o s s o f g e n e r a l i t y 
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s u b t r a c t i t f rom ( y ) ( t ) and assume t h a t t he p r o c e s s we a r e a n a l y z i n g i s 

1 4 / 

l i n e a r l y r e g u l a r . — T h i s a s s u m p t i o n w i l l be m a i n t a i n e d t h r o u g h o u t t h e 

r e m a i n d e r o f t he p a p e r : ( Y ) ( t ) i s a l . r . w . s . s . p . 

C o n s e q u e n t l y , t he p r o c e s s we s t u d y i s c h a r a c t e r i z e d by ( i i ) , 

w h i c h r e q u i r e s f u r t h e r d i s c u s s i o n f o r r e a s o n s o t h e r t h a n t he n o t a t i o n 

i m p l i c i t l y i n t r o d u c e d . 

The m a t r i c e s A ( k ) , somet imes r e f e r r e d t o a s A ^ , a r e u n i q u e , 

f rom t he second i d e n t i t y i n ( i i ) . The c o n v o l u t i o n d e f i n i t i o n i s g i v e n 

g e n e r i c a l l y b y t he f i r s t i d e n t i t y , t he i n t e r p r e t a t i o n o f t h i s i n f i n i t e 

sum, o f c o u r s e , b e i n g c o n v e r g e n c e i n q u a d r a t i c mean o f e a c h o f t h e 

random v a r i a b l e - p a r t i a l - s u m componen ts . The c o n d i t i o n t h a t t he i n d i c a t e d 

t r a c e b e f i n i t e i s n e c e s s a r y and s u f f i c i e n t f o r t h i s c o n v e r g e n c e ; i t i s 

s u c c i n t l y e x p r e s s e d i n te rms o f t he (now, nonrandom) m a t r i x c o n v o l u t i o n , 

and amounts s i m p l y t o t he r e q u i r e m e n t o f f i n i t e v a r i a n c e f o r X ( t ) and 

Y ( t ) b e c a u s e t he a u t o c o v a r i a n c e sequence r v v ( . ) o f ( X ) = A * ( U ) may 

A , I I V 

e a s i l y be e x p r e s s e d i n te rms of the a u t o c o v a r i a n c e sequence r (•) as 

T 

A * r u V * A ' ( k ) , where A ' ( k ) = A ( - k ) , T i n d i c a t e s o r d i n a r y m a t r i x 

t r a n s p o s e and ' i s t he a p p r o p r i a t e n o t i o n o f c o n v o l u t i o n t r a n s p o s e , and 
CO CO 

A * B(m) = I A ( m - j ) B ( j ) = £ A ( j ) B ( m - j ) . When A ( . ) and B ( . ) a r e 
J = — C O J = — C O 

o n e - s i d e d , i . e . , A ( s ) = B ( s ) = 0 , s < 0 , t hen t h e s e sums a r e b o t h f i n i t e 

and the l o w e r l i m i t may be r e p l a c e d by 0 . F o r t h e c a s e o f v . w . n . t h e 

d o u b l e summat ion i m p l i e d by t he d o u b l e c o n v o l u t i o n r e d u c e s to A £ * A 1 (k ) -^ -^ 

o r A * ^ A ' ( k ) ; t h e s e l a s t f o r m u l a e s u g g e s t t he d e s i r a b i l i t y o f a r e p r e ­

s e n t a t i o n i n w h i c h Y = I so t h a t R = A * A ' ( k ) . T h i s may be done by 
A , Y 

1 / 2 — 1 / 2 X 
t u c k i n g £ . £ i n t o the c o n v o l u t i o n , t o a r r i v e a t ( y ) ( t ) = 

A V 1 / 2 * r 1 / 2 ( u ) ( t ) = B * ( 6 ) ( t ) , say ( s e e p. 15 f o r an e l a b o r a t i o n o f 
" u w n 

t h i s p r o c e d u r e ) . I n t he new r e p r e s e n t a t i o n R (k) = B * B ' ( k ) , s i n c e 
A , I 
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Cov 7 1 / 2 ( U ) ( t ) = E ( 6 ) ( t ) ( e ) T ( t ) = I; f i n i t e v a r i a n c e s o f X ( t ) and Y ( t ) 

becomes t r B * B ' ( 0 ) < co, w h i c h w i l l o c c u r p r e c i s e l y when J b ^ ( i ) + 
co 2 ro 2 M 2 ^ 
£ b „ ( i ) < co and £ b 2 l ^ i ^ + I b 2 2 ^ < ro' w h e r e 

i=0 i=0 i=0 
/ b ( . ) b ( . ) \ 

B ( . ) = , X ( t ) = b * e ( t ) + b ? * n ( t ) and Y ( t ) = 
^ 2 1 ( . ) b 2 2 ( . ) ; 

b 2 1 * w ( t ) + b 2 2 * n ( t ) . 

The l a s t r emarks show t h a t , i f we fo rm B ( z ) w i t h t y p i c a l 

e l e m e n t ( i , k = l , 2 ) b ( z ) , | z | < 1 where z i s now a comp lex number , t hen 
j k 1 ' 

CO J 

b . , ( z ) E 7 b . , ( s ) z c o n v e r g e s p o i n t w i s e i n t he u n i t c i r c l e , and so 
J k ~ s=0 J k 

d e f i n e s an a n a l y t i c f u n c t i o n t h e r e . On t he u n i t c i r c l e , s q u a r e summa-

b i l i t y o f t h e sequence and c l a s s i c a l methods y i e l d t he r e p r e s e n t a t i o n 
. c ° . 

b . . ( e 1 ^ ) = J b ( s ) e 1 ^ S , where t he c o n v e r g e n c e i s no t p o i n t w i s e bu t i n 
J l c s=0 2 k 

L 2 [ 0 , 2 T T ] . The l a t t e r f u n c t i o n can be shown t o be a r a d i a l l i m i t o f t he 
f o r m e r ; a n a l a g o u s r e s u l t s h o l d on | z l > 1 f o r b . , (z x ) . The c l o s e 

J K 

c o n n e c t i o n be tween t hese r e p r e s e n t a t i o n s i s t he s t u d y o f f u n c t i o n s o f 

Hardy c l a s s H 2 : t h o s e s q u a r e i n t e g r a b l e f u n c t i o n s w i t h F o u r i e r s e r i e s 

i n v o l v i n g o n l y p o s i t i v e powers o f z = e 1 ^ . 

These c o n s i d e r a t i o n s s u g g e s t u s e , a t l e a s t f o r p l a c e h o l d e r 

p u r p o s e s , o f t he method o f " z - t r a n s f o r m s , " a p r i n c i p a l r e s u l t o f w h i c h 

i s : R x y ( z ) = J ( ( Y ) ( t ) , ( J ) ( t - k ) ) z k = B ( z ) B T ( z - 1 ) , where t he 
k=-oo k 

e q u a l i t y means " e q u a l i t y o f t he c o e f f i c i e n t s o f z i n t he f o r m a l e x p a n ­

s i o n o f . " I n o t h e r w o r d s , the c o e f f i c i e n t s o f t he c o n v o l u t i o n B * B ' ( s ) 
T -1 

may be a s c e r t a i n e d by m u l t i p l i c a t i o n i n B ( z ) B (z ) and c h e c k i n g t he 
c 

c o e f f i c i e n t o f z ; n o t h i n g more i s i n v o l v e d h e r e t h a n t he f a m i l i a r 

n o t i o n t h a t " c o n v o l u t i o n i n t he t ime domain c o r r e s p o n d s t o m u l t i p l i c a ­

t i o n i n t he f r e q u e n c y d o m a i n . " More s i g n i f i c a n t l y , h o w e v e r , t he t h e o r e t i c a l 
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i m p o r t a n c e o f the a n a l y t i c B ( z ) m a t r i c e s has o n l y b e e n h i n t e d a t ( [ 1 7 ] , 

p p . 5 8 - 6 3 ) . 

The d i s c u s s i o n of t he l a s t s e v e r a l pages has g i v e n a s k e t c h of 

an e x i s t e n c e p r o o f of a v e r y i m p o r t a n t way of l o o k i n g a t the p r o c e s s 

under s t u d y . The g u a r a n t e e d r e p r e s e n t a t i o n h a s no t been c o n s t r u c t e d , 

however ; t he p rob lem i n p r a c t i c e i s , g i v e n ^ ( s ) , how to " f a c t o r " i t 

i n t o t he B * B ' ( s ) o f t h e p a s t p a r a g r a p h ? The re a r e s e v e r a l l a y e r s 

of d i f f i c u l t i e s i n v o l v e d : (1) When a B ( . ) i s found w h i c h p e r f o r m s the 

X e 
f a c t o r i z a t i o n , t h e r e i s the f u r t h e r r e q u i r e m e n t t h a t , i n ( y ) ( t ) = B * ( n ) ( t ) » 

t he (^) p r o c e s s must " b e i n t he r i g h t s p a c e , " by w h i c h i s mean t , 

H v v ( t ) = H ( t ) , a l l t . ( T h i s l a t t e r n o t i o n w i l l be a b b r e v i a t e d X , Y e , n 

( m . s . ) and t a k e n up i n t h e s e q u e l . ) I n o t h e r w o r d s , no t j u s t any v . w . n . 

X e 

p r o c e s s w i l l d o ; and no t o n l y must t he ( y ) and (^) p r o c e s s e s be d e f i n e d 

on t h e same p r o b a b i l i t y s p a c e , t hey must each e s s e n t i a l l y be l i n e a r 

c o m b i n a t i o n s of e a c h o t h e r ' s p a s t and p r e s e n t , o r i n a n o t h e r ( p e r h a p s 

more economic ) c o n t e x t , t hey must c a r r y t he same i n f o r m a t i o n . The 

i n t e r p l a y be tween a n a l y t i c p r o p e r t i e s of B ( z ) and t he a s s o c i a t e d s t o -

c h a s t i c p r o p e r t i e s (o f t he c o r r e s p o n d i n g ( ) ( t ) ) i s t r e a t e d i n [ 1 7 ] , 
n 

C h . 2 . These remarks w i l l be expanded m o m e n t a r i l y . The second d i f f i ­

c u l t y i s : (2) The re i s an i d e n t i f i c a t i o n p r o b l e m w h i c h , when (1) i s 

u n d e r s t o o d , i s n a t u r a l l y s o l v e d by r e s t r i c t i n g a t t e n t i o n to t h o s e B ( . ) 

a s s o c i a t e d w i t h " e r r o r s i n t he r i g h t s p a c e " and i m p o s i n g a n o r m a l i z a t i o n 

r u l e t o d i s t i n g u i s h be tween the o b s e r v a t i o n a l l y e q u i v a l e n t s t r u c t u r e s 

w i t h i n t h i s a p p r o p r i a t e c l a s s . (3) F i n a l l y , when a t h e o r e t i c a l u n d e r ­

s t a n d i n g o f the f i r s t two p o i n t s i s i n h a n d , and even i n an i d e a l c a s e 

where t he o b s e r v a b l e d a t a , Y ( s ) , i s g e n e r a t e d by e l e m e n t s w h i c h a r e 

r a t i o s o f p o l y n o m i a l s , a p r o c e d u r e f o r o b t a i n i n g the d e s i r e d f a c t o r i z a t i o n 
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i s no t t r i v i a l . A method w h i c h t e r m i n a t e s i n a f i n i t e number o f s t e p s 

i s p r e s e n t e d i n [ 1 7 ] , p . 4 4 - 4 7 ; s i n c e many s q u a r e r o o t s and p o l a r 

d e c o m p o s i t i o n s may be n e e d e d , i t i s no t an easy e x e r c i s e to g e n e r a t e 

examples w i t h p e n c i l and p a p e r . A c t u a l l y , what t h i s a l g o r i t h m g e n e r a t e s 

i s a B ( z ) m a t r i x s u c h t h a t : ( i ) a l l o f i t s e l e m e n t s a r e r a t i o n a l and 

a n a l y t i c i n | z j < 1 ; and ( i i ) d e t B ( z ) h a s a l l o f i t s ( f i n i t e l y many) 

z e r o s i n | z | j> 1. O n l y a f t e r much more m a c h i n e r y i s d e v e l o p e d ( p . 88) 

i s Rozanov a b l e t o show t h a t t h i s B ( z ) has an a s s o c i a t e d e r r o r s p r o c e s s 

w h i c h i s i n t he r i g h t s p a c e , t h e r e b y c o r r e c t l y s t a t i n g and p r o v i n g f o r 

t h e f i r s t t ime a r e s u l t w h i c h had o f t e n been assumed t r u e , i n v a r i o u s 

f o r m s , and even t o t he p r e s e n t i s o f t e n no t a d e q u a t e l y a p p r e c i a t e d . — ' ' 

C o n c e p t s c l o s e l y a l l i e d t o m . a . r . a r e t h o s e o f a u t o r e g r e s s i v e 

r e p r e s e n t a t i o n ( a . r . ) — ^ and ex tended a u t o r e g r e s s i v e r e p r e s e n t a t i o n 

( e . a . r . ) ; o n l y the l a t t e r i s new. When t he l . r . w . s . s . p . ( y ) ( t ) w i t h 

a s s o c i a t e d i . p . ( e ) ( t ) p e r m i t s t he r e p r e s e n t a t i o n B * ( y ) ( t ) = 
CO 

y B ( s ) (,,) ( t - s ) = ( e ) ( t ) , w i t h B (0 ) = I, where t he sum c o n v e r g e s i n 
« * n s=0 

q u a d r a t i c mean, t h e n t h a t r e p r e s e n t a t i o n i s known as t he a . r . We s t r e s s 

t h a t i t i s i m p o r t a n t t h a t t he " e r r o r s " be the i n n o v a t i o n s , i n w h i c h c a s e 

X 
t he f o r c e o f the a . r . i s t h a t ( ( ) ( t ) H ( t - 1 ) ) h a s the c o n v e n i e n t 

Y A , Y 
co 

r e p r e s e n t a t i o n - £ B ( s ) ( „ ) ( t - s ) r a t h e r t h a n t he more g e n e r a l l y n e c e s s a r y 
s= l 

r e p r e s e n t a t i o n as t he l i m i t o f a sequence o f f i n i t e sums, w i t h p o s s i b l y 

c h a n g i n g w e i g h t s . We say t he p r o c e s s has an e . a . r . i f , i n a d d i t i o n , a l l 

o f t h e p r o j e c t i o n s i n t o the s u b s p a c e s H ( t - 1 ) and H ( t - 1 ) , f o r e x a m p l e , 
A Y 

CO 

( Y ( t - i ) | H ^ ( t - l ) ) a l s o have r e p r e s e n t a t i o n s o f t he fo rm 7 h . ( j ) X ( t - j ) . 
j = l 1 

U n i q u e n e s s of t he v a r i o u s r e p r e s e n t a t i o n s o f t h i s p a r a g r a p h i s a p p a r e n t l y 

a n e c e s s a r y r e q u i r e m e n t to m a i n t a i n c o n s i s t e n c y w i t h t h e a s s u m p t i o n t h a t 

t he p r o c e s s h a s f u l l r a n k . 
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l e r s t u d y : (*) ( t ) = I A ^ ^ t - k ) = A * ( ^ ) ( t ) , ( ( £ ) < t ) , ( ^ ) ( t - k ) ) J . 1 

k=0 
a r e 

The Wold d e c o m p o s i t i o n has g i v e n us a c o o r d i n a t e f r e e r e p r e s e n t a t i o n 

i n te rms of the p h y s i c a l l y m e a n i n g f u l i n n o v a t i o n v e c t o r s f o r the l . r . w . s . s . p . 

undt 

A. and £ = ( ( J J ) ( t ) , ( J J ) ( t ) ) ( S O t h a t A Q = I ) . The p a r a m e t e r s A f c and £ 

o f c o u r s e u n i q u e , s i n c e t he f o r m u l a e g i v e them i n terms of o b s e r v a b l e s 

o r w e l l - d e f i n e d o p e r a t i o n s ( p r o j e c t i o n s ) i n v o l v i n g o b s e r v a b l e s . We w i l l 

r e f e r t o t h i s a s p a r a m e t e r i z a t i o n ( I ) o r the n a t u r a l p a r a m e t e r i z a t i o n 

( n . p . ) ; i t i s e s p e c i a l l y c o n v e n i e n t when t he a u t o r e g r e s s i v e r e p r e s e n t a ­

t i o n e x i s t s , s i n c e i t s c o e f f i c i e n t s w i l l be t h o s e i n t he power s e r i e s 
OD 

e x p a n s i o n o f A ( z ) , where A ( z ) = £ A ( k ) z . We emphas ize t h a t t h e 
k=0 

r e p r e s e n t a t i o n i t s e l f i m p l i e s H v „ ( t ) C H ( t ) , and t he c o n s t r u c t i o n o f 
A , I — U , W 

( U ) ( t ) i m p l i e s i t s s u b o r d i n a t i o n to ( „ ) ( t ) ; t hus ( U ) ( t ) a r e m u t u a l l y 
W I W 

s u b o r d i n a t e ( m . s . ) : R\, v ( t ) = H ( t ) . ~ I t i s t h i s l a s t f a c t w h i c h 
A , i u , v 

i s c r u c i a l f o r p r e d i c t i o n t h e o r y g e n e r a l l y and ou r d e c o m p o s i t i o n s i n 

p a r t i c u l a r : v ( t ) must r e p r e s e n t a r e a s o n a b l y c o n v e n i e n t d e s c r i p t i o n 

X X 
o f c u r r e n t and p a s t ( y ) . O the r c o n v o l u t i o n r e p r e s e n t a t i o n s , say ( y ) = 

A*(—) w h i c h , l i k e ( u ) , a r e v e c t o r w h i t e n o i s e , a l s o e x i s t ; a s w i l l be 
— w w 

c l e a r e r f r om the e n s u i n g p a r a g r a p h s , t h e r e w i l l be no d i f f i c u l t y i n 

n o r m a l i z i n g t h e s e (—) so t h a t t h e i r con temporaneous c o v a r i a n c e m a t r i x i s 
w 

t he i d e n t i t y . Y e t o n l y f o r (-) = T ( u ) , | T | 4 0 w i l l H ( t ) ^ H v ( t ) ; 
W W U , W — A , x 

t h o s e (—) w h i c h a r e no t s u b o r d i n a t e to ( „ ) y i e l d l o w e r p r e d i c t i o n w Y 

v a r i a n c e s f o r ( y ) . They a r e no t s u i t a b l e f o r p r e d i c t i o n p u r p o s e s b e c a u s e 

t h e y c a r r y i n f o r m a t i o n abou t the f u t u r e o f t he ( y ) p r o c e s s . 

F o r some p u r p o s e s we may w i s h a r e p r e s e n t a t i o n ( y ) ( t ) = 

e e X 
D * ( n ) ( t ) . where t he v . w . n . ( n ) ( t ) i s m u t u a l l y s u b o r d i n a t e to ( y ) ( t ) 

e e e 
and ( ( n ) ( c ) > ^ n ^ C ^ = ^ ' F ° z a n o v terms (^) a f u n d a m e n t a l p r o c e s s 

( f . p . ) ( [ 1 7 ] , p . 5 6 ) , and makes i t a p a r t o f h i s d e f i n i t i o n o f t he 
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mov ing a v e r a g e r e p r e s e n t a t i o n o f a p r o c e s s . O b t a i n i n g a f . p . f r om t he 

i . p . amounts t o c h o o s i n g an o r t h o n o r m a l b a s i s i n D ( t ) ; s i n c e t h e r e 
u , w 

a r e a s many o f t h e s e a s t h e r e a r e o r t h o n o r m a l m a t r i c e s , a f . p . r e t a i n s 

t h i s n o n u n i q u e n e s s , w h i c h may e i t h e r be a c c e p t e d o r e l i m i n a t e d by 

i m p o s i n g a d d i t i o n a l r e s t r i c t i o n s . 

a r r i v e a t a f . p . b y : d i a g o n a l i z i n g £ , p 7 p ' = A ; w r i t i n g £ = P ' A P = 

S t a r t i n g w i t h t he n . p . ( * ) ( t ) = A * ( U ) ( t ) , Cov ( u ) = 7, we 
I W W 

( P ' A 1 / 2 P ) ( P ' A 1 / 2 P ) 5 I 1 / 2 f/2, T 1 / 2 i P ' A " 1 / 2 P , A s ( h ° \ a n d 

A 1 / 2 o \ x ° * 2 / 

[ 1 / 2 = L 1

 A 1 / 2 1 ; and f i n a l l y t a k i n g (*) ( t ) = £ 1 / 2 ( ^ ) ( t ) . ( * ) ( t ) 

h a s c o v a r i a n c e m a t r i x t he i d e n t i t y , and ( y ) ( t ) = A 7 ^ 2 * £ * " ^ ( J j ) ( t ) = 

A I * 0 ^ i s 3 m , a - r ' w i t h a s f ' P " A n y ^ ' ^ ' ^ = 1 r e s u l t s 

i n ( * ) ( t ) = A l1/2q' * Q ( * ) ( t ) = A f/2Q' * < * ) ( t ) , so t h a t ( f ) ( t ) i 
n n 

Q ( n ) ( t ) i s a l s o f u n d a m e n t a l . S i n c e A(0) = I, the n o n u n i q u e n e s s o f t he 

f . p . may be e x p r e s s e d by n o t i n g t h a t t he z e r o - o r d e r c o e f f i c i e n t i n the 

1/2 1/2 
c o n v o l u t i o n i s 7_ Q* where J i s u n i q u e , bu t Q ' may be any o r t h o -

18 / 
n o r m a l m a t r i x . I t i s a w e l l - k n o w n r e s u l t i n m a t r i x t h e o r y — ( [ 6 ] , 

- 1 / 2 

p. 191-192) t h a t any symmet r i c m a t r i x (£ ) may be l o w e r ( r e s p e c ­

t i v e l y , upper ) t r i n g u l a r i z e d by p o s t m u l t i p l i c a t i o n by an o r t h o n o r m a l 

m a t r i x ; the t r i a n g u l a r i z a t i o n i s u n i q u e i f the d i a g o n a l e l e m e n t s a r e 

r e q u i r e d to be p o s i t i v e . We c a l l t h e s e n o r m a l i z a t i o n s I I - L and I I - U , 

and w i l l a c t u a l l y p roduce them b e l o w i n a way w h i c h does n o t l o s e t r a c k , 

a s t h i s argument h a s , o f t he i n n o v a t i o n s . 

L e t us r e t u r n t o the n . p . : ( „ ) ( t ) = A * ( U ) ( t ) , C o v ( " ) ( t ) = 
I W W a a u uw 

°wu a 
w 

2 I and A ( 0 ) = I. We r e t a i n u ( t ) , bu t r e p l a c e w ( t ) i n ou r b a s i s 
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a 
I U W 

by v ( t ) , where v ( t ) = w ( t ) - ( w ( t ) | u ( t ) ) = w ( t ) j u ( c ) - I n o t h e r 
a 

u 

w o r d s , # ( t ) = V ) ( t ) , o r # ( t ) - / / 
1 U W 1 I I U W 1 1 

a . . 2 / \ o u

2 

C o n s e q u e n t l y , ( „ ) ( t ) = A / \ * ( U ) ( t ) i n w h i c h t he m . s . p r o c e s s 
' °uw 1 1 

( " ) ( t ) i s s e r i a l l y and c o n t e m p o r a n e o u s l y u n c o r r e l a t e d , w i t h t he f i r s t 

e lement t h e X i n n o v a t i o n and t he second e lemen t t h a t p a r t o f t he Y 

i n n o v a t i o n J_ t o t he X i n n o v a t i o n . Not o n l y a r e t he c o n v o l u t i o n m a t r i x 

c o e f f i c i e n t s A ( k ) / \ , k e I , w e l l - d e f i n e d i n te rms o f t h i s p h y s i c a l l y 

s p e c i f i e d b a s i s , t hey a r e e c o n o m e t r i c a l l y i d e n t i f i e d under t he f o l l o w i n g 

1 9 / 

( c l a s s i c a l ) p a i r o f " z e r o r e s t r i c t i o n s " : — ( i ) Tha t t he z e r o o r d e r 

c o n v o l u t i o n c o e f f i c i e n t be l o w e r t r i a n g u l a r w i t h ones on t he d i a g o n a l , 

and ( i i ) t h a t t he c o v a r i a n c e m a t r i x be d i a g o n a l . To see t h i s , c o n s i d e r 

t h e z e r o - o r d e r c o e f f i c i e n t and c o v a r i a n c e m a t r i x o f any o t h e r m .s . 

„ | T ' . O n l y l o w e r t r i a n g u l a r 
0 v 

T w i t h u n i t s on t he d i a g o n a l w i l l s a t i s f y ( i ) ( r e c a l l t h a t A ( 0 ) = I ) ; i f 

2 

C 2 1 ®' t n e n t b e ° f ^ " d i a g o n a l te rms ( t £ i ° u ^ f a l l t o v a n i s h i n t h e 

t r a n s f o r m e d c o v a r i a n c e m a t r i x , c a u s i n g ( i i ) t o f a i l . Of c o u r s e , had 

the Y i n n o v a t i o n been r e t a i n e d i n t he b a s i s (as t he i n i t i a l s t e p o f 

a G ram-Schmid t o r t h o g o n a l i z a t i o n ) t he r e s u l t wou ld have been an u p p e r 

t r i a n g u l a r z e r o - o r d e r m a t r i x w i t h d i a g o n a l c o v a r i a n c e m a t r i x . We c a l l 

t h e s e n o r m a l i z a t i o n c o n v e n t i o n s I 1 I - L , D and I I I - U , D , r e s p e c t i v e l y ( t he 
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mnemonics L , U a r e f o r l o w e r , uppe r t r i a n g u l a r and D i s f o r d i a g o n a l 

c o v a r i a n c e m a t r i x ) . 

We may now deduce t he e x a c t l y i d e n t i f y i n g n a t u r e o f t he 

n o r m a l i z a t i o n s I I - U and I I - L f rom I I I - L , D and I I I - U , D ( w h i c h have j u s t 

been shown e x a c t l y i d e n t i f i e d , v i a I ) . T h i s p r o c e d u r e i n v o l v e s : 

a l g e b r a i c a l l y , n o r m a l i z i n g t he d i a g o n a l s o f t h e c o v a r i a n c e m a t r i x a t 

u n i t y and m a k i n g t he c o r r e s p o n d i n g a d j u s t m e n t t o t h e z e r o - o r d e r c o e f ­

f i c i e n t m a t r i x ; o r , g e o m e t r i c a l l y , s c a l i n g t h e o r t h o g o n a l i n n o v a t i o n s i n 

( U ) ( t ) so t h a t t hey have u n i t v a r i a n c e . I n o t h e r w o r d s , ( 5 ( t ) = 

The p o i n t 

i s t h a t , s t a r t i n g f rom I I I - L , o n l y l o w e r - t r i a n g u l a r T w i l l p r e s e r v e t h e 

l o w e r t r i a n g u l a r i t y r e q u i r e d by I I - L ; t he d i a g o n a l e l e m e n t s must be a s 

above t o p r o d u c e u n i t d i a g o n a l i n t h e c o v a r i a n c e m a t r i x , a n d , i f t 2 ^ 4 0 , 

as b e f o r e , t he d i a g o n a l i t y o f the r e s u l t i n g c o v a r i a n c e m a t r i x wou ld b e 

s p o i l e d . C o n s e q u e n t l y , we have a g a i n a r r i v e d a t t h e I I - n o r m a l i z a t i o n s , 

b u t i n a c o n s t r u c t i v e way w h i c h has no t l o s t s i g h t o f the i n n o v a t i o n s . 

g 

Of t he t h r e e n o r m a l i z a t i o n v a r i a n t s , o n l y t he II— a r e f u n d a ­

m e n t a l ; how does t h i s s q u a r e w i t h t he r i g h t f u l emphas is g i v e n f u n d a m e n t a l 

r e p r e s e n t a t i o n s ? S i n c e the i m p o r t a n t p a r t o f f u n d a m e n t a l n e s s i s m u t u a l 

s u b o r d i n a t i o n , and a l l t he n o r m a l i z a t i o n s were among m . s . p r o c e s s e s , i t 
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i s no t i m p e r a t i v e t o adop t t he f u r t h e r , a r b i t r a r y n o r m a l i z a t i o n c o n v e n t i o n 

t h a t f u n d a m e n t a l n e s s c a r r i e s w i t h i t . We have found i t h e l p f u l i n 

o r g a n i z i n g though t to adop t some n o r m a l i z a t i o n and s t i c k w i t h i t , 

i n t e r p r e t i n g , i f n e c e s s a r y , the r e s u l t s f o r o t h e r n o r m a l i z a t i o n s a t t h e 

l a s t s t a g e ; t he a l t e r n a t i v e , s t a t i n g r e s u l t s v a l i d f o r some u n s p e c i f i e d 

o r a l l p o s s i b l e n o r m a l i z a t i o n s , i s l i k e l y to l e a v e t he r e a d e r ( i f no t 

t he a u t h o r ) f r u s t r a t e d and c o n f u s e d . 

F i n a l l y , we come t o d e f i n e t he n o t i o n o f c a u s a l i t y f o r l . r . 

w . s . s . p . ( y ) ( t ) . Y i s s a i d t o cause X i f , g i v e n p a s t X , p a s t Y a i d s i n 

t he p r e d i c t i o n of c u r r e n t X ( n o t a t i o n : Y -*• X ) . I n s y m b o l s , Y w i l l 

c a u s e X when ( X ( t ) | H J ( y ( t - l ) ) 4 ( X ( t ) | ^ ( t - l ) ) . Y i s s a i d to c a u s e X 

i n s t a n t a n e o u s l y i f a d d i n g c u r r e n t Y h e l p s p r e d i c t X , g i v e n p a s t X and 

p a s t Y ( n o t a t i o n : Y + X ) . I n s y m b o l s , Y i X whenever ( X ( t ) | H ( t - l ) U Y ( t ) ) 4 
A , I 

( X ( t ) | H x Y ( t - 1 ) ) . S i n c e p a r t o f P r o p o s i t i o n 1 shows t h a t Y i X i f and 

o n l y i f X -*• Y , t he n o t i o n o f W i e n e r - G r a n g e r c a u s a l i t y does no t p e r m i t 

any d i s t i n c t i o n a s r e g a r d s i n s t a n t a n e o u s c a u s a l i t y ; c o n s e q u e n t l y , t he 

d e f i n i t i o n i s most m e a n i n g f u l o n l y o v e r t i m e . Whether t h e s e a r e the 

more i n t e r e s t i n g c a u s a l i t y e v e n t s depends on o n e ' s p h i l o s o p h i c a l b e n t . 

On t h e n e c e s s i t y o f a s t o c h a s t i c n o t i o n o f c a u s a l i t y , s e e [ 4 ] , p . 430 ; 

f o r a c o m p a r i s o n o f t h i s d e f i n i t i o n w i t h o t h e r n o t i o n s o f c a u s a l i t y , s e e 

t he f i r s t s e c t i o n o f [ 2 6 ] . 

I f we now adop t t he n o r m a l i z a t i o n I I - L (so t h a t ( U ) ( t ) i s 
w 

f u n d a m e n t a l — v . w . n . and a l i n e a r c o m b i n a t i o n o f t he i n n o v a t i o n s — a n d 

b ( 0 ) = 0) t h e n we may s t a t e : 

S i m s ' Theorem 1 . I n t he l . r . w . s . s . p . ( y ) ( t ) , Y does no t c a u s e X i f and 

o n l y i f t he Wold ( m . a . ) r e p r e s e n t a t i o n s u b j e c t t o I I - L i s 

( Y ) ( t ) = ( a ° ) * c x t ) . 
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The method o f p r o o f employed i n [24] i s d i r e c t , u s e s t h e 

c h a r a c t e r i z i n g f e a t u r e s o f the m . a . r . , and c a n n o t be improved upon . A 

c a r e f u l r e a d e r o f t he p r o o f m i g h t wonder why t he u p r o c e s s , w h i c h by 

c o n s t r u c t i o n i s p a r t o f t h e b i v a r i a t e i n n o v a t i o n , i s a l s o t he u n i v a r i a t e 

i n n o v a t i o n f o r t h e X p r o c e s s . S i n c e we use b o t h t h i s theorem and t h i s 

f a c t , and t he r e a s o n i l l u s t r a t e s t he t h e o r e t i c a l i m p o r t a n c e o f v i e w i n g 

B ( z ) = ( 3 ^ Z ^ P, -,) as an a n a l y t i c f u n c t i o n , we c a n n o t r e s i s t s u p p l y i n g 
c \ z ) d ( z) 

an e x p l a n a t i o n . The c r u c i a l n o t i o n i s t h a t among m a t r i c e s B ( z ) w h i c h 

f a c t o r i z e t h e a u t o c o v a r i a n c e f u n c t i o n , o r e q u i v a l e n t l y t he s p e c t r a l 

d e n s i t y m a t r i x , t h a t m a t r i x w h i c h c o r r e s p o n d s to t he d e s i r e d f u n d a m e n t a l 
T — —T 

r e p r e s e n t a t i o n , B ( z ) , h a s t he m a x i m a l i t y p r o p e r t y B ( 0 ) B (0) >_ B (0 )B (0) 

where _> h e r e means "LHS minus RHS i s p o s i t i v e s e m i d e f i n i t e . " ( [ 1 7 ] , 

p . 6 0 , 6 1 ) . T h i s m a x i m a l i t y n o t i o n a p p l i e s b o t h t o u n i v a r i a t e and 

b i v a r i a t e f a c t o r i z a t i o n s , so i f u w e r e n ' t f u n d a m e n t a l f o r X , t h e r e wou ld 
- 1 I I 12 b e » ( z ) = g ( z ) a ( z ) , w i t h g ( z ) g ( z ) = 1 on | z | = 1 , s u c h t h a t | a ( 0 ) | > 

i 2 
| a ( 0 ) | ( h e r e a ( z ) i s a s c a l a r ) . Then i f we c o n s i d e r a c o m p e t i n g 

B ( z ) E ( ~ , \ , v P, s ) , B ( z ) s t i l l f a c t o r s t he s p e c t r a l d e n s i t y and 
C \ z / g l z ) & \ z ) 
i2 i i 2 i 2 i 2\ i2 

d e t | B ( 0 ) | = | a ( 0 ) | | d ( 0 ) | > | a ( 0 ) | | d ( 0 ) | , c o n t r a d i c t i n g t he m a x i m a l i t y 

o f B ( z ) and hence t he j o i n t f u n d a m e n t a l n e s s o f ( U ) . I t i s i n d e e d u n f o r -
w 

t u n a t e t h a t what i s e s s e n t i a l l y a t ime domain argument does depend on 

f r e q u e n c y domain c o n s i d e r a t i o n s a t t h i s s t a g e , b u t we can f i n d no a l t e r ­

n a t i v e t h a t i s w o r t h t h e work . 

T h i s c o n c l u d e s ou r b a c k g r o u n d s u r v e y and i n t r o d u c t i o n o f 

n o t a t i o n . I t i s t ime t o b e g i n w o r k . 
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I I I . B i v a r i a t e C h a r a c t e r i z a t i o n s 

We w a s t e no t i m e i n p u t t i n g t he m a c h i n e r y d e v e l o p e d i n t he 

l a s t s e c t i o n t o wo rk i n t h e p r o o f o f 

P r o p o s i t i o n 1 . Assume t h a t the l . r . w . s . s . p . ( ) has t he e x t e n d e d 

a u t o r e g r e s s i v e r e p r e s e n t a t i o n ( e . a . r . ) ( y ) ( t ) = ^ ) * ( Y ) ( t ) + 
CO CO \ 

I a ( i ) X ( t - i ) + I b ( i ) Y ( t - i ) \ 

0<t) =1 V \ 1 1 + C ) ( t ) w i t h E C a ! ) ( u ( t ) w ( t ) ) ~ 
I c ( i ) X ( t - i ) + I d ( i ) Y ( t - i ) / 

\i=l i = l / 
2 

a o 
( u

 2 ) = £ . T h e n : ( i ) Y does no t c a u s e X i f and o n l y i f b ( . ) 5 0 ; 
wu w 

( i i ) w h e t h e r o r no t b ( . ) = 0 , i n s t a n t a n e o u s f e e d b a c k (o r i n s t a n t a n e o u s 

c a u s a l i t y ) i s p r e s e n t i f and o n l y i f O ^ 0 , t h i s l a s t r e s u l t h o l d i n g 
uw 

even i f no e . a . r . e x i s t s , where then ( ) ( t ) i s i n t e r p r e t e d as t he 
w 

i n n o v a t i o n s p r o c e s s i n t h e m . a . 

P r o o f : ( i ) Assume f i r s t t h a t b ( . ) = 0 . Then by t he d e f i n i t i o n 

o f t he a . r . (JJ)(t) 1 H ( J £ y ) ( t - l ) , so t h a t ( X ( t ) | H X > Y ( t - 1 ) ) = a * X ( t ) + 

0 * Y ( t ) . I n g e n e r a l , we may f o r m ( X ( t ) | H ( t - 1 ) ) by p r o j e c t i n g 
A 

( X ( t ) | H ( t -1 ) ) on to H v ( t - 1 ) , a s t e p w h i c h i s no t n e c e s s a r y h e r e . 
X , Y X 

R a t h e r t r i v i a l l y t he two p r o j e c t i o n s a r e e q u a l , and s u f f i c i e n c y i s 

e s t a b l i s h e d . Now assume ( X ( t ) | H v v ( t - 1 ) ) = a * X ( t ) + b * Y ( t ) , so t h a t 
A , Y 

( X ( t ) | H v ( t - l ) ) = a * X ( t ) + ( b * Y ( t ) | H v ( t - 1 ) ) ; by h y p o t h e s i s t h e s e p r o j e c t i o n s 

CO 

a r e e q u a l . T h i s e n t a i l s £ b ( i ) ( Y ( t - i ) - ( Y ( t - i ) | H ^ t - l ) ) > = 0 . I f 
i = l 

CO 

b ( . ) | 0 , we have a c o n t r a d i c t i o n : ( Y ( t - i ) | H x ( t - 1 ) ) = I h i ( j ) X ( t - j ) , 
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s a y , by t he e . a . r . a s s u m p t i o n , y i e l d i n g £ b ( i ) [ Y ( t - i ) - J h . ( j ) X ( t - j ) ] = ( 

i = l j = l 1 

w h i c h c o n t r a d i c t s t he u n i q u e n e s s o f t he a . r . s i n c e t h i s term may 

be added t o t he R . H . S . o f t he a . r . w i t h i m p u n i t y . ( i i ) To c h e c k f o r 

i n s t a n t a n e o u s f e e d b a c k - c a u s a l i t y , we compare ( X ( t ) | H x ( t - 1 ) U H ^ t ) ) w i t h 

( X ( t ) | H x ^ ( t - 1 ) ) and ( Y ( t ) | H x ( t ) U H y ( t - l ) ) w i t h ( Y ( t ) | H ^ Y ( t - l ) ) . To 

compute t he f o r m e r , we f i r s t r e g r e s s u ( t ) = " $ U ^ ' W , ^ N ^ w ( t ) + v ( t ) so 
^ w v t j , W{Z)-' 

a 
U W 

t h a t < u ( t ) - 0 2 w ( t ) , w( t )> = 0 , o r w ( t ) 1 v ( t ) . ( X ( t ) | H ^ t - l ) y ^ ( t ) ) 
w 

( X ( t ) | H t i ( t - 1 ) ft w ( t ) ) = ( X ( t ) | H ( t - 1 ) ) + ( X ( t ) | w ( t ) ) . T h u s , t h e 
U , W A , I 

m a r g i n a l e f f e c t o f c u r r e n t Y i s t o change o u r f o r e c a s t o f X ( t ) by 

a a 
U W U W 

( X ( t ) | w ( t ) ) = ( u ( t ) | w ( t ) ) = a 2 w ( t ) + ( v ( t ) | w ( t ) ) = c 2 w ( t ) ; t he 
w w 

a 2 

U W 

p r e d i c t i v e v a r i a n c e i s c o r r e s p o n d i n g l y l o w e r e d by _ 2 . These e f f e c t s 
w 

a r e z e r o i f and o n l y i f o = 0 , a s a s s e r t e d . The c o m p u t a t i o n f o r 
u w o 

U W 
p r e d i c t i n g Y ( t ) shows t h a t t he p r e d i c t o r s d i f f e r by — ~ u ( t ) and t he 

^ 2 0 

O u 
U W 

v a r i a n c e s d i f f e r by Q 2 , so t h a t c u r r e n t X i s o f a d d i t i o n a l h e l p i n 
u 

p r e d i c t i n g c u r r e n t Y i f and o n l y i f f 0 . The r e s u l t s f o r X and Y 

t o g e t h e r e s t a b l i s h t h a t i n s t a n t a n e o u s e f f e c t s a r e p r e s e n t e i t h e r t o g e t h e r 

o r no t a t a l l , j u s t i f y i n g t he te rm i n s t a n t a n e o u s f e e d b a c k . F i n a l l y , no 

u s e was made o f t he a . r . r e p r e s e n t a t i o n i n p r o v i n g ( i i ) , a s was p r o m i s e d . 

Q . E . D . 

A s p e c i a l c a s e o c c u r s when t he o r d e r o f t he l o n g e s t l a g 

n e c e s s a r y i n t he a . r . i s f i n i t e , m, s a y , and O = 0 . G r a n g e r c a l l e d 
uw 
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t h i s t he " s i m p l e c a u s a l m o d e l " and p r o v e d ( i ) o f P r o p o s i t i o n 1 ( [ 4 ] , 

p . 4 3 6 ) , e s t a b l i s h i n g t he f i r s t t heo rem i n t he s u b j e c t w i t h no f a n f a r e 

( t h e r e s u l t m o d e s t l y b e a r s no l a b e l w h a t e v e r ) . We w i s h b o t h t o e m p h a s i z e 

t he i m p o r t a n c e o f h i s r e s u l t and to make t he f o l l o w i n g o b s e r v a t i o n s : 

Remark 1 . A l t h o u g h he a s s e r t s h i s r e s u l t f o r m = c o as w e l l , i t a p p e a r s 

t h a t G r a n g e r ' s c l e v e r method o f p r o o f , w h i c h i n v o l v e s e x a m i n a t i o n o f 

K o l m o g o r o v ' s e x p r e s s i o n f o r t he p r e d i c t i v e e r r o r v a r i a n c e , w i l l n o t be 

e a s i l y a d a p t e d to t h i s c a s e , b e c a u s e some s t a t e m e n t s w h i c h a r e " c l e a r l y " 

t r u e i n h i s p r o o f a r e no t so c l e a r when i n f i n i t e p r o d u c t s a r e i n v o l v e d 

( a l t h o u g h p e r h a p s t he i n t r o d u c t i o n o f B l a s c h k e p r o d u c t s a l o n g t he l i n e s 

° f [ 7 ] , p . 1 4 2 - 3 , may be used to a d v a n t a g e ) . 

Remark 2 . The f u n d a m e n t a l n e s s o f t he (^) p r o c e s s and t he d e f i n i n g 

p r o p e r t i e s o f t h e a . r . were no t s t r e s s e d by G r a n g e r , a l t h o u g h u n i q u e n e s s 

o f t h e a . r . c e r t a i n l y must be p r e s e n t f o r h i s r e s u l t t o h o l d . S i n c e a s 

f o o t n o t e 17 has o b s e r v e d , t he n a t u r a l s u f f i c i e n t c o n d i t i o n (and o n l y one 

t he a u t h o r has seen e n u n c i a t e d ) f o r t he e x i s t e n c e o f t h e a . r . a l s o 

i m p l i e s t he e x i s t e n c e o f t he e . a . r . , any weakness i n f l i c t e d by t he 

e . a . r . a s s u m p t i o n i s m i n i m a l . F u r t h e r , i t i s u s e f u l to be c l e a r t h a t 

t he r e s u l t i s n o t s p e c i f i c to t he s i m p l e c a u s a l m o d e l , a s i s a l s o 

e v i d e n c e d i n : 

Remark 3 . By " i n v e r t i n g " t he m . a . and t a k i n g b ( . ) = 0 i n p r e c i s e l y 

t h o s e c a s e s where Y does no t c a u s e X , t he a . r . i s f o u n d , when i t e x i s t s , 

t o have a l l c o e f f i c i e n t s o f l a g g e d Y e q u a l to z e r o . T h u s , a p p l i c a t i o n 

o f S i m s ' Theorem 1 y i e l d s a n o t h e r p r o o f o f t he G r a n g e r r e s u l t . Of 

c o u r s e , a s ou r n o r m a l i z a t i o n d i s c u s s i o n has shown, t he a . r . so o b t a i n e d 
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i s no t n e c e s s a r i l y a s s o c i a t e d w i t h a s i m p l e c a u s a l mode l (even when t he 

a . r . i s f i n i t e ) . A j u s t i f i c a t i o n o f t h i s " i n v e r t i n g " p r o c e d u r e , w h i c h 

was r e f e r r e d to e a r l i e r on p . 14 a s w e l l , may be f o u n d i n t h e second o f 

t h e W i e n e r - M a s a n i r e f e r e n c e s [ 3 0 ] . 

W i t h t he c h a r a c t e r i z a t i o n o f i n s t a n t a n e o u s c a u s a l i t y i n h a n d , 

l e t us m o m e n t a r i l y r e t u r n t o t h e S ims theorem and o b s e r v e t h a t i . e . 

o b t a i n s i f and o n l y i f c ( 0 ) ^ 0 . T h i s i s a p p a r e n t , s i n c e t h e i d e n t i f i c a t i o n -
a uw n o r m a l i z a t i o n d i s c u s s i o n shows c ( 0 ) = ; i n o t h e r w o r d s , t he p r e s e n c e 

u 

of i . e . i s t h r u s t e n t i r e l y i n t o c ( . ) , and t h e f o r c e o f b ( s ) = 0 , a l l s 

c o n s i s t s no t i n b ( 0 ) - 0 , w h i c h h o l d s by n o r m a l i z a t i o n and so i s a l w a y s 

p o s s i b l e , bu t i n t h e a b i l i t y t o t a k e b ( s ) = 0 , s = l , 2 , . . . . 

I n a c o m p a r i s o n o f t h e s e t h e o r e m s , t h e S ims r e s u l t h a s t he 

a d v a n t a g e o f m a t h e m a t i c a l g e n e r a l i t y , i n t h a t i t s h y p o t h e s i s a r e met f o r 

any 1 . r . w . s . s . p . ; t he G r a n g e r r e s u l t , w h i l e r e q u i r i n g i n a d d i t i o n an 

a . r . ( o r e . a . r . ) , y i e l d s an immed ia te s t a t i s t i c a l t e s t . We r e f e r i n t e r e s t e d 

p a r t i e s to [31] f o r a d i s c u s s i o n o f t h e e s t i m a t i o n o f m u l t i v a r i a t e 

a u t o r e g r e s s i o n ; o f c o u r s e , o r d i n a r y l e a s t s q u a r e s , c o m p a r i n g X on l a g g e d 

X w i t h X on l a g g e d X and l a g g e d Y may be used a s w e l l . 

Our n e x t r e s u l t p r e s e n t s a n o t h e r c h a r a c t e r i z a t i o n o f t he 

e x o g e n e i t y o f X , w h i c h , l i k e t he e a r l i e r r e s u l t i n te rms o f t he Wold 

r e p r e s e n t a t i o n , has t h e a d v a n t a g e o f r e q u i r i n g no a d d i t i o n a l a s s u m p t i o n s . 

P r o p o s i t i o n 2 . I n t he l . r . w . s . s . p . ( y ) ( t ) , Y does no t c a u s e X i f and 

o n l y i f ( Y ( t ) | H x ( t ) ) = ( Y ( t ) | H X ( - « , «> ) ) . 

P r o o f : We p r o v e s u f f i c i e n c y f i r s t , a s s u m i n g e q u a l i t y o f t h e 

two p r o j e c t i o n s . By t he c h a r a c t e r i z i n g p r o p e r t y o f ( Y ( t ) | H V ( - ° ° , ° ° ) ) , 
A 

Y ( t ) - ( Y ( t ) | H Y ( - « > , » ) ) J _ X ( t + s ) , a l l t and s , and p a r t i c u l a r l y f o r 
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s > 0 . H e n c e , by t h e assumed e q u a l i t y and s t a t i o n a r i t y , we s u b s t i t u t e , 

s h i f t , and d e f i n e to a r r i v e a t n . = Y ( t - j ) - ( Y ( t - j ) I ^Ct - j ) ) J_ X ( t+k ) , 

00 

j = l , 2 , . . . and a l l k £ I . I f N = U ( n . } , we have N . J_ H x , and a 
j = l J 

f o r t i o r i N, I H ( t ) and N 1 I H ( t - 1 ) , s i n c e by c o n s t r u c t i o n e a c h v e c t o r 

i n has t h e s e p r o p e r t i e s . T a k i n g a c l o s u r e and u s i n g t h e c o n t i n u i t y 

o f t h e i n n e r p r o d u c t y i e l d s _]_ H x ( t ) and H x ( t - 1 ) a s w e l l . T h i s g i v e s 

us l i c e n s e to w r i t e 

( X ( t ) | H x ( t - l ) UNj_) = ( X ( t ) | H x ( t - l ) ) + ( X ( t ) | N 1 ) . 

CO 
S i n c e c l e a r l y S ( X ( t - j ) , Y ( t - j ) , j = l , 2 , . . . ) = S( U X ( t - j ) , N ) , t he 

j = l 

c l o s u r e s must be t he same s e t , w h i c h by d e f i n i t i o n i s H ( t - 1 ) . T h u s , 
A , I 

(x(t) | H X ) Y ( t - i ) ) = ( X ( t ) l i ^Ct - l ) ) + ( x ( t ) | N 1 ) . 

— — 2 1 / 
But (X ( t ) | N x ) = 0 , s i n c e X ( t ; £ H x ( t ) and we have seen t h a t H x ( t ) J_ N ^ . — 

I n o t h e r w o r d s , Y does n o t c a u s e X . C o n v e r s e l y , i f Y does n o t cause X , 

we may t a k e b ( . ) = 0 i n t he Wold r e p r e s e n t a t i o n by S i m s ' Theorem 1. 

C o n s e q u e n t l y , X ( t ) = a * e ( t ) and Y ( t ) = c * e ( t ) + d * n ( t ) ; we have a rgued 

t h a t e ( t ) i s u n i v a r i a t e f u n d a m e n t a l f o r X ( t ) , so t h a t H v ( t ) = H ( t ) . 
A e 

Now f o r m i n g t he two p r o j e c t i o n s whose e q u a l i t y we seek to e s t a b l i s h , 

and 

( Y ( t ) | H x ( - ~ , *°)) = ( c * e ( t ) + d * n ( t ) | H e ( - « . , co)) = c * e ( t ) 

( Y ( t ) | H x ( t ) ) = ( c * e ( t ) + d * n ( t ) | H e ( t ) ) = c * e ( t ) . 

The LHS o f t he e x p r e s s i o n s above a r e t h u s e q u a l . Q . E . D . 
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C o r o l l a r y 1 . I f i n t he l . r . w . s . s . p . ( y ) , X ( t ) has an a u t o r e g r e s s i v e 

r e p r e s e n t a t i o n , f * X ( t ) = e ( t ) , t h e n Y does no t cause X i m p l i e s t h a t Y ( t ) 

c a n be e x p r e s s e d a s a d i s t r i b u t e d l a g on c u r r e n t and p a s t X w i t h a 

r e s i d u a l w h i c h i s no t c o r r e l a t e d w i t h X ( s ) , p a s t ( s < t ) , p r e s e n t ( s = t ) , 

o r f u t u r e (s > t ) . 

P r o o f : D e f i n e w ( t ) = Y ( t ) - ( Y ( t ) | H v ) . Then w ( t ) I X ( s ) , a l l 

i n t e g e r t and s , by c o n s t r u c t i o n . U s i n g t h e p r o p o s i t i o n , w ( t ) = Y ( t ) -

( Y ( t ) | H x ( t ) ) . S i n c e ( Y ( t ) | H g ( t ) ) e H g ( t ) = H e ( t ) and {e(s)} ^ l s a 

c o m p l e t e o r t h o n o r m a l s e t , we have t he F o u r i e r r e p r e s e n t a t i o n 

s=t 

( Y ( t ) | H x ( t ) ) = I < ( Y ( t ) | H x ( t ) ) , e ( s ) > e ( s ) = q * e ( t ) , 
S = - c o 

s a y . So ( Y ( t ) | H v ( t ) ) = q * f * X ( t ) , and i t f o l l o w s t h a t Y ( t ) = q * f * X ( t ) + 
A 

w ( t ) . q * f a s t he c o n v o l u t i o n o f two , o n e - s i d e d c o n v o l u t i o n s , i s c l e a r l y 

o n e - s i d e d , and w ( t ) has t he d e s i r e d o r t h o g o n a l i t y p r o p e r t y . Q . E . D . 

C o r o l l a r y 2 . The c o n v e r s e o f C o r o l l a r y 1 h o l d s , even i f X has no a . r . 

P r o o f : By a s s u m p t i o n we have Y ( t ) = h * X ( t ) + w ( t ) , s a y , w i t h 

w ( t ) 1 X ( s ) , a l l t and s . C o n s e q u e n t l y , ( Y ( t ) | H x ( t ) ) = h * X ( t ) and 

( Y ( t ) | H ( - ' » , co)) = h * X ( t ) . A p p l i c a t i o n o f t h e p r o p o s i t i o n shows t h a t Y X 

does no t c a u s e X . Q . E . D . 

2 2 / 

The c o r o l l a r i e s t a k e n t o g e t h e r p r o v i d e a d o u b l e — s t r e n g t h e n i n g 

(and a l t e r n a t e p r o o f ) o f S i m s ' Theorem 2 . T h u s , t he S ims t e s t f o r 

e x o g e n e i t y — t e s t i n g whe the r " f u t u r e " c o e f f i c i e n t s o f h ( . ) v a n i s h — i s an 

i m p l i c a t i o n o f "Y does no t c a u s e X " under t he m i l d e r a s s u m p t i o n t h a t 

o n l y X (and no t ( y ) j o i n t l y ) p o s s e s s e s an a . r . On t he o t h e r h a n d , the 

p r e s e n c e o f a o n e - s i d e d f ( . ) , a l w a y s r e f e r r i n g t o a p o p u l a t i o n o r 
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t h e o r e t i c a l r e g r e s s i o n , g u a r a n t e e s t h a t " Y does n o t c a u s e X " w i t h o u t any 

f u r t h e r q u a l i f i c a t i o n s . 

D e s p i t e t h e c o r o l l a r i e s and t h e a p p e a l i n g i n t e r p r e t a t i o n o f 

t h i s r e s u l t w h i c h i s a v a i l a b l e (and g i v e n i n S e c t i o n V I I I ) , t he ma in 

i n t e r e s t i n P r o p o s i t i o n 2 l i e s i n i t s u s e f u l n e s s i n p r o v i n g : 

P r o p o s i t i o n 3 . F o r t he l . r . w . s . s . p . ( y ) » 1 s t t h e u n i v a r i a t e i n n o v a t i o n s 

p r o c e s s e s f o r X and Y be e and v , r e s p e c t i v e l y . Then Y does no t c a u s e 

X i f and o n l y i f v ( t ) , v ( t - l ) , . . . a r e u n c o r r e l a t e d w i t h e ( t + l ) , e ( t + 2 ) , 
t <*> 

e q u i v a l e n t l y , I ft D ( s ) J_ I ftD ( s ) . 
s=-°° " s= t+ l 

P r o o f : U s i n g t h e n o t a t i o n o f t he p r o o f o f t he p r e v i o u s 

p r o p o s i t i o n whe reve r p o s s i b l e , 

s=t s=t 
( Y ( t ) | H x ( t ) ) = ( Y ( t ) | I « D e ( s ) ) = I ( Y ( t ) | D e ( s ) ) 

S = - C O s = - c o 

and 

S = c o s=co 

( Y ( t ) | H x ) = ( Y ( t ) | I ftDe(s)) = I ( Y ( t ) | D e ( s ) ) . 
S = — co S=—c° 

Thus 

CO 

| | ( Y ( t ) | H ( t ) ) - ( Y ( t ) | H _ > | | 2 = I | | ( Y ( t ) | D ( s ) ) | | 2 

s=t+ l 

by t h e P y t h a g o r e a n Theorem. But b o t h d i r e c t i o n s o f t he p r o p o s i t i o n may 

now be p r o v e d w i t h t h e a i d o f 

(*) Y ( t ) J_ e ( t + j ) a l l j > 0 <=> Y ( t ) j_ D e ( t + j ) , a l l j > 0 <=> 

( Y ( t ) | D ( t + j ) ) = 0 a l l j > 0 <=> | | ( Y ( t ) | D ( t + j ) ) | | 2 = 0 a l l j > 0 <=> 
co 

I | | Y ( t ) | D e ( s ) | | 2 = 0 <=> ( Y ( t ) | H x ( t ) ) = ( Y ( t ) | H x ) <=> Y does no t 
s= t+ l 
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cause X , u s i n g P r o p o s i t i o n 4 a t t he l a s t s t e p . By j o i n t s t a t i o n a r i t y , 

(*) i s e q u i v a l e n t to Y ( t - k ) 1 e ( t + j ) , a l l j > 0 and a l l k < 0 . S i n c e 
s=t 0 0 

H v ( t ) = H y ( t ) - I 9 D v ( s ) and I « D g ( s ) = S ( e ( t + j ) , j > 0 ) , t he 
S = - c o S=t+1 

r e s u l t now f o l l o w s . Q . E . D . 

The s c a l a r p r o c e s s X ( t ) whose a u t o c o v a r i a n c e f u n c t i o n i s 

( 2 x = 0 

R^(T) = < - 1 T = +1 , - 1 may be used to i l l u s t r a t e a c a s e i n w h i c h 
( 0 e l s e w h e r e 

t he a s s u m p t i o n s o f P r o p o s i t i o n s 2 and 3 a r e met w h i l e t h e theorems t h e y 

g e n e r a l i z e do n o t a p p l y . The r e a s o n , o f c o u r s e , i s t h a t a p r o c e s s w i t h 

mov ing a v e r a g e r e p r e s e n t a t i o n ( m . a . r . ) X ( t ) = u ( t ) - u ( t - l ) = ( 1 - L ) u ( t ) 

i s " w i d e l y known" no t t o p e r m i t an a u t o r e g r e s s i v e r e p r e s e n t a t i o n ( a . r . ) 

( [ 2 8 ] , p . 2 7 ; [ 1 4 ] , p . 1 3 7 ) . The u s u a l e v i d e n c e s u p p o r t i n g t h i s a s s e r -
- 1 2 

t i o n i s t h a t t he n a t u r a l c a n d i d a t e f o r an i n v e r s e , ( 1 - L ) = 1 + L + L + . 

n 
r e s u l t s i n t h e u n p l e a s a n t l i m £ X ( t - i ) = l l n { u ( t ) - u ( t - n - l ) } , w h i c h 

n - x » i=Q n - *» 

does n o t c o n v e r g e . T h i s a rgumen t , o f c o u r s e , o n l y p r o v e s t h a t one 

a t t e m p t a t f i n d i n g an a u t o r e g r e s s i v e r e p r e s e n t a t i o n has f a i l e d ; t o show 

t h a t a l l c a n d i d a t e s must f a i l i s more d i f f i c u l t bu t i n s t r u c t i v e because 

t h e p r e c i s e mean ings o f t he commonly used te rms m . a . and a . r . must be 

c o n f r o n t e d . T h i s i s ou r e x c u s e f o r p r o v i n g i n d e t a i l t h e f o l l o w i n g : 

Lemma. The p r o c e s s X ( t ) = u ( t ) - u ( t - l ) , u ( t ) w h i t e n o i s e w i t h u n i t 

v a r i a n c e , does no t p o s s e s s an a u t o r e g r e s s i v e r e p r e s e n t a t i o n . 

P r o o f : An a . r . i s by d e f i n i t i o n a d e c o m p o s i t i o n o f t h e f o rm 

CO 

X ( t ) = I a ( i ) X ( t - i ) + e ( t ) , where e ( t ) i s t he i n n o v a t i o n i n t he X ( t ) 
i = l 
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p r o c e s s ; a l s o by d e f i n i t i o n , an m . a . r . i s a d e c o m p o s i t i o n o f t he fo rm 

X ( t ) = 1 b ( i ) e ( t - i ) w h e r e , i f b ( 0 ) i s n o r m a l i z e d t o u n i t y , e ( t ) i s 
i=0 

a g a i n t he o n e - s t e p - a h e a d p r e d i c t i o n e r r o r f o r X ( t ) , o r i n n o v a t i o n . To 

b e more s p e c i f i c abou t t he a . r . ( t o s u b s t i t u t e u ( t ) f o r e ( t ) ) t hus 

r e q u i r e s showing t h a t X ( t ) = u ( t ) - u ( t - l ) J L S i n d e e d t he m . a . r . E v i d e n t l y , 

H ( t ) c H ( t ) ; we need t o p r o v e t h a t u ( t ) i s no t j u s t any d r i v i n g w h i t e 
X u 

n o i s e p r o c e s s ou t o f the b l u e , b u t t h a t i t i s i n t he s p a c e f rom w h i c h 

p r e d i c t o r s may be d r a w n , t h a t i t i s i n t he l i n e a r m a n i f o l d g e n e r a t e d by 

c u r r e n t and p a s t X . To show H u ( t ) <=j H ^ t ) i t s u f f i c e s t o ge t u ( t ) e H x ( t ) . 

We do t h i s d i r e c t l y by p r o d u c i n g a sequence o f v e c t o r s i n H ( t ) , { X ( t ) - X }, 
A n 

w h i c h c o n v e r g e to u ( t ) i n t he norm o f H ( t ) ; c o m p l e t e n e s s o f H ( t ) 

A A 

t h e n e n s u r e s t h a t u ( t ) e H x ( t ) . We t a k e f o r X ^ t he p r o j e c t i o n o f X ( t ) 

2 3 / 
o n t o < X ( t - l ) , X ( t - 2 ) , . . . X ( t - n ) > . — W r i t i n g ou t the n o r m a l e q u a t i o n s 

n 
y i e l d s X = £ c ( i ) X ( t - i ) where t h e c ( i ) s a t i s f y 

n i = l 

0 

w 

-1 

-1 

o 2 -1 
- 1 2 / 

A 

, o r d = A c . 

S i n c e A i s s y m m e t r i c , s o i s A "*"; t he f i r s t row o r co lumn may be v e r i f i e d 

to be ( n n -1 
n+1 n+1 ' * ' n+1 

) w h i c h a l l o w s the d e t e r m i n a t i o n o f c . H e n c e , 

n 
X = - 7 ( n + * 1 ) X ( t - i ) . Now ( n + l ) [ X ( t ) - X ] = ( n + l ) X ( t ) + n X ( t - l ) + 

n n+1 
i = l n 
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. . . + X ( t - n ) = ( n + l ) u ( t ) - u ( t - l ) - u ( t - 2 ) - . . . - u ( t - n ) - u ( t - n - l ) . 

C o n s e q u e n t l y , | | ( X ( t ) - X ) - u ( t ) | | 2 = n + 1

 9 = ~ r r * 0 as n+ » . 
n ( n + l ) Z n + 1 

u ( t ) i s t h u s f u n d a m e n t a l f o r X ( t ) and hence X ( t ) = u ( t ) - u ( t - l ) i s a 

m . a . r . Bu t X ^ = ( X ( t ) | H u ( t - 1 ) ) = - u ( t - l ) i s t he o p t i m a l p r e d i c t o r of 

X ( t ) u s i n g the e n t i r e p a s t , l e a v i n g p r e d i c t i o n e r r o r X ( t ) - X ^ = u ( t ) 

w i t h u n i t v a r i a n c e : T h i s i m p l i e s 

CO 

( t ) | | d * X ( t ) | | 2 > 1 f o r any d * X ( t ) = £ d ( i ) X ( t - i ) 
i=0 

w i t h d(0) = 1 w h i c h c o n v e r g e s . We u s e (+) i n c o n c l u d i n g . B e c a u s e 
CO 

X + u ( t ) -> X ( t ) a s n + » , i f an a . r . e x i s t s , say X ( t ) = £ a ( i ) X ( t - i ) + u ( t ) , 
n „ n i = l 

t hen l i m J a ( i ) X ( t - i ) = l i m X n > o r l i r a £ ( a ( i ) + ^ ) X ( t - i ) = 0 ( A ) . 
n - K o i = i n -+co n-x" i = l 

I f a ( i ) 4 - 1 f o r some i , l e t i ' be the f i r s t s u c h i . We then 

h a v e , a f t e r r e n o r m a l i z i n g v i a d ( i - i ' ) i ( a ( i ) + ^ — f ) / ( a ( i ' ) + — 7 7 ) , 
n+l n+± 

n 
l i m I d ( i ) X ( t - i ' - i ) = d * X ( t - i ' ) = 0 , d ( 0 ) = 1. S t a t i o n a r i t y i m p l i e s 
n-*» i=0 

d * X ( t ) = 0 , c o n t r a d i c t i n g ( * ) . T h u s , t he o n l y p o s s i b l e c a n d i d a t e f o r an 

CO 

a . r . i s I X ( t - i ) , b u t we have a l r e a d y seen t h a t t h i s does no t c o n v e r g e . 
i = l 

Q . E . D . As a f i n a l t u t o r i a l comment, u ( t - l ) i l l u s t r a t e s two t e c h n i c a l 

p o i n t s : u ( t - l ) £ 0 3 X ( t - j ) bu t u ( t - l ) f U X ( t - j ) , showing t he need f o r 

c l o s u r e s ; and u ( t - l ) , w h i l e a l i m i t o f f i n i t e l i n e a r c o m b i n a t i o n s o f 

p a s t X , i s no t an i n f i n i t e l i n e a r c o m b i n a t i o n o f p a s t X . 
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By e x o g e n o u s l y embedding t h i s X p r o c e s s i n t o a b i v a r i a t e 

s y s t e m , t he d e s i r e d example may be c o n s t r u c t e d . T h u s , i f we t a k e 

( * ) ( t ) E C 1 " 1

 1 ° L ) ( ^ ) ( t ) = B ( L ) ( " ) ( t ) , 

( " ) ( t ) v . w . n . w i t h con temporaneous c o v a r i a n c e t he i d e n t i t y m a t r i x , t h e n 

by t h e c i t e d r e f e r e n c e i n Rozanov ( [ 1 7 ] , p. 88) B ( z ) i s a max ima l m a t r i x 

and ( " ) ( t ) t h u s j o i n t l y f u n d a m e n t a l f o r ( „ ) ( t ) . By S i m s ' Theorem 1 , X 

i s exogenous b y t h e fo rm o f t h e m . a . r . , and p r e v i o u s d i s c u s s i o n has 

e s t a b l i s h e d t h a t u ( t ) i s t he u n i v a r i a t e i n n o v a t i o n f o r X ( t ) , a l t h o u g h 

v ( t ) i s n o t t he u n i v a r i a t e i n n o v a t i o n f o r Y ( t ) . P r o p o s i t i o n 2 i s i l l u s t r a t e d 

by o b s e r v i n g 

( Y ( t ) | H x ( t ) ) = ( u ( t ) + v ( t ) - v ( t - l ) | H x ( t ) ) = 

u ( t ) = ( Y ( t ) | H x ( - ~ , » ) ) ; 

u ( t ) i s n o t e x p r e s s i b l e by a d i s t r i b u t e d l a g on c u r r e n t and p a s t X , by 

the Lemma. The message o f P r o p o s i t i o n 3 i s t h a t c u r r e n t and p a s t Y , w h i c h 

w i l l be l i n e a r c o m b i n a t i o n s o f c u r r e n t and p a s t u and v , w i l l be o r t h o g o n a l 

t o a l l f u t u r e i n n o v a t i o n s i n t he X p r o c e s s , i . e . , a l l f u t u r e u . Of 

c o u r s e , t he Y i n n o v a t i o n s w o u l d , i f d e r i v e d , e n j o y t h i s o r t h o g o n a l i t y 

p r o p e r t y as w e l l . 

We c o n c l u d e t h i s s e c t i o n by comment ing on what may be t h e 

i n d e p e n d e n t d i s c o v e r y o f P r o p o s i t i o n 3 i n t h e u n p u b l i s h e d wo rks [ 8 ] , 

[ 9 ] , and [ 1 5 ] ; f o r s p e c i f i c i t y , we w i l l c o n c e n t r a t e o n Theorem 4 . 2 ; 7 o f 

[ 1 5 ] , a l t h o u g h t he i d e a i n one fo rm o r a n o t h e r u n d o u b t e d l y goes b a c k t o 

[ 8 ] , I n any e v e n t , t he p r o o f o f 4 . 2 . 7 s t a t e s t h a t , i n t he mov ing 

a v e r a g e r e p r e s e n t a t i o n 
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/ 0 ( B ) e ( B ) \ 

<*> 0 ( t ) = ( 0 2 ' ( B ) 0 2 2 ( B ) ) ( b ) ( t > > ° 1 1 ( 0 ) = 0 2 2 < ° > - l -

(B h e r e i s o u r L , t he l a g o p e r a t o r ) 

s i n c e u ( t ) , a ( t ) , and b ( t ) a r e e a c h w h i t e n o i s e , i t f o l l o w s t h a t = 1 

whenever 9 ( B ) i s a c o n s t a n t o r z e r o . T h i s i s a c r u c i a l s t e p i n t h e i r 

p r o o f w h i c h , i n t h i s a u t h o r ' s o p i n i o n , r e p r e s e n t s a l a c u n a . C o n s i d e r i n g t he 

c a s e where ® - j . 2 ^ = ^ ' "*" e t 

i t i s e v i d e n t t h a t ® - Q ( b ) > w h i l e n o t t h e i d e n t i t y , n e v e r t h e l e s s maps a 

w h i t e n o i s e i n p u t a ( t ) i n t o a w h i t e n o i s e o u t p u t u ( t ) : t h a t l ® ] _ l ^ e ^ = 1 

f o r ^£ [0 ,2 ' " ' ] i s t h e e a s i e s t way to see t h i s , bu t i t f o l l o w s by d i r e c t 

c o m p u t a t i o n a s w e l l . Of c o u r s e , Q^^(B) maps a non fundaraen ta l " i n n o v a t i o n " 

p r o c e s s i n t o a f u n d a m e n t a l i n n o v a t i o n p r o c e s s , bu t s i n c e t h e s e c o n c e p t s 

a r e no t u s e d i n [ 1 5 ] , t he i n f e r e n c e migh t be t h a t t h e i r o p e r a t i o n a l 

method o f p r o o f b r e a k s down a t t h i s p o i n t . 

I f t h i s p a r t i c u l a r i s d i s m i s s e d on t he g rounds o f t h e 

" i n v e r t i b i l i t y " a s s u m p t i o n on | T ( Z ) I made e a r l i e r , t h e q u e s t i o n o f t h e 

b u r d e n o f p r o o f s t i l l seems o p e n . We q u e s t i o n h e r e t he s o u n d n e s s , n o t 

t he v a l i d i t y o f t he d e d u c t i o n ; i n d e e d , P r o p o s i t i o n 3 shows t h a t t h e 

r e s u l t h o l d s w i t h o u t any a s s u m p t i o n o f " i n v e r t i b i l i t y , " i . e . , w i t h o u t 

t he a s s u m p t i o n t h a t an a . r . e x i s t s . A c t u a l l y , t h i s p o i n t may be 

i m p o r t a n t i n p r a c t i c e , i f p r o c e s s e s a r e known no t to have a u t o r e g r e s s i v e 

r e p r e s e n t a t i o n s d u e , f o r e x a m p l e , to s e a s o n a l a d j u s t m e n t p r o c e d u r e s . 
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IV . The Fo rwa rd F l o w o f T i m e ; Symmet r i es and 
A s y m m e t r i e s ; Time R e v e r s a l 

I n t h i s s e c t i o n , we c o n s i d e r t he e f f e c t o f what may be termed 

t i m e r e v e r s a l on t he W i e n e r - G r a n g e r - S i m s n o t i o n o f s t a t i s t i c a l c a u s a l i t y . 

Our f i n d i n g w i l l be t h a t , w h i l e a l l o f t he p r e v i o u s theorems have 

n a t u r a l a n a l o g u e s , when t i m e i s r e v e r s e d t h e p r o p e r t y Y -j-*-X i s i t s e l f 

n o t i n v a r i a n t , e x c e p t i n a s p e c i a l c a s e . 

S i t u a t i n g o u r s e l v e s a t t ime t and c o n s i d e r i n g X ( t+1 ) t he 

c l a s s i c a l p r e d i c t i o n p r o b l e m i n v o l v e d p r o j e c t i n g i n t o H v „ ( t ) , b e c a u s e 
A , Y 

t h i s s p a c e r e p r e s e n t e d t he p a s t , the d a t a a t h a n d . I f t ime were " f l o w i n g 

b a c k w a r d s " o r " r e v e r s e d , " we can i m a g i n e k n o w i n g , i n s t e a d , o n l y t he 

f u t u r e , S ( X ( t + i ) , Y ( t + j ) , i , j = l , 2 , . . . ) , a f a m i l y o f random v a r i a b l e s t h e 

c l o s u r e o f whose span i s IL. „ ( t + l , •»), and t r y i n g to " p r e d i c t " X ( t ) by 
A , Y 

p r o j e c t i n g o n t o YL^ y ( t + l , °° ) . D e n o t i n g t h e l a t t e r s p a c e by H_x Y ( t + 1 ) , 

we d e f i n e " Y does no t c a u s e X under t i m e r e v e r s a l " ( n o t a t i o n : Y _}_»." X) 

whenever f u t u r e Y does n o t h e l p i n p r e d i c t i n g c u r r e n t X , g i v e n f u t u r e X ; 

i n s y m b o l s , ( X ( t ) |H_ x y ( t + l ) ) = ( X ( t ) | H x ( t + l ) ) . As w i t h t he u s u a l 

d e f i n i t i o n , t he LHS has i n g e n e r a l a l o w e r p r e d i c t i v e v a r i a n c e b e c a u s e 

t h e p r o j e c t i o n i s o n t o a s m a l l e r s u b s p a c e ; a s b e f o r e , t i m e r e v e r s a l 
t . r . 

e x o g e n e i t y o f X w i t h r e s p e c t to Y (synonymous w i t h Y —f-*-" X) i n d e e d 

r e p r e s e n t s a t e s t a b l e h y p o t h e s i s . To a v o i d t h e use o f an awkward 

p h r a s e , we w i l l t h r o u g h o u t t h i s s e c t i o n d e s c r i b e " p r e d i c t i n g t he p r e s e n t 

f r o m t h e f u t u r e " a s " b a c k c a s t i n g . " 

The c o u n t e r p a r t s to t he o r d i n a r y , S e c t i o n I I c o n s t r u c t s o f 

p r e d i c t i o n t h e o r y w i l l be i n d i c a t e d by an u n d e r l i n e , to emphas i ze symmet ry , 

c o n t i n u i n g t h e p r e c e d e n t o f t he p r e c e d i n g p a r a g r a p h . T h u s , t he c r u c i a l 
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d e c o m p o s i t i o n H v v ( t ) = H v v ( t + l ) ft D v v ( t ) l e a d s , a s b e f o r e , t o H v v ( t ) 
m — A , I — A , Y A , Y A , I 

T ft D v ( s ) ft H v -,(«>), t he l a t t e r t e r m r e p r e s e n t i n g t he i n f i n i t e 
s=t X ' Y X ' Y 

CO 

f u t u r e , " H v ( s ) , w h i c h we d e f i n e a s £L. v ( ° ° ) . A random v a r i a b l e 
S — 0 0 A , i — A , I 

c o n t a i n e d i n H ^i™) can be b a c k c a s t a r b i t r a r i l y d i s t a n t l y , g i v e n any 
— A , i 

s t r e t c h o f t he f u t u r e , H v v ( s , c o ) , no m a t t e r how f a r removed (how l a r g e 
A , i 

s ) . From i t s d e s c r i p t i o n , i t may be t h o u g h t t h a t H v ( « ) = {0} on 
A , Y 

p h y s i c a l g r o u n d s i n most a p p l i c a t i o n s ; s u c h p r o c e s s e s we d e f i n e a s 

l i n e a r l y r e g u l a r on t h e f u t u r e ( l . r . f . ) . P r o c e s s e s f o r w h i c h H_x Y ( - «> ) 

and H v ( °> ) b o t h a r e {0} w i l l be c a l l e d t o t a l l y l i n e a r l y r e g u l a r ( t . l . r . ) 
A , Y 

and m igh t be c o n s i d e r e d t h e r u l e r a t h e r t h a n t he e x c e p t i o n . 

We r e c a l l f r om the d i s c u s s i o n i n S e c t i o n I I t h a t , l . r . o r n o t , 

i t was t he l . r . p a r t o f a w . s . s . p . ( y ) ( t ) w h i c h had a mov ing a v e r a g e 

r e p r e s e n t a t i o n ; when i t i s u n d e r s t o o d t h a t t he s t r u c t u r a l theorems 

c o n c e r n t h i s p a r t , i t i s a m a t t e r o f a e s t h e t i c s w h e t h e r t he d e t e r m i n i s t i c 

p a r t e x i s t s o r i s t h e z e r o v e c t o r . I n o t h e r w o r d s , t he a s s u m p t i o n o f 

l . r . c o u l d be made w i t h o u t l o s s o f g e n e r a l i t y . S o , t o o , i t i s h e r e , 

w i t h b o t h t h e c o n c e p t s o f l . r . f . and t . l . r . : we s t a t e r e s u l t s f o r 

t o t a l l y r e g u l a r p r o c e s s e s to e c o n o m i z e on w o r d s , f u l l y c o g n i z a n t o f t h e 

f a c t t h a t t h e r e s u l t a p p l i e s to t h e r e g u l a r p a r t s o f n o n - t . l . r . p r o c e s s e s 

a s w e l l . 

One o f t h e r e a s o n s so much b a c k g r o u n d was p r e s e n t e d e a r l i e r , 

and t he p a r t i c u l a r v e r s i o n o f t he Wold d e c o m p o s i t i o n was g i v e n , o c c u r s 

a t t h i s j u n c t u r e . Once t he o r t h o g o n a l d e c o m p o s i t i o n o f t he s p a c e 
CO 

H Y ( t , co) = £ ft D ( s ) ft H v ( r o ) i s a v a i l a b l e , a r e v e r s e d v e r s i o n o f 
A , I g _ ^ U , W A , Y 

a mov ing a v e r a g e r e p r e s e n t a t i o n f a l l s o u t , j u s t a s b e f o r e , by p r o j e c t i n g 

( y ) ( t ) on to an o r t h o g o n a l l y decomposed s u b s p a c e o f w h i c h i t i s an e lement 
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To do t h i s , i t i s a m a t t e r o f c o l l e c t i n g F o u r i e r c o e f f i c i e n t s , remember ing 

t h a t c o n v o l u t i o n s now ex tend f o r w a r d i n t i m e , and n o t i n g t h a t i n n o v a t i o n s 

now r e f e r t o o p t i m a l , o n e - s t e p - b e h i n d b a c k c a s t e r r o r s and t h a t m u t u a l l y 

s u b o r d i n a t e means v ( t , » ) = H ( t , » ) . I n c o r p o r a t i n g i n t o ou r 
A , I U , V 

d e f i n i t i o n o f l . r . f . t he n o t i o n o f f u l l r a n k o f t h e m a t r i x o f b a c k c a s t 

e r r o r s , we have t h e , now u n d e r l i n e d , 

Wold D e c o m p o s i t i o n Theorem. The l . r . f . w . s . s . p . ( y ) has t he mov ing 

a v e r a g e r e p r e s e n t a t i o n f o r w a r d ( m . a . r . f . ) 

CO 

( 5 ( t ) = I A ( k ) ( " ) ( t + k ) = A * ( " ) ( t ) , where A ( 0 ) = I, Cov ( " ) = I, 
k=0 - - -

-1 0 0 

A ( k ) = ( ( * ) ( 0 ) , ( V k ) ) I , and t r a c e I A ( k ) I A ' ( - k ) < » 
- k=0 

H v ( t ) = H ( t ) , so t h a t ( U ) i s t he i n n o v a t i o n s p r o c e s s . 
A , I U , V V 

A n o t h e r a n a l o g o u s n o t i o n i s t he a u t o r e g r e s s i v e r e p r e s e n t a t i o n 

f o r w a r d ( a . r . f . ) , w h i c h h a s t he fo rm 

CO 

B * C ) ( t ) = I B ( k ) ( 5 ( t + k ) = ( " ) ( t ) , B (0 ) = I, Cov ( u ) = I, 
k=0 - -

where a g a i n ( U ) and (^) a r e m u t u a l l y s u b o r d i n a t e i n t o the f u t u r e . And w I 

a g a i n , p r o j e c t i o n s a r e g u a r a n t e e d to have c o n v e n i e n t r e p r e s e n t a t i o n s i n 

te rms o f c o n v e r g e n t i n f i n i t e sums by t he d e f i n i t i o n o f an e x t e n d e d 

a . r . f . ( e . a . r . f . ) . 

Of c o u r s e , t he same n o r m a l i z a t i o n q u e s t i o n s and a n s w e r s a r i s e , 

and t he p r e v i o u s u s e o f a n a l y t i c f u n c t i o n t h e o r y c a n be c a r r i e d o v e r to 

d i s t i n g u i s h a f u n d a m e n t a l m . a . r . f . f rom a n o n f u n d a m e n t a l o n e . An immed ia te 

c o n s e q u e n c e , f o r s c a l a r p r o c e s s e s , i s a symmetry be tween p a s t and f u t u r e 

( w h i c h does no t e x t e n d to v e c t o r p r o c e s s e s ) . 
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Lemma. F o r t he l . r . w . s . s . p . X ( t ) t h e o n e - s t e p - a h e a d and o n e - s t e p - b e h i n d 

p r e d i c t i o n e r r o r s have t h e same v a r i a n c e . A l s o , H (-•») = {0}=>H v(+ c o) = ( 0 ) , 
A A 

so t h a t l . r . i m p l i e s t . l . r . 

P r o o f : S i n c e X ( t ) i s l . r . , t he Wold d e c o m p o s i t i o n y i e l d s 

2 
X ( t ) = b * u ( t ) , where we may t a k e a — 1 . F u r t h e r m o r e , ( [ 1 7 ] , p . 6 0 ) , b ( z ) 

i s m a x i m a l among a n a l y t i c " m a t r i c e s " w i t h components i n w h i c h f a c t o r 

-1 I 12 I" 12 t h e a u t o c o v a r i a n c e f u n c t i o n : R v ( z ) = b ( z ) b ( z ) , and | b ( 0 ) | > | b ( 0 ) l 
A 

f o r any o t h e r f a c t o r i z i n g b ( z ) . But X ( t ) = b ^ u ( t ) ( t h e same b ( . ) 

sequence ) a g a i n r e p r e s e n t s X ( t ) , b e c a u s e R v ( . ) i s a s y m m e t r i c f u n c t i o n . 
X 

C o n s e q u e n t l y , t h e r e i s no n o n z e r o e lemen t i n H v(+°>) e i t h e r . And t he 

m a x i m a l i t y c o n d i t i o n w h i c h b ( . ) i s known to s a t i s f y i s p r e c i s e l y t h a t 

w h i c h g u a r a n t e e s t h a t u ( t ) i s f u t u r e f u n d a m e n t a l . T h u s , X ( t ) - ( X ( t ) I H v ( t + 1 ) ) 
— A 

b ( 0 ) u ( t ) , V a r b ( 0 ) u ( t ) = | b ( 0 ) | 2 = V a r b ( 0 ) u ( t ) where b ( 0 ) u ( t ) = X ( t ) -

( X ( t ) | H ( t - 1 ) ) . O n e - s t e p - a h e a d and backward f o r e c a s t e r r o r s have t h u s 
X 

been shown e q u a l . Q . E . D . 

We remark t h a t t he r e a s o n t h i s r e s u l t does no t c a r r y o v e r t o 

v e c t o r p r o c e s s e s i s b e c a u s e t he m a t r i x a n a l o g u e o f b ( . ) , B ( . ) , does n o t 

c o n t i n u e t o f a c t o r R ( . ) = B * B ' ( . ) , s i n c e t he l a t t e r i s no t s y m m e t r i c 

i n t h e m u l t i v a r i a t e c a s e . A l t h o u g h i t wou ld t a k e us o f f t h e t r a c k t o 

p r o v e i t , we c l a i m t h a t a m u l t i v a r i a t e q u a n t i t y w h i c h ijs i n v a r i a n t under 

t i m e r e v e r s a l i s |] [ | , t h a t i s , | J J = |Jj : g e n e r a l i z e d v a r i a n c e i s 

p r e s e r v e d . 

I t i s now a q u e s t i o n o f s u b s t i t u t i n g a n a l o g o u s c o n c e p t s i n t he 

s t r a i g h t f o r w a r d and o b v i o u s way to p r o v e t he n e x t p r o p o s i t i o n . We b e g i n 

t h e t a s k where i t i s i n s t r u c t i v e , m i m i c k i n g t he p r o o f o f S i m s ' Theorem 1 , 

f r om w h i c h t he G r a n g e r r e s u l t may be q u i c k l y d e r i v e d . 
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P r o p o s i t i o n 4 . L e t ( y ) ( t ) be a l . r . f . w . s . s . p . Then X i s t i m e - r e v e r s e d 

exogenous w i t h r e s p e c t to Y ( Y *"!* T* X ) i f and o n l y i f : 

( i ) The m . a . r . f . i s g i v e n by ( y ) ( t ) = (* ° ) * (JJ) ( t ) , 

i . e . , b_(.) E 0 ; where t he n o r m a l i z a t i o n i s a ( 0 ) = d_(0) = 1 , 

/ o 2 0 \ 

b ( 0 ) = 0 ; Cov ( U ) = U - ; ( t h e a n a l o g u e o f I I I - L ) . 

" \ ° V 

( i i ) When an a . r . f . e x i s t s , i t i s g i v e n b y | \ * ( „ " ) ( t ) = ( ^ ) ( t ) , 
\Y 6/ -

where t h e n o r m a l i z a t i o n i s a s i n ( i ) , I I I - L . 

( i i i ) ( Y ( t ) | n x ( t , c o ) ) = ( Y ( t ) | H x ( - - , c o ) ) . 

( i v ) e ( t ) , e ( t - l ) , . . . a r e u n c o r r e l a t e d w i t h v ( t + l ) , v ( t + 2 ) , . . . , 

where Y ( t ) = £ * v ( t ) and X ( t ) = a * e ( t ) , J J ( 0 ) = a ( 0 ) = 1 , 

a r e u n i v a r i a t e m . a . r . f . ' s . 

P r o o f : 

( i ) <= : W i t h t h e g i v e n m . a . r . f . , X ( t ) l i e s i n ^ ( t ) . By d e f i n i t i o n 

o f m . a . r . f . , H v ( t ) = H ( t ) , and t he e a r l i e r r emarks i n 
A ) I U j V 

S e c t i o n I I show t h a t H ( t ) = H ( t ) , o r e l s e , by an a n a l a g o u s 
X U 

X 

m a x i m a l i t y a r g u m e n t , t he m u t u a l s u b o r d i n a t i o n o f t he (^) and 

( U ) p r o c e s s e s wou ld be c o n t r a d i c t e d . Now f o r m i n g t h e p r o j e c t i o n 
CO 

( X ( t ) ( H v v ( t + l ) ) = I a ( t ) u ( t + i ) ) , we n o t e t h a t t h i s i s i n 
X ' Y i = l 

H v ( t + 1 ) , and hence e q u a l s ( X ( t ) | H v ( t + 1 ) ) . C o n s e q u e n t l y , 
— A — A 

f u t u r e Y do no t h e l p p r e d i c t c u r r e n t X . =>: Assum ing now t h e 

e q u a l i t y o f t h e s e p r o j e c t i o n s , and ou r d e f i n i t i o n o f Y X , 

we may now w r i t e 

( 4 . 1 ) X ( t ) - ( X ( t ) | H ( t+1 ) ) = X ( t ) - ( X ( t ) | H x ( t + l ) ) = u ( t ) 

( 4 . 2 ) Y ( t ) - ( Y ( t ) | H X ) Y ( t + l ) ) H w ( t ) 
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< w ( t ) , u ( t ) > 
Now we d e f i n e v ( t ) = w ( t ) - —j-z p—r- u ( t ) so t h a t v ( t ) J_ u ( t ) , 

<_U t̂,J , u y,t) > 
a n d , o f c o u r s e , v ( t ) J _ i i ( s ) , a l l t and s by t h e c o n s t r u c t i o n o f t he 

p r o j e c t i o n s ( c f . S e c t i o n I I , and r e m a r k s a r o u n d t he Wold 

d e c o m p o s i t i o n ) . T h u s , ( u ( s ) , y_ ( s ) , s = t , t + l , . . . ) f o r m a 

c o m p l e t e o r t h o n o r m a l s y s t e m , H . „ ( t ) = H ( t ) , and t a k i n g 
— A , i —u,v 

F o u r i e r r e p r e s e n t a t i o n s o f X and Y y i e l d s a r e p r e s e n t a t i o n o f 

t h e l o w e r t r i a n g u l a r f o r m . Q . E . D . 

( i i ) By i n v e r t i n g t he m . a . r . f . , t h e a . r . f . i s o b t a i n e d , when i t 

e x i s t s . S i n c e l o w e r t r i a n g u l a r i t y i s p r e s e r v e d , t he r e s u l t 

f o l l o w s . A n o t h e r p r o o f i s a v a i l a b l e by m i m i c k i n g t h a t o f 

P r o p o s i t i o n 1 . 

( i i i ) and ( i v ) f o l l o w f r om P r o p o s i t i o n s 2 and 3 , a g a i n by mak ing 

t h e o b v i o u s r e p l a c e m e n t s . Q . E . D . 

A symmetry c a r r i e s o v e r to t i m e r e v e r s e d p r o c e s s e s i n t he 

s e n s e t h a t , i f Y -̂f-̂ * x » t h e n t he a n a l a g o u s r e s u l t s h o l d , and c o n v e r s e l y . 

However , i t q u i c k l y becomes a p p a r e n t t h a t Y -j>X does no t i n g e n e r a l h o l d 

up under t ime r e v e r s a l , e x c e p t i n t h e s p e c i a l c a s e where ( Y ( t ) | H (-<», =°)) 

i s i n S ( X ( t ) ) , a s we p r o v e f o r t o t a l l y r e g u l a r p r o c e s s e s i n 

X i P r o p o s i t i o n 5 . L e t ( y ) be a t . l . r . w . s . s . p . Then i f and o n l y i f ( Y ( t ) | H x ( - « > , » ) ) 

= k. X ( t ) does Y-f-* X i m p l y Y - f i " X . The r e s u l t r e m a i n s v a l i d when 

Y -f"*"X and Y X a r e i n t e r c h a n g e d . I n t h i s c a s e , when a "^(.) e x i s t s , 

t he m . a . r . f . and t he m . a . r . may be e x p r e s s e d w i t h t he same c o e f f i c i e n t s : 

( 4 " 3 ) # < t > = C d ° > * < > > • <ka d ^ < > > ' 

A 2 0 \ 
where a ( 0 ) = d ( 0 ) = 1 , C o v ( U ) ( t ) = U „ = Cov ( U ) ( t ) , and k=0 

\ 0 o 2 / -„ i . e . „ \ w / i f and o n l y i f X y Y . 
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P r o o f : W h i l e t he f i r s t two s t a t e m e n t s f o l l o w i m m e d i a t e l y f r om 

P r o p o s i t i o n 4 ( i i i ) and P r o p o s i t i o n 2 , t h e y w i l l a l s o f o l l o w f r om t h e 

p r o o f o f 4 . 3 . I n d e e d , s i n c e Y ••}->-X, a I I I - L n o r m a l i z e d l o w e r t r i a n g u l a r 

r e p r e s e n t a t i o n e x i s t s : 

( Y ) ( t ) = <c $*0™' 

F o r Y X to h o l d , t h e r e must a l s o be s u c h a l o w e r t r i a n g u l a r r e p r e ­

s e n t a t i o n on t he f u t u r e , ( y ) ( t ) = where we have used a 

f a c t e n c o u n t e r e d i n t he lemma: t h e same a ( . ) must be p r e s e n t i n b o t h . 

But w r i t i n g ou t t he c r o s s - a u t o c o v a r i a n c e R y X ( . ) f o r e a c h o f t he r e p r e ­

s e n t a t i o n s , we see t h a t , 

c * a ' = e ' * a , o r , i n t e rms o f l a g o p e r a t o r s , — ^ = e ( L ) , 

a ( L X ) 

u s i n g t h e a s s u m p t i o n t h a t a *"(.) e x i s t s u n d e r c o n v o l u t i o n . Now i n t h i s 

l a s t e q u a l i t y , t he LHS must c o n t a i n no te rms i n L ^ ( s i n c e a ( 0 ) = l ) ; 

c o n s e q u e n t l y , c ( L 1 ) = k . a ( L 1 ) , o r c ( . ) = k a ( . ) . The s t a t e m e n t abou t 

i . e . i s p a r t o f P r o p o s i t i o n 1 ( i i ) . The r e g r e s s i o n c o n v o l u t i o n c o e f f i c i e n t s 

o f ( Y ( t ) | H v ( - c o , ot)) may be computed i n t h i s c a s e as ( a * a ' ) 1 * k a * a ' = k . 6 ( . ) . 
A 

.'• e ( . ) = c ( . ) , and = c * c ' + d + d ' = e + e 1 + f + f e n t a i l s 

d * d ' = f * f . M a x i m a l i t y e n s u r e s d= f . Q . E . D . 

C o r o l l a r y . When Y -f+X and (^) i s a t . l . r . w . s . s . p . , a p r o g n o s t i c a t o r 

d e s i r i n g to p r e d i c t X ( t ) a n d , g i v e n t he c h o i c e be tween t he f u t u r e 

H ( t+1) and t he p a s t H ( t - 1 ) w i l l a l w a y s c h o o s e the f u t u r e , a l t h o u g h 

A , I A , I 

he may be i n d i f f e r e n t . 

2 

P r o o f : S i n c e X i s e x o g e n o u s , i f X ( t ) = a * u ( t ) , a

u

= l » D Y u s i n g 

o n l y p a s t X and by u s i n g o n l y f u t u r e X , t he p r e d i c t i v e v a r i a n c e has been 
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shown t o be same: | a (0 ) | . But t h i s i s a l s o t h e mean s q u a r e e r r o r when 

u s i n g p a s t Y a s w e l l . T h u s , f u t u r e X a l l o w s a s a c c u r a t e a f o r e c a s t a s 

p a s t X and Y , so f u t u r e X and Y can do no wo rse t h a n p a s t X and Y . I n 

t he c a s e o f P r o p o s i t i o n 5 , i t does o n l y as w e l l ; i n a l l o t h e r c a s e s , t h e 

m . a . r . f . i s no t l o w e r t r i a n g u l a r , and the f u t u r e w i l l i n g e n e r a l d o m i n a t e 

i n t h e s e c a s e s . Q . E . D . 
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V . M u l t i v a r i a t e P r o p o s i t i o n s 

To p e r f o r m the e x t e n s i o n o f t he c o n c e p t s o f t he p r e v i o u s 

s e c t i o n s to n d i m e n s i o n s , we w r i t e ( t h e o n l y o c c a s i o n i n t h i s p a p e r 
n x l nxn n x l 

where X r e p r e s e n t s a v e c t o r ) t h e l . r . w . s . s . p . X ( t ) = A * e ( t ) , H g ( t ) = H^ ( t ) 

f o r t he m . a . and B * X ( t ) = e ( t ) , H g ( t ) = H x ( t ) f o r t he a . r . (where i t 

e x i s t s ) . S i n c e t he u n d e r l y i n g m a t h e m a t i c s ( p r e d i c t i o n t h e o r y ) i s 

a v a i l a b l e i n t h e s o u r c e s m e n t i o n e d i n S e c t i o n I I , t he p r e v i o u s b i v a r i a t e 

p r o o f s may be a d a p t e d t o p rove r e s u l t s where b l o c - t r i a n g u l a r i t y r e p l a c e s 

t r i a n g u l a r i t y . From a t e c h n i c a l p o i n t o f v i e w i t i s t he f a c t t h a t 

d e t ( ^ Q j D ( 0 ) ^ = ^ E T A ^ ^ E T D ( 0 ) w h i c h a l l o w s t he t h e o r y o f m a x i m a l 

m a t r i x f a c t o r i z a t i o n s to be a g a i n used w i t h t h e same a d v a n t a g e t h a t was 

e x p l a i n e d on p. 19. S i n c e b l o c - t r i a n g u l a r i t y i s p r e s e r v e d under c o n v o l u t i o n 

and m a t r i x i n v e r s e , we e x p e c t and f i n d t h e same q u a l i t a t i v e r e s u l t s 

p r e s e n t i n t he b i v a r i a t e c a s e . A s p e c i a l c a s e o c c u r s when one o f t he 

b l o c k s on t he " d i a g o n a l " i s a s c a l a r : we i n d i c a t e t h i s by w r i t i n g x ^ 
X l 

f o r a s c a l a r and X 1 f o r a v e c t o r . I f X = ( ) where x , i s l x l and X„ i s 

( n - l ) x l , t h e n we s a y , a s b e f o r e , t h a t x ^ i s exogenous w . r . t . X 2 i f 

( x , ( t ) | H ( t - l ) U H v ( t - 1 ) ) a n d ( x 1 ( t ) | H ( t - 1 ) ) a g r e e , o r , X „ does n o t 
x l z. x l 

cause ( h e l p p r e d i c t ) x ^ ( n o t a t i o n : X 2 - | - * - x ^ ) . Now a new c o n c e p t emerges : i t 

may be t h a t x ^ d o e s n ' t h e l p i n t h e p r e d i c t i o n o f some o r a l l e l e m e n t s o f 

X „ . I n t he l a t t e r c a s e , when ( X „ ( t ) H V ( t - l ) U H ( t - 1 ) ) = ( X „ ( t ) H V ( t - 1 ) ) we 
I 2 X 2 x l 2 X 2 

w r i t e x^-|->- . 

The g e n e r a l n o t i o n , o f c o u r s e , i s t h e r e l a t i o n " d o e s no t 

c a u s e , " i n d i c a t e d by-(->• , w h i c h i s d e f i n e d a s i n t he l a s t s e n t e n c e bu t 

n x l n . x l i 
1 2 n x l 

w i t h X^ and r e p r e s e n t i n g d i f f e r e n t s u b v e c t o r s o f X , where n^ + n^ £ n . 

We u n d e r s t a n d t h i s i n t e r p r e t a t i o n i n t he s e q u e l . S i n c e X^- j ->X 2 means 
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n ^ x l r ^ x l 

t h a t no component o f X ^ h e l p s p r e d i c t any component o f X 2 , the symbo l 

l x l l x l 

-(-> r e f e r s to n ^ . n ^ e l e m e n t a r y c a u s a l i t y e v e n t s o f t he f o rm x ^ T"*" x . . . 

To c h a r a c t e r i z e t h e s e l a t t e r e v e n t s , t h e a . r . i s t h e more c o n v e n i e n t , a s 

P r o p o s i t i o n 6 ( i ) shows . However , i n d e s c r i b i n g r e s u l t s i n v o l v i n g one 
T 

component , say x ^ , and (x . , , — X R ) = X^, t he r e s t o f t he s y s t e m , t h e 

a . r . and m . a . a g a i n have t he same q u a l i t a t i v e a p p e a r a n c e , i f a r e l a t i o n 

•j-* i s p r e s e n t , a s i n t he b i v a r i a t e c a s e ; h e r e , howeve r , b o t h uppe r and 

l o w e r t r i a n g u l a r r e p r e s e n t a t i o n s have an o b v i o u s i n t e r p r e t a t i o n . We 

choose t he n a t u r a l p a r a m e t e r i z a t i o n , i n w h i c h A ( 0 ) = B (0 ) = I b e l o w , 

d e f e r r i n g any d i s c u s s i o n o f i n s t a n t a n e o u s c a u s a l i t y u n t i l t he n e x t 

s e c t i o n . We r e c o r d : 

n x l nxn n x l 
P r o p o s i t i o n 6 . F o r t he l . r . w . s . s . p . w i t h m . a . X ( t ) = A * e ( t ) , 

l x l l x ( n - l ) 

e . a . r . B * X ( t ) = e ( t ) , and X T = ( x ^ X 2

T ) , 

( i ) x . 4-*-x. i f and o n l y i f b . . ( . ) E 0 i n t h e e . a . r . 

( i i ) X^j-**^, o r x ^ i s e x o g e n o u s , i f and o n l y i f e i t h e r o f t he 

e q u i v a l e n t c o n d i t i o n s h o l d : 

(a) ( b 1 2 ( . ) • • • b l n ( . ) ) E 0 i n t he e . a . r . 

(b) ( a 1 2 ( . ) . . . a l n ( - ) ) E 0 i n t he m . a . 

( i i i ) x 1 - f - > - X 2 , o r x_L does no t c a u s e any o t h e r v a r i a b l e i n t he s y s t e m , 

i f and o n l y i f e i t h e r o f t h e e q u i v a l e n t c o n d i t i o n s h o l d : 

( a ) / b 2 1 ( . ) X (b) / a 2 1 ( . ) N 
: E O : E O 

n l / \ n l / n n x l 
l x l -1-

( i v ) I n t he r e s u l t s ( i i ) and ( i i i ) , y.^ may be r e p l a c e d by X ^ , 
. 1 % 1 n . x l 
( n - l ) x l 2 

X 2 by X 2 , ( n 1 + n 2 = n) and t h e c o n d i t i o n s (a) and (b ) 
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by t he uppe r r i g h t and l o w e r l e f t m a t r i c e s i n t h e c o n f o r m a b l y 

p a r t i t i o n e d e . a . r . and m . a . r e p r e s e n t a t i o n s , 

(v) P r o p o s i t i o n s 2 and 3 , on o n e - s i d e d p r o j e c t i o n s and z e r o 

c o r r e l a t i o n o f f u t u r e i n n o v a t i o n s w i t h p a s t and p r e s e n t X^ 

i n n o v a t i o n s , r e m a i n v a l i d when i n t e r p r e t e d a s i n p a r t s ( i i ) -

( i v ) o f t h i s t heo rem. 

P r o o f : A l l p a r t s may be t e d i o u s l y d e m o n s t r a t e d by r e p e a t i n g 

p r e v i o u s a rguments w i t h s c a l a r s r e p l a c e d by v e c t o r s . P a r t ( i ) i s 

p roved i n e x a c t l y t h e same manner a s p a r t ( i ) o f P r o p o s i t i o n 1 . 

The o n l y new f e a t u r e s a r e : r e c o g n i t i o n o f t he supremacy o f 

t he e . a . r . f o r t h e c h a r a c t e r i z a t i o n of b a s i c c a u s a l i t y e v e n t s i n te rms 

o f z e r o l a g d i s t r i b u t i o n s ; t h e o b s e r v a t i o n o f an i n t e r p r e t a t i o n f o r 

z e r o s i n t he l o w e r l e f t b l o c k s ; and t he c h o i c e o f t he p a r t i c u l a r p a r a ­

m e t e r i z a t i o n to s i m u l t a n e o u s l y a l l o w t h e s t a t e m e n t s ( i i ) and ( i i i ) . 

We w i l l make u s e o f t h i s p r o p o s i t i o n i n i n t e r p r e t i n g t h e 

r e s u l t s o f t h e n e x t p r o p o s i t i o n . 
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V I . T r i v a r i a t e Sys tems and B i v a r i a t e C a u s a l i t y ; 
N o t i o n s o f I n s t a n t a n e o u s C a u s a l i t y - F e e d b a c k 

I n S e c t i o n I I we remarked t h a t a l l o f t he m a t h e m a t i c a l c o m p l e x i t i e s 

o f g e n e r a l , q - v a r i a t e p r e d i c t i o n t h e o r y a r e p r e s e n t f o r q=2. T h i s does 

no t mean t h a t s t a t e m e n t s made a s i f t he u n i v e r s e were b i v a r i a t e w i l l 

n e c e s s a r i l y r e t a i n t h e i r v a l i d i t y when embedded i n t he n a t u r a l way i n a 

h i g h e r d i m e n s i o n a l s e t t i n g . I n d e e d , t he p r e s u m p t i o n has been t h a t 

f i n d i n g s o f b i v a r i a t e s y s t e m s w i l l g e n e r a l l y be f ound s p u r i o u s , and 

c o n s e q u e n t l y o v e r t u r n e d , when r e f e r r e d to t h e p r o p e r l y s p e c i f i e d , l a r g e r 

s y s t e m . H e r e , we p r o p o s e t o v e n t u r e beyond t he s a f e t y o f t he t r u i s m 

t h a t " i n g e n e r a l , e v e r y t h i n g depends on e v e r y t h i n g e l s e " and to i n v e s t i g a t e 

what c a n go wrong (and r i g h t ) i n t he s i m p l e s t s ys tem o f d i m e n s i o n h i g h e r 

t h a n two . I t i s hoped t h a t t he i n e l e g a n c e o f t h e b r u t e f o r c e method 

a p p l i e d h e r e w i l l be a t l e a s t p a r t i a l l y o f f s e t by t he u s e f u l n e s s o f t he 

r e s u l t s . 

t r i v a r i a t e sys tem I Y I, bu t t he i n v e s t i g a t o r i n s t e a d examines t he e x o g e n e i t y 
W 

o f X i n t he sys tem ( ^ ) , when w i l l t h i s i m p l i e d b i v a r i a t e s y s t e m i n h e r i t 

t h e e x o g e n e i t y o f X? By g i v i n g a s e t o f c o n d i t i o n s w h i c h a r e n e c e s s a r y 

and s u f f i c i e n t , and by a n s w e r i n g t he same q u e s t i o n when , i n t he t r i v a r i a t e 

s y s t e m , Y c a u s e s X , an e x h a u s t i v e c l a s s i f i c a t i o n o f a l l p o s s i b l e i n t e r ­

a c t i o n s i s a c h i e v e d : t h i s r e s u l t may h e l p t h e r e s e a r c h e r who has some 

f r a g m e n t a r y knowledge o f t he d i r e c t i o n o f f l o w s o f c a u s a t i o n be tween 

p o t e n t i a l l y o m i t t e d t i m e s e r i e s and t he s e r i e s he i s m o d e l i n g . 

We w i l l c a s t ou r ma in r e s u l t i n te rms o f a v a r i a n t o f t h e 

a u t o r e g r e s s i v e r e p r e s e n t a t i o n , a n o r m a l i z a t i o n a n a l a g o u s t o I I I - L i n t he 

The f i r s t q u e s t i o n a d d r e s s e d i s , i f Y does no t c a u s e X i n t he 
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m . a . r . The r e a s o n i s t h a t , as P r o p o s i t i o n 6 has shown, " z e r o r e s t r i c t i o n s " 

o n t h e s e p a r a m e t e r s a r e e a s i e s t t o i n t e r p r e t d i r e c t l y a s c a u s a l i t y 

s t a t e m e n t s ; an added a d v a n t a g e i s t h a t t he a . r . i s more f a m i l i a r t o 

e c o n o m e t r i c i a n s t h a n t h e m . a . r . L o g i c a l l y p r i o r t o t he n o r m a l i z a t i o n 

a r e n o t i o n s o f i n s t a n t a n e o u s c a u s a l i t y ; i n t i m a t e l y r e l a t e d to any 

p a r t i c u l a r p a r a m e t e r i z a t i o n i s t he manner i n w h i c h i n s t a n t a n e o u s c a u s a l i t y , 

i f p r e s e n t , w i l l m a n i f e s t i t s e l f . 

P e r h a p s t h e most n a t u r a l d e f i n i t i o n o f i n s t a n t a n e o u s ( t r i v a r i a t e ) 

c a u s a l i t y i s t o s a y Z ( t ) c a u s e s X ( t ) i n s t a n t a n e o u s l y ( n o t a t i o n : Z — >- X) 

i f and o n l y i f t he e r r o r i n p r e d i c t i n g X ( t ) g i v e n Y ( t ) and a l l p a s t X , 

Y , and Z d e c l i n e s when Z ( t ) i s a d d e d ; e q u i v a l e n t l y , i n s y m b o l s , i f 

( 6 . 1 ) ( X ( t ) Y z ( t - l ) U Y ( t ) ) / ( X ( t ) | H X j Y j Z ( t - l ) U Y ( t ) U Z ( t ) ) . 

A l t e r n a t i v e l y , we m i g h t d e l e t e Y ( t ) f r om t he p r e v i o u s d e f i n i t i o n , and 
i 2 

d e f i n e Z —* X a s o c c u r i n g when t h e a d d i t i o n o f Z ( t ) to H v v ( t - 1 ) h e l p s 
A , Y ,L 

l o w e r t he p r e d i c t i v e v a r i a n c e : i n s y m b o l s , i f 

( 6 . 2 ) ( X ( t ) | H X ) Y j Z ( t - l ) ) t ( X ( t ) | H x > Y ) Z ( t - l ) U Z ( t ) ) . 

A s i n t he b i v a r i a t e c a s e , b o t h r e l a t i o n s a r e symmet r i c ( t h a t i s , 

i 1 ( o r ± 2 ) i 1 ( o r i 2 ) 
X — • Z i f and o n l y i f Z —> X ) . C o n s e q u e n t l y , t h e 

i., ( o r i 2 ) 

n o t a t i o n X •*-»• Z i s now a d o p t e d . A n d , a s i n t h e b i v a r i a t e c a s e , 

t h e c o v a r i a n c e s between X and Z p r o v i d e a handy c r i t e r i o n : 
o ^ ^ 0<=> X « 4 Z and o x z y f 0<=> X Z . 

The t e c h n i q u e o f p r o o f i s t he same a s was used i n P r o p o s i t i o n 1 , 

( i i ) , so t h e t r e a t m e n t h e r e i s t e r s e . We t a k e t he e . a . r . t o be 
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/ X \ 
B * ( Y ] ( t ) = e ( t ) , B (0 ) = I, Cov e ( t ) = S i n c e t he f o r e c a s t e r r o r o f 

X ( t ) g i v e n t h e p a s t i s e ^ t ) , and e ± ( t ) J_ H x y z ( t - l ) , 1 = 1 , 2 , 3 , a d d i n g 

Y ( t ) i s e q u i v a l e n t to a d d i n g e , , ( t ) . The second moment o f t he e r r o r f r om 

f o r e c a s t i n g w i t h t h e LHS o f ( 6 . 1 ) i s t he v a r i a n c e o f e ^ ( t ) - ( e ^ ( t ) | e 2 ( t ) ) ; 

f rom the RHS, t he mean s q u a r e e r r o r i s t he v a r i a n c e o f e ^ ( t ) -

( e ^ ( t ) | e 2 ( t ) U e ^ ( t ) ) . S o l v i n g f o r t h e two i n d i c a t e d p r o j e c t i o n s , e ^ ( t ) -

°12 / ° 2 2 a 2 3 \ _ 1 °12 

— e 2 ( t ) and e ^ t ) - ( ^ ( t ) ^ ( t ) ) » j ( ^ ) = e ^ t ) -
1 / 0 3 3 G 1 2 " a 3 2 a n \ 

( e 0 ( t ) e , ( t ) ) r „ \ * _ \ . T h u s , i t i s c l e a r t h a t , ' 2 X ' 3 

z * i x i f f r,of •. 
31 

< \-°23 

°12 °13 

°22 °23 

23^12 2 2 w 1 3 / 

4 0 . A n a l a g o u s l y , X •*-*• Z i f f , s i n c e t h e 

1 / °22 ~ a i 2 \ CT31 
p r o j e c t i o n i s e ( t ) - (e ( t ) e ( t ) ) =• Z Z „ ) < « ) . C o f a i •* * ° -

a i i a 2 2 - ° 1 2 ^ 2 1 U ' 3 2 

The symmetry o f Z. t h u s e n t a i l s symmetry o f •*-* . A s i n t he b i v a r i a t e 

H 
c a s e , Z +•* X i f and o n l y i f 4 0 , a s a c o m p u t a t i o n above shows ; 

V i 2 
symmetry o f 1 t h u s e x t e n d s to . O n l y i n t he c a s e where O o = 0 

i i 2 

w i l l t h e r e n e c e s s a r i l y be agreement be tween and f o r X and Z , a l t h o u g h 

a . e . ( l e b e s g u e ) i n t he s p a c e o f p o s i t i v e d e f i n i t e I m a t r i c e s i t w i l l be 

*̂ "1 2 24 / t he c a s e t h a t +* <=> . — 

We now p r o c e e d to d e r i v e a n o r m a l i z a t i o n o f t h e a . r . ( o r 

e . a . r . ) , w h i c h i s a n a l a g o u s to I I I - L , D . T h i s p a r t i c u l a r n o r m a l i z a t i o n 

w i l l be f o u n d c o n v e n i e n t i n t he p r o o f b e l o w ; f u r t h e r , we s k e t c h i t s 

d e r i v a t i o n t o u n d e r s t a n d t he meaning o f c e r t a i n z e r o - o r d e r c o e f f i c i e n t s 

b e i n g z e r o o r n o n z e r o ; i n f o r m a t i o n abou t b o t h v a r i a n t s o f i . e . w i l l be 

seen to be p r e s e n t . I f t he e . a . r . i s 
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,al b l c l 
Y ](L) I a 2 b 2 c 2 » 

a 3 b 3 c 3 / 

Y ) ( t ) +[ e 2 l ( t ) 

where Covj e 2 | ( t ) = \ , and a l l te rms i n t he c o n v o l u t i o n s t a r t a t i = l 

( e . g . , £ a ( i ) X ( t - i ) , e t c . ) , t h e n we: r e t a i n t he f i r s t e q u a t i o n ; 
i = l 

r e p l a c e t h e s e c o n d e q u a t i o n , ( Y ( t ) | H ( t - 1 ) ) + e „ ( t ) b y 

( Y ( t ) | H X ~ z ( t - l ) U x ( t ) ) + e 2 ( t ) where e_ 2(t) 1 ^ Y , Z ( t _ 1 ) U X ( t ) U Y ( t ) ; 

a n d , r e p l a c e t h e t h i r d e q u a t i o n by ( Z ( t ) | H X y z ( t - l ) U X ( t ) U Y ( t ) ) + £ 3 ( t ) , 

where e ^ ( t ) I H ( t - 1 ) U X ( t ) U Y ( t ) . The r e a d e r who h a s p u r s u e d 

m a t t e r s t o t h i s p o i n t s h o u l d n o t be c o n f u s e d by t he p r e s e n c e o f t h e same 

l o w e r b a r s t h a t d e n o t e d backwards i n n o v a t i o n s i n S e c t i o n I V ; f u r t h e r , he 

w i l l have no t r o u b l e showing t h a t : 

' X ( t ) \ / 0 

( 6 . 3 ) 
21 

X ( t ) 

On 

' l l 

, r 1 X ( t ) + r 2 Y ( t ) / 

+ 

a . a n b „ - .... 
2 ° L 1 1 2 a l l 1 

" 1 

a 2 1 

/ x \ 

2 a i i 1 

v a 3 - r 1 a 1 - r 2 a 2 b 3 - r l b l - r 2 b 2 c 3 - r l C l - r 2 c 2 / 

( t ) 

_ cof o 1 3 

where r n = . 
1 Cof a 

_ - C o f o 2 3 

and r = 
2 Co f a n 33 33 

T h i s i s t he p a r a m e t e r i z a t i o n we a d o p t ; i t seems r e a s o n a b l e to name i t 

I I I - L , D , a l t h o u g h i t i s a u t o r e g r e s s i v e r a t h e r t han mov ing a v e r a g e i n 

n a t u r e . By b r i n g i n g t h e con temporaneous v e c t o r on t h e RHS i n t o t he 

m a t r i x c o n v o l u t i o n , new c o n v o l u t i o n s a r e n a t u r a l l y d e f i n e d ; e . g . , t he 
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c o e f f i c i e n t on X ( t ) i n t he second e q u a t i o n m i g h t be named a 2 ( s ) , s = 0 , l , . . 

° 2 1 ° 2 1 and a „ ( s ) wou ld be —— f o r s=0, a 0 ( s ) - —— a 1 ( s ) f o r s = l , 2 , . . . , e t c . 

° 1 1 1 ° 1 1 1 

No c o n f u s i o n w i l l a r i s e i f we d r o p t he _ and r e u s e t he p r e v i o u s n o t a t i o n : 

a ^ , a 2 , . . . H e n c e , what i s i m p o r t a n t t o n o t i c e i n o u r f i n a l r e p r e s e n t a t i o n , 

/ \ / 1 1 1 \ / 

( 6 . 4 ) 

Cov e 2 | ( t ) = L =( 0 ol

2 0 , b x ( 0 ) = C ; L ( 0 ) = c 2 ( 0 ) = 0 

a 2 1 " " ^ " 1 3 — * " 2 3 
i s tha t a 2 ( 0 ) = Q— , a 3 ( 0 ) = C p f g — , !>.,(()) - (~r~T~~ • C o n s e q u e n t l y , 

"L2 
t h e a s s u m p t i o n a 2 ( . ) = 0 r u l e s ou t X Y , w h i l e t h e a s s u m p t i o n b ^ ( . ) = 0 

does no t have any i m p l i c a t i o n f o r i n s t a n t a n e o u s c a u s a l i t y . S i m i l a r 

, - - ± 1 s t a t e m e n t s h o l d f o r a^(-) ~ 0 and c ^ ( . ) = 0 r e g a r d i n g X Z ; and f o r 

b 3 ( . ) = 0 and c 2 ( . ) = 0 r e g a r d i n g Y •«-*• Z . 

We now b e g i n a deve lopmen t w h i c h m i g h t be p r o p e r l y termed t h e 

b e g i n n i n g o f t he p r o o f o f t h e n e x t p r o p o s i t i o n . The f i r s t o b s e r v a t i o n 

i s t h a t t h e m . a . r . w i t h n o r m a l i z a t i o n I I I - L i s o b t a i n e d when ( 6 . 4 ) i s 

r e w r i t t e n , w i t h 1 d e n o t i n g t h e i d e n t i t y c o n v o l u t i o n , as 

'O. b„ c A / X \ / 1 - a , - b , - c . \ / X N 

- c 2 W Y | ( t ) =| e 2 | ( t ) 

and i n v e r t e d (under c o n v o l u t i o n ) t o 
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' B Y - c 2 b 3 c 1 b 3 - b 1 Y b 1 c 2 - c 1 6 > v /e± 

( 6 . 5 ) [ Y | ( t ) = - A " 1 * j c 2 a 3 - a 2 y a y - c . ^ c ^ - c t c 

a2b3- a 3 B b l a 3 - a b 3 a B - b ^ 

where A ^ i s the i n v e r s e under c o n v o l u t i o n o f A , 

A = a$y + b

1

c

2

a 3 + c i a 2 b 3 ~ c l ^ a 3 ~ a c 2 b 3 ~ b i a 2 Y ' 

and i n t h e l a s t two e x p r e s s i o n s , c o n v o l u t i o n s have been j u x t a p o s e d 

w i t h o u t b e n e f i t o f * , e . g . , &y - c 2 b 3 m i g h t have been t e d i o u s l y w r i t t e n 

(3*Y - c 2 * b 3 > e t c . We emphas i ze t h a t ( 6 . 5 ) i n a v a r i a n t o f t he (Wold) 

m . a . r . w h i c h a l w a y s e x i s t s . Now t h e g e n e r a l f o r m u l a e o f S e c t i o n I I may 

be a p p l i e d t o f i n d the own and c r o s s a u t o c o v a r i a n c e f u n c t i o n s be tween X 

and Y , a n d R y x ( . ) . F i n a l l y , e x o g e n e i t y o f X i n t he b i v a r i a t e 

sys tem may be i n v e s t i g a t e d by c h e c k i n g t h e l a g d i s t r i b u t i o n o f 
CO 

( Y ( t ) | H x ( - « > , CO)) = £ y ( i ) X ( t - i ) , s a y , t o s e e i f i t i s o n e - s i d e d on t h e 
— CO 

p a s t . W i t h o u t any " z e r o r e s t r i c t i o n s " on t he i n d i v i d u a l l a g d i s t r i b u t i o n s , 

i . e . , s p e c i f i c a t i o n s t h a t a . ( . ) , b . ( . ) , o r c, ( . ) v a n i s h i d e n t i c a l l y , we 

w i l l have 

( 6 . 6 ) H ( . ) = P ^ 1 * R Y X ( . ) = [ ( S Y - c 2 b 3 ) * ( B , Y ' - c 2 b 3 ) a J + 

( c 1 b 3 - b 1 Y ) * ( c * b » - b » Y , ) < ^ + ( b 1 c 2 - c 1 S ) * ( b | c 2 - c ' 6 , ) a 2 ] " 1 * 

[ ( c 2 a 3 - a 2 Y ) * ( 6 ' Y ' - c ' b 3 ) a J + ( a y - c ^ ) * ( c ' b ^ - b j y ' )a\ + 

( c ^ - a c ^ O ^ - c j B * )a^]. 

W h i l e i t i s c o n c e i v a b l e f o r y ( . ) t o be o n e - s i d e d on t h e p a s t 

w i t h o u t any o f t h e i n d i v i d u a l l a g d i s t r i b u t i o n s v a n i s h i n g , t he p o s s i b i l i t y 

o f t h i s h a p p e n i n g b r i n g s t o mind t he n o t i o n o f i d e n t i f i c a t i o n b y , s a y , 

z e r o r e s t r i c t i o n s i n c l a s s i c a l e c o n o m e t r i c s : p a r a m e t e r s a r e so i d e n t i f i e d 
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( o f t e n l o o s e l y s t a t e d , a . e . — a l m o s t e v e r y w h e r e — i n t h e p a r a m e t e r space ) 

o n l y on t he c o n d i t i o n t h a t o t h e r p a r a m e t e r s , t hough t no t t o v a n i s h , do 

n o t , i n f a c t , v a n i s h . So i t i s h e r e : we w i l l s a y u ( . ) i s t w o - s i d e d i n 

g e n e r a l ( o r , t w o - s i d e d ) whenever y ( . ) w i l l be t w o - s i d e d e x c e p t f o r a 

25 / 

meager s u b s e t — o f t h e p o s s i b l e c h o i c e s o f p a r a m e t e r v a l u e s . A l l s u c h 

s t a t e m e n t s i n t h e s e q u e l w i l l be s u b j e c t to t h i s q u a l i f i c a t i o n . A l s o , 

we w i l l s a y y ( . ) i s o n e - s i d e d u n d e r a c l a s s o f r e s t r i c t i o n s o n l y when i t 

i s o n e - s i d e d f o r a l l e l e m e n t s w i t h i n t h e c l a s s . 

We now o f f e r an argument t h a t , i n t he g e n e r a l c a s e , where 

b ^ ( . ) ^ 0 (Y •+ X i n t he t r i v a r i a t e s y s t e m ) , y ( . ) w i l l be t w o - s i d e d ; a n d , 

m o r e o v e r , y ( . ) w i l l r e m a i n t w o - s i d e d under any and a l l a d d i t i o n a l 

a s s u m p t i o n s o f t he z e r o r e s t r i c t i o n v a r i e t y (each o f w h i c h c o r r e s p o n d t o 

c a u s a l i t y e v e n t s , a s d i d b ^ ( . ) ) . I n d e e d , the r e a d e r who i s no t c o n v i n c e d 

f rom the s i g h t o f ( 6 . 6 ) t h a t u ( . ) w i l l be t w o - s i d e d i n g e n e r a l m igh t 

c o n s i d e r e x p r e s s i n g t he c o n v o l u t i o n s a s z - t r a n s f o r m s , r e p l a c i n g t r a n s p o s e s 

by z \ and c o n s i d e r i n g t h e c a s e where a l l l a g d i s t r i b u t i o n s a r e g e n e r a t e d 

by r a t i o s o f p o l y n o m i a l s . L e t , s a y , R ^ ( z ) = A ( z ) A ( z ) , where A ( z ) = 

P x ( z ) 

A , . , and l e t t he sum o f t e rms w h i c h r e p r e s e n t s ( z ) be f a c t o r e d a s 

P 2 ( z ) P 3 ( z _ 1 ) 
—— where t h e s e f a c t o r s a r e u n i q u e l y d e t e r m i n e d up t o a 

Q (z )Q (z X ) 
Q 1 ( z ) Q 1 ( z ) P 2 ( z ) P 3 ( z X ) 

c o n s t a n t . Then y ( z ) = . . -=- -=— , so t h a t y ( . ) i s 

* 1 W P x ( z -1) Q 2 ( z ) Q 3 ( z L ) 

o n e - s i d e d on the p a s t o n l y when an i n c r e d i b l e matchup o f z e r o s o f t he 

p o l y n o m i a l s o c c u r s so t h a t Q ^ ( . ) P „ ( . ) = k . P ^ ( . ) Q _ ( . ) , k some c o n s t a n t . 

T h i s i s p r e c i s e l y t he k i n d o f e v e n t e x c l u d e d by t h e p r e v i o u s d i s c u s s i o n . 
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I t i s a l s o t he c a s e t h a t t he s i t u a t i o n does no t change when 

l a g d i s t r i b u t i o n s w h i c h may be s e t i d e n t i c a l l y to z e r o a r e so s e t . 

I n d e e d , assume c ^ ( . ) = C 2 ( . ) = = 0 . I n t h i s c a s e , ( 6 . 6 ) s i m p l i f i e s 

to 

( 6 . 7 ) y ( . ) = - [ b j Y b j Y 1 . ^ + ^ . 6 Y 6 , Y , ] " 1 ( a Y b ' Y ' ) . 

Now, n o t e t h a t , s i n c e b-^(O) = 0 by t he n o r m a l i z a t i o n , a f t e r b r i n g i n g YY* 

2 2 —1 

ou t o f t h e i n v e r s e , we a r e l e f t w i t h ( b ^ b ^ . a ^ + a ^ . B B ' ) , w h i c h w i l l 

no t be o f t h e f o rm c o n s t ( b ^ b | ) . So even i n t h i s s p e c i a l c a s e , w h i c h 

s i m p l i f i e s y ( . ) a s much a s i s p o s s i b l e , when b ^ ( . ) ^ 0 t h e r e s u l t i s a 

t w o - s i d e d b i v a r i a t e r e g r e s s i o n . 

The re i s one i n s t a n c e r e l a t e d to t he g e n e r a l argument t h a t 

( 6 . 7 ) must be t w o - s i d e d , w h i c h shows t w o - s i d e d n e s s t o be t he c a s e 

w i t h o u t a l l o w i n g t he p o s s i b i l i t y o f even a chance c a n c e l l a t i o n . T h i s 

f o l l o w s f r om the 

P r o p o r t i o n a l i t y F a c t o r i z a t i o n Lemma. L e t a ( 0 ) = d ( 0 ) = 1 be a n o r m a l i z a t i o n 

o f t he o n e - s i d e d , t^, r a t i o n a l sequences a ( . ) , b ( . ) , c ( . ) , d ( . ) ( t h a t 
CO 

i s , a ( s ) = 0 , s < 0 and \ | a ( s ) | < 0 0 and s i m i l a r l y f o r b , c , and d ) . 
s=0 

Assume f u r t h e r t h a t a \ ( a * a ' + b * b ' ) ^ e x i s t i n 1^ and ( Z ) : t he z e r o s 

o f d e t ( a j Z J h}?\) l i e o u t s i d e | z | = 1 . Then ( a * a * + b * b ' ) _ 1 * ( a ' * c + b ' * d ) 

i s o n e - s i d e d i f and o n l y i f (P) k . a ( s ) = b ( s ) , a l l s >_ 0 . (k may be 

z e r o . ) 

P r o o f : S u f f i c i e n c y i s s t r a i g h t f o r w a r d : Under ( P ) , 

( a * a * + b * ^ ) - 1 * ( a ' * c + b ' * d ) = [ ( 1 + k 2 ) a * a ' ] _ 1 * a ' ( c + k . d ) = ( - ^ - r ) . a * ( c + k d ) 
1+k 
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w h i c h i s o n e - s i d e d on t he p a s t . N e c e s s i t y i s l e s s e v i d e n t , s i n c e i t 

seems p o s s i b l e t h a t k . a ( . ) | b ( . ) and y e t f o r t u i t o u s c a n c e l l a t i o n a t t he 

n e g a t i v e l a g s m i g h t s t i l l y i e l d o n e - s i d e d n e s s . To s e e t h a t t h i s i s no t 

p o s s i b l e , d e f i n e t h e p r o c e s s ( X ) ( t ) = ( a J j ^ O ^ ' B y t h e a s s u m P t i o n s 

o n a , b , c , d , ( n )> i f t a k e n a s a w h i t e n o i s e p r o c e s s , n o t o n l y d e f i n e s an 

( y ) p r o c e s s , bu t i s f u n d a m e n t a l f o r i t p r o v i d e d t h e c o n d i t i o n (Z) i s 

met . ( S i n c e (y ) has a r a t i o n a l s p e c t r a l d e n s i t y , t h i s f o l l o w s f rom 

Remark 2 , p . 8 8 , and Remarks 1 - 3 , p . 6 2 o f [ 1 7 ] ; t h i s i s a " d e e p " 

r e s u l t , a l t h o u g h u n i v e r s a l l y no t a p p r e c i a t e d a s s u c h , i n v o l v i n g t he 

r e l a t i o n s h i p be tween m a x i m a l f u n c t i o n s and f u n d a m e n t a l r e p r e s e n t a t i o n s . ) 

T h e n , s i n c e a l l f u n d a m e n t a l r e p r e s e n t a t i o n s must be o f t he fo rm ( ^ ) ( t ) = 

C d ^ P * P ' ^ n ( t ) ^ ' P o r t n o n o r m a ± > w e roust have a(s~)p^ + b ( s ) p 2 1 and 

a (s )p^2 + b ( s ) p 2 2 i n t h e top row o f s u c h a r e p r e s e n t a t i o n . Bu t f u n d a m e n t a l 

o r n o t , t he g e n e r a l f o r m u l a f o r t he t w o - s i d e d p r o j e c t i o n ( Y ( t ) | H x ) i s 

R ^ ^*^yj j a n d , s i n c e t h i s i s o n e - s i d e d , by S i m s ' Theorem 2 , ( o r P r o p o s i t i o n 2 ) 

Y does no t c a u s e X . A p p l i c a t i o n o f S i m s ' Theorem 1 g u a r a n t e e s t h a t 

a (s )p^2 + b ( s ) p 2 2 = 0 f o r some P - ^ * P22' w n i ° n c o n t r a d i c t s t he h y p o t h e t i c a l 

l a c k o f p r o p o r t i o n a l i t y . N e c e s s i t y , and t h e r e f o r e t h e r e s u l t , f o l l o w . 

Q . E . D . 

Of c o u r s e , t h e r e w i l l be c a s e s o f r a t i o n a l l a g d i s t r i b u t i o n s 

a ( . ) , b ( . ) c ( . ) , d ( . ) f o r w h i c h t he d e t e r m i n e n t a l c o n d i t i o n d o e s n o t 

a p p l y , bu t even i n t h e s e c a s e s , o n l y f o r c e r t a i n s m a l l s e t s o f e x a c t 

l i n e a r r e l a t i o n s among t he c o e f f i c i e n t s w i l l t h e r e s u l t a n t M ( . ) be o n e ­

s i d e d . We have now p r o v e d h a l f o f , and e s s e n t i a l l y g i v e n t he c r u x o f 

t he argument used i n t he c o n v e r s e o f , o u r l a s t r e s u l t . 



- 52 -

P r o p o s i t i o n 7 . L e t t he l . r . w . s . s . p . I Y I have t he e x t e n d e d a u t o r e g r e s s i v e 
W 

/x\ / a i b i c i \ /x \ / e i \ 

r e p r e s e n t a t i o n ( e . a . r . ) Y ( t ) = a

2

 b

2 ° 2 I * l Y / ( t : ) + e 2 ) ( t ) ' w n e r e 

\ a 3 b 3 C 3 /
 Z W 

t he e r r o r c o v a r i a n c e i s d i a g o n a l and we have n o r m a l i z e d by s e t t i n g 

b 1 ( 0 ) = c±(0) = c 2 ( 0 ) = 0 a n d , o f c o u r s e , a^O) = b 2 ( 0 ) = c 3 ( 0 ) = 0 . 

Then Y c a u s e s X ( b ^ . ) | 0) i m p l i e s t h a t Y c a u s e s X i n t he i m p l i e d 

b i v a r i a t e sys tem ( ^ ) . C o n v e r s e l y , i f Y does no t cause X i n t he ( c o r r e c t l y 

s p e c i f i e d ) t r i v a r i a t e s y s t e m ( b ^ . ) = 0) t h e n Y does no t c a u s e X i n t he 

c o r r e s p o n d i n g b i v a r i a t e sys tem (^) i n t h e f o l l o w i n g c a s e s : ( i ) c ^ ( . ) = 0 , o r , 

( i i ) c 2 ( . ) = b ^ ( . ) = 0 . In c a s e n e i t h e r o f t h e s e c o n d i t i o n s h o l d , o m i t t i n g 

Z w i l l i n d u c e s p u r i o u s c a u s a l i t y f rom Y to X i n the i m p l i e d b i v a r i a t e 

m o d e l . 

Remark 1 . The i n t e n d e d i n t e r p r e t a t i o n o f t he n o t a t i o n i s , f o r e x a m p l e , 

i n ( i ) , when c ^ ( . ) = 0 , t h e r e m a i n i n g l a g d i s t r i b u t i o n s may o r may no t 

be z e r o . C a u s a l i t y r e q u i r i n g t he v e r y p a r t i c u l a r fo rm o f a u t o c o v a r i a n c e 

sequence t h a t i t d o e s , t he f i r s t p a r t o f the p r o p o s i t i o n s h o u l d come as 

no s u r p r i s e ; l a c k o f c a u s a l i t y i n t h e t r i v a r i a t e sys tem c a n n o t , even 

w i t h t he a i d o f an i m a g i n a t i v e l y c h o s e n s e t o f f u r t h e r z e r o r e s t r i c t i o n s , 

p r o d u c e s p u r i o u s c a u s a l i t y i n t he b i v a r i a t e s y s t e m . 

Remark 2 . U s i n g P r o p o s i t i o n 6 and t he above d i s c u s s i o n on i n s t a n t a n e o u s 

c a u s a l i t y and n o r m a l i z a t i o n to t r a n s l a t e t he z e r o r e s t r i c t i o n s i n t o t h e 

e q u i v a l e n t c a u s a l i t y s t a t e m e n t s , we may p a r a p h r a s e the c o n v e r s e t o s a y 

/ X \ X t h a t , when Y - | - * X r e l a t i v e to M M , Y -f-> X r e l a t i v e t o ( £ ) i f and o n l y i f 
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a t l e a s t one o f t h e a d d i t i o n a l c o n d i t i o n s p r e v a i l : ( i ) Z - f - * X ; o r 

( i i ) Z - J - * Y , Y - f * - Z , Z Y . A s a c h e c k o f b o t h ou r i n t u i t i o n and t he 

p l a u s i b i l i t y o f t he r e s u l t , we o b s e r v e t h a t a v e r y s p e c i a l c a s e o c c u r s 
i 2 

when ( i ) , ( i i ) , X - f - * Z , and X Z a l l o b t a i n . Here a = 0 a s w e l l , 

and P r o p o s i t i o n 6 e n s u r e s t h a t t he t r i v a r i a t e Wold r e p r e s e n t a t i o n i s 

b l o c - d i a g o n a l : the Z and ( y ) p r o c e s s e s a r e o r t h o g o n a l . The c o n c l u s i o n 

t h a t t r i v a r i a t e e x o g e n e i t y c a r r i e s o v e r to t he b i v a r i a t e sys tem under a l l 

t h e s e a s s u m p t i o n s comes a s no s u r p r i s e . The p o i n t o f t h e c o n v e r s e o f 

t h i s p r o p o s i t i o n i s t h a t i t s p e c i f i e s t h e e x t e n t t o w h i c h t h e s e r e s t r i c t i o n s 

may be r e l a x e d , i n t e rms c o n d i t i o n s w h i c h a r e i n d i v i d u a l l y s u f f i c i e n t 

and j o i n t l y n e c e s s a r y . The c o n d i t i o n s ( i ) and ( i i ) g e n e r a l l y have a 

n a t u r a l i n t e r p r e t a t i o n a s a T h e i l - l i k e o m i t t e d v a r i a b l e s theorem i n 

H i l b e r t s p a c e . I n d e e d , a s i n t he p r o o f o f P r o p o s i t i o n 1 , i f we p r o j e c t 

X ( t ) f i r s t on to H x y z ( t - l ) , t h e n on to H x y ( t - l ) , we ge t 

(X( t ) | H ( t - 1 ) ) = I a . ( i ) X ( t - i ) + I b . ( i ) Y ( t - i ) + [ c ( i ) ( Z ( t - i ) | l L ( t - 1 ) 
X , Y . = 1 1 . = 1 1 . = 1 1 X , Y 

S i n c e we h y p o t h e s i z e b ^ ( . ) = 0 , and t h e G r a n g e r c r i t e r i o n ( P r o p o s i t i o n 1) 

t e l l s us t h a t a l l c o e f f i c i e n t s on Y ( t - i ) , i = l , 2 , . . . must v a n i s h , t h e 

l a s t t e r m t e l l s t he s t o r y : c ^ ( . ) = 0 i s ( i ) , o r Z-f~*"X—the o m i t t e d 

v a r i a b l e d i d n ' t e n t e r t he t r u e r e l a t i o n ; i f c ^ ( . ) | 0 , bu t 

( t ) ( Z ( t - i ) | H X ) y ( t - l ) ) = ( Z ( t - i ) | H x ( t - l ) ) , a l l 1 - 1 , 2 , . . . 

X w i l l s t i l l be exogenous w i t h r e s p e c t t o Y i n t he b i v a r i a t e s y s t e m . 

T h i s l a t t e r c o n d i t i o n m i g h t i n t u i t i v e l y be r e a d " t h e c o e f f i c i e n t s o f t h e 

a u x i l i a r y r e g r e s s i o n , o f o m i t t e d (Z) on i n c l u d e d (Y) v a r i a b l e , v a n i s h " 

and t h i s l a t t e r p r o j e c t i o n e q u a l i t y t hough t l o g i c a l l y e q u i v a l e n t t o 
i 9 

c o n d i t i o n ( i i ) z f ^ Y , YJ-> Z , Z Y . I n d e e d , t he p r o o f o f P r o p o s i t i o n 7 
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p r o v i d e s more t h a n c a s u a l s u p p o r t f o r t h i s v i e w . A c t u a l l y , we have 

a l r e a d y seen a s p e c i a l c a s e o f t he e q u i v a l e n c e o f t he c o n d i t i o n s ( i i ) 

and ( t ) i n t he c a s e ( i i i ) d i s c u s s i o n ; we p o s t p o n e a f o r m a l s t a t e m e n t o f 

t h i s e q u i v a l e n c e , w h i c h a p p e a r s i m p o r t a n t and i n t e r e s t i n g i n i t s own 

r i g h t , u n t i l s u c h t i m e a s a more s t r a i g h t f o r w a r d and e l e g a n t p r o o f c a n 

be g i v e n . 

Remark 3 . The p r o o f g i v e n so f a r , and to be c o n t i n u e d , i s by b r u t e 

f o r c e , e x a m i n i n g a l l p o s s i b i l i t i e s i n t he t r i v a r i a t e e . a . r . , c o m p u t i n g 

t h e i m p l i e d t w o - s i d e d p r o j e c t i o n ( Y ( t ) | H v ( - ° ° , °°)) and c h e c k i n g to s e e i f 
A 

i t i s o n e - s i d e d . The e . a . r . a s s u m p t i o n o b v i a t e s t h e need to use P r o p o s i t i o n 2 , 

a s S i m s ' Theorem 2 i s i n f o r c e . An a l t e r n a t i v e s t r a t e g y m i g h t t r y t o 

f i n d t he i m p l i e d , b i v a r i a t e Wold d e c o m p o s i t i o n f r om the t r i v a r i a t e 

e . a . r . o r i t s i n v e r s e , t h e t r i v a r i a t e m . a . r . F a c t o r i n g t he i m p l i e d ( y ) 

a u t o c o v a r i a n c e f u n c t i o n i s t h e n n e c e s s a r y t o make any p r o g r e s s , and t h i s 

a p p e a r s a t h e o r e t i c a l l y i n t r a c t a b l e p r o b l e m . Were i t p o s s i b l e t o make a 

s t a t e m e n t s u c h a s , " t h e f a c t o r i z a t i o n c a n n o t be l o w e r t r i a n g u l a r " t h e n 

S i m s ' Theorem 1 c o u l d be u s e d . The t e c h n i q u e employed h e r e g e t s a r o u n d 

t h i s d i f f i c u l t y . A s w i l l be c l e a r f r om i t s s t u d y , t h e s u f f i c i e n c y o f 

t h e c o n d i t i o n s i s much more s t r a i g h t f o r w a r d t h a n t h e i r n e c e s s i t y . 

Remark 4 . I t i s i n t e r e s t i n g t o n o t e t h a t , f r om the p o i n t o f v i e w o f 

t h i s r e s u l t , t h e r e i s some r e a s o n t o f a v o r t h e f i r s t d e f i n i t i o n o f 

i n s t a n t a n e o u s t r i v a r i a t e c a u s a l i t y b e c a u s e +* does e n t e r i n t o t he 

s t a t e m e n t o f c o n d i t i o n ( i i ) . 

C o n t i n u a t i o n o f P r o o f . F o r t he c o n v e r s e , we m a i n t a i n b ^ ( . ) = 0 , and 

c o n s i d e r t he t h r e e c a s e s i n o r d e r : 
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( i ) When c^(.) = 0 a s w e l l , 

( 6 . 8 ) y ( . ) = t ( 6 Y - c 2 b 3 ) * ( 6 , Y , - c 2

b

3 ) a J ] " 1 . o\ . 

( c 2 a 3 - a 2 Y ) * ( 6 * Y ' - c J b 3 ) 

i . e . , y ( . ) = (fty-c^b^) 1 * ( c 2 a 3 - a 2 y ) > w h i c h i s o n e - s i d e d , 

r e g a r d l e s s o f whe the r c t ( . ) , B ( . ) , o r Y ( . ) a r e c o n c e n t r a t e d a t 

z e r o ( e q u i v a l e n t l y , a ^ ( . ) , b 2 ( . ) , o r c 3 ( . ) v a n i s h ) . 

( i i ) When c 2 ( . ) = b ; j ( . ) = 0 , t h e n 

( 6 . 9 ) y ( . ) = [ B Y B ' Y ' . a 2 + c 1 6 c ; [ 6 , . a 3 ] " 1 ( - a 2 Y 6 , Y , o 2 - C ; L a 2 c | 8 ' a 3 ) , 

o r , a g a i n , 

u ( . ) = -f1$'~hrY,o2 + ^ [ ^ l ) ' 1 a 2 B ' ( Y Y ' a J + c^o2), 

and f i n a l l y , 

y ( . ) = - 3 ^ a 2» w h i c h i s o n e - s i d e d . A g a i n , w h e t h e r (?(•) = 

b

2 ( . ) - 6 , a ( . ) o r y ( . ) a r e m u l t i p l e s o f t he K r o n e c k e r d e l t a , 

5 , i s i r r e l e v a n t . 

To show t h e n e c e s s i t y o f t h e s e c o n d i t i o n s , we must a r g u e t h a t , i n a l l 

o t h e r c a s e s , e x c e p t f o r t he o c c u r r e n c e o f a c a n c e l l a t i o n o f z e r o s , y ( . ) 
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w i l l be t w o - s i d e d . By mak ing s t a t e m e n t s c o n d i t i o n a l on a ^ ( . ) , b 2 ( . ) , 

9 

c ^ ( . ) n o t v a n i s h i n g and s i n c e b ^ ( . ) = 0 has been m a i n t a i n e d , 2 c a s e s 

have been h e l d to a manageab le 2 " * , o f w h i c h 2 0 have been c o n s i d e r e d . 

The o b s e r v a t i o n t h a t t he c o n d i t i o n a l s t a t e m e n t s were a c t u a l l y u n c o n d i t i o n a l 

has c u t down ou r e f f o r t and ye t c o s t no g e n e r a l i t y . We group t h e 

r e m a i n i n g 1 2 ( c o n d i t i o n a l ) c a s e s a s : 

(a) b x ( . ) = c 2 ( . ) = 0 ; b 3 ( . ) , c^.) $ 0 , a 2 ( . ) , a 3 ( . ) a n y t h i n g . 

H e r e , u ( . ) = ( 8 8 ' Y Y ' .<*\ + c

1

b

3

c l B 3 , A 2 + ty'1 

( - Y a 2 Y ' 6 ' . a 2 - c l C ; b 3 a 3 a 2

 + a Y c ^ b - a 2 - c ^ B ' . ^ 

C o n d i t i o n a l l y o r u n c o n d i t i o n a l l y , t he t e rm w h i c h r e p r e s e n t s ^ ( . ) 

w i l l , unde r t h e s e a s s u m p t i o n s , n o t be a b l e to c a n c e l t he p r i m e d te rms i n 

(b) b 1 ( . ) = b 3 ( . ) E 0 ; c 1 ( . ) , c 2 ( . ) | 0 ; a 2 , a 3 a n y t h i n g . 

- 1 2 2 - 1 2 2 
H e r e , y ( . ) = 8 ( Y Y ' - C J + c i c i" A 3^ f C 2 A 3 Y ' ° 1 ~ Y Y ' A 2 , a i " 

2 2 
C l ° l A 2 A 3 + A C 2 c i " A 3 ^ * 

S i n c e c^ , ( . ) ^ 0 , t he f i r s t te rm must f a c t o r i n t o some th i ng p r o p o r t i o n a l 

t o n e i t h e r Y ( . ) no r c ^ ( . ) . Hence y ( . ) i s t w o - s i d e d h e r e , even under a l l 

a s s i g n m e n t s to a ( . ) , 8 ( . ) , and Y ( . ) . 

( c ) b 1 ( . ) E 0 , c 2 ( . ) , b 3 ( . ) | 0 ; a 2 > a 3 a n y t h i n g . 
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H e r e , u ( . ) = [ ( B y - c ^ M B y - c

2

b

3 > ' a i + c i c l b 3 b 3 a 2 + c 1 f c { 3 , . 0 ^ ] " 1 * 

2 2 
[ ( c 2 a 3 - a 2 y ) * ( B Y " c 2 b 3 ) , - a l + ( a Y " c l a 3 ) c i b 3 ' ^ 2 + 

2 

~ ( c l a 2 " a c 2 ) * ( c 1 B ) ' - a 3 ] 

w h i c h i s a s t w o - s i d e d a s c a n b e ! Q . E . D . 
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V I I . Remarks on A p p l i c a t i o n s i n E c o n o m i c s 

The i n t e r p r e t a t i o n s o f f i n d i n g s o f e x o g e n e i t y i n economic d a t a 

i s a d e l i c a t e and u n s e t t l e d m a t t e r , even a t t h e t h e o r e t i c a l l e v e l , a s 

r e c e n t c o n t r i b u t i o n s by S a r g e n t [ 1 8 ] , [ 1 9 ] , and Sims [26] show. A t t he 

v e r y l e a s t , ow ing t o t h e s h e e r u n l i k e l i h o o d t h a t two economic t ime 

s e r i e s s t a n d i n a u n i d i r e c t i o n a l c a u s a l r e l a t i o n s h i p , s u c h phenomena 

r e p r e s e n t f a c t s f o r t h e o r y to e x p l a i n . 

More f u n d a m e n t a l l y , howeve r , t he n o t i o n o f a " s t r u c t u r a l 

r e l a t i o n i n v a r i a n t t o m a n i p u l a t i o n o f c o n t r o l l e d p r o c e s s e s w h i c h e n t e r 

i t " o r " a n i n t e r v e n t i o n i n t o t he s y s t e m , " w h i c h r e p r e s e n t c a u s a l i t y i n 

t he e v e r y d a y usage o f t h i s t e r m , must be d i s t i n g u i s h e d f r om c a u s a l i t y i n 

t he W i e n e r - G r a n g e r - S i m s s e n s e . T h a t t he two c o n c e p t s a r e l o g i c a l l y 

d i s t i n c t i s an i m p o r t a n t message o f [ 1 8 ] , i n w h i c h money c r e a t i o n c a u s e s 

h y p e r i n f l a t i o n i n t he " i n t e r v e n t i o n " s e n s e , y e t h y p e r i n f l a t i o n c a u s e s 

money i n t h e s e n s e o f t h i s p a p e r . 

N e v e r t h e l e s s , i n an i m p o r t a n t c l a s s o f c a s e s t h e r e may be no t 

o n l y c o n s i s t e n c y , bu t a m u t u a l r e e n f o r c e m e n t , a s t h e f o l l o w i n g i n t e r ­

p r e t a t i o n o f t h e money- income example shows . Suppose t h a t money c a u s e s 

i n c o m e , bu t n o t c o n v e r s e l y (as found i n [ 2 4 ] ) . L e t y = a * y + b * m + u 

and m = c * m + v r e p r e s e n t t he p r o j e c t i o n s . The " i n t e r v e n t i o n " s e n s e 

o f c a u s a l i t y means f i n d i n g a s t a b l e r e l a t i o n i n v o l v i n g y and m w h i c h 

a l l o w s t he c o m p u t a t i o n o f y whenever an m p r o c e s s i s i n s e r t e d i n i t . 

P r o v i d e d t he c o e f f i c i e n t s a and b a r e i n v a r i a n t t o changes i n t he m p r o c e s s , 

t he f i r s t e q u a t i o n w i l l be s u c h a s t r u c t u r a l r e l a t i o n , w h i c h w i l l y i e l d 

y = ( 1 - a ) 1 * b * m + ( 1 - a ) 1 * u . W h i l e b o t h v a r i a n t s o f c a u s a l i t y 

a r e p r e s e n t , t h e r e a r e two c a v e a t s . F i r s t , t he e m p i r i c a l f i n d i n g o f 
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c a u s a l i t y d u r i n g a samp le i s no g u a r a n t e e o f t he i n v a r i a n c e o f a and b 

t o changes i n r e g i m e , a s t he " r a t i o n a l e x p e c t a t i o n s " l i t e r a t u r e has 

e m p h a s i z e d . S e c o n d , i f t he second r e l a t i o n were r e p l a c e d by 

m = c _ * m + d _ * y + v bu t t he f i r s t r e l a t i o n rema ined i n v a r i a n t to 

" i n t e r v e n t i o n s " w h i c h v i o l a t e t he second e q u a t i o n and d e t e r m i n e m, t h e n 

a g a i n t h e c o n c o r d a n c e i s s p o i l e d , s i n c e o n l y t he c a u s a l i t y i n t he 

" i n t e r v e n t i o n " sense wou ld be p r e s e n t . 

From a n o t h e r p o i n t o f v i e w , to t h e e x t e n t t h a t t he r e s u l t s 

p r e s e n t e d h e r e i n v o l v e i n n o v a t i o n s and o p t i m a l p r e d i c t i o n (a f o rm o f 

o p t i m i z i n g b e h a v i o r ) , t h e y a r e l i k e l y to f i n d u s e i n , and e n t e r s t r u c t u r a l l y 

i n t o , any t h e o r i e s i n economics where s t o c h a s t i c e l e m e n t s e n t e r i n an 

e s s e n t i a l way . S i n c e the H i l b e r t s p a c e s p r o j e c t e d o n t o have t he n a t u r a l 

i n t e r p r e t a t i o n o f i n f o r m a t i o n s e t , t he p o s s i b i l i t i e s f o r a p p l i c a t i o n s 

a r e v i r t u a l l y u n l i m i t e d . 

F i n a l l y , f r om an e c o n o m e t r i c p o i n t o f v i e w and a s emphas ized 

o r i g i n a l l y i n [ 2 4 ] , e f f i c i e n t e s t i m a t i o n t e c h n i q u e s ( w h i c h a r e a s y m p t o t i c a l l y 

t he e q u i v a l e n t o f g e n e r a l i z e d l e a s t s q u a r e s ) f o r a r e g r e s s i o n o f Y ( t ) on 

X ( t ) , X ( t - l ) , . . . r e q u i r e e x o g e n e i t y o f X p r e c i s e l y i n t he s e n s e o f t h i s 

p a p e r . T h u s , t he p r o p o s i t i o n s h e r e may be o f i n t e r e s t s o l e l y on e c o n o m e t r i c 

g r o u n d s . 
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V I I I . C o n c l u s i o n s and Comments on F u t u r e R e s e a r c h 

S i n c e the i n t r o d u c t i o n o f f e r s a summary s t a t e m e n t as w e l l , we 

c o n f i n e o u r s e l v e s h e r e to a v e r y b r i e f p a r a p h r a s i n g o f t he r e s u l t s . 

F i r s t , a m i n o r g e n e r a l i z a t i o n o f G r a n g e r ' s f i r s t c a u s a l i t y 

r e s u l t i s g i v e n i n P r o p o s i t i o n 1 . The t e c h n i q u e o f p r o o f i s one w h i c h 

n a t u r a l l y a l l o w s t he t r e a t m e n t o f t he more g e n e r a l c a s e s o f s t a t i s t i c a l 

c a u s a l i t y i n m u l t i v a r i a t e t ime s e r i e s , t he s u b j e c t o f P r o p o s i t i o n 6 . 

Two c h a r a c t e r i z a t i o n s o f e x o g e n e i t y i n b i v a r i a t e , o r b l o c k -

b i v a r i a t e , sys tems a r e g i v e n n e x t . I n P r o p o s i t i o n 2 , i t i s d e m o n s t r a t e d 

t h a t t he e x o g e n e i t y o f X w i t h r e s p e c t to Y i s e q u i v a l e n t to t he s t a t e m e n t 

t h a t f u t u r e X be o f no a d d i t i o n a l h e l p i n p r e d i c t i n g c u r r e n t Y , g i v e n 

o n l y c u r r e n t and p a s t X . D e s p i t e i t s s t a t e m e n t i n p r e d i c t i o n l a n g u a g e , 

w h i c h b r i n g s to mind t he o r i g i n a l c a u s a l i t y d e f i n i t i o n , a s p e c i a l c a s e 

o f t h i s r e s u l t y i e l d s S i m s ' i m p o r t a n t Theorem 2 . P r o p o s i t i o n 3 p r e s e n t s 

a c h a r a c t e r i z a t i o n f o r X b e i n g exogenous i n te rms o f u n i v a r i a t e i n n o v a t i o n s 

o f t he X and Y p r o c e s s e s ; s u c h a s t a t e m e n t c o n t r a s t s m a r k e d l y w i t h t he 

p r e v i o u s r e s u l t s , w h i c h a l l s t r e s s b i v a r i a t e c h a r a c t e r i s t i c s . T h i s 

r e s u l t s t a t e s t h a t Y does no t cause X p r e c i s e l y when p a s t i n n o v a t i o n s o f 

Y a r e a l l o r t h o g o n a l to c u r r e n t , a n d , by s t a t i o n a r i t y , a l l f u t u r e X 

i n n o v a t i o n s . The r e l a t i o n o f t h i s r e s u l t t o t h e u n p u b l i s h e d work o f 

o t h e r s i s commented u p o n . 

P r o p o s i t i o n 4 i s i n t he n a t u r e o f a m e t a - t h e o r e m ; i t a s s e r t s 

t h a t , when t he d e f i n i t i o n s a r e a l t e r e d s o a s t o e f f e c t a t ime r e v e r s a l 

(we b a c k c a s t the p r e s e n t f r om the f u t u r e ) a l l e x i s t i n g theorems have 

n a t u r a l a n a l o g u e s . A sample p r o o f i s p r o v i d e d f o r t he r e v e r s e d v e r s i o n 

o f S i m s ' Theorem 1. What i s no t s y m m e t r i c , howeve r , i s t he p r o p e r t y o f 
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e x o g e n e i t y i t s e l f ; s p e c i f i c a l l y , P r o p o s i t i o n 5 shows t h a t , o n l y i n t he 

s p e c i a l c a s e where t he r e g r e s s i o n o f Y on c u r r e n t , p a s t , and f u t u r e X 

h a s a l l c o e f f i c i e n t s , e x c e p t p o s s i b l y con temporaneous X , v a n i s h i n g w i l l 

X be exogenous a c c o r d i n g to b o t h d e f i n i t i o n s . 

The l a s t r e s u l t , P r o p o s i t i o n 7 , c o n f r o n t s t he c r i t i c i s m t h a t 

b i v a r i a t e f i n d i n g s a r e s t a t i s t i c a l a r t i f a c t s w h i c h , when f o u n d , a r e 

l i k e l y to r e p r e s e n t s p e c i f i c a t i o n b i a s . By a d d i n g a t h i r d v a r i a b l e and 

a n a l y z i n g t he t r i v a r i a t e sys tem I Y J , two l e s s o n s a r e l e a r n e d : ( i ) The 

w x 

e x o g e n e i t y o f X i n t he b i v a r i a t e s y s t e m (^) w i l l , i f f o u n d , a l m o s t 

s u r e l y r e f l e c t t r i v a r i a t e c a u s a l i t y ; and ( i i ) The e x o g e n e i t y o f X i n the 

t r i v a r i a t e s y s t e m w i l l be p r e s e r v e d i n t he b i v a r i a t e s y s t e m i f and o n l y 

i f : (a ) Z d o e s n ' t cause X e i t h e r , o r (b) n e i t h e r Z no r Y c a u s e t h e 

o t h e r , i n s t a n t a n e o u s l y o r o v e r t i m e . (These c o n d i t i o n s a r e i n d i v i d u a l l y s u f ­

f i c i e n t and j o i n t l y n e c e s s a r y . ) When t h e s e a d d i t i o n a l i n t e r a c t i o n s canno t be 

r u l e d o u t , t r u e e x o g e n e i t y o f X , a s r e f e r r e d to t h e t r i v a r i a t e s y s t e m , i s 

b l u r r e d by t he o m i t t e d s e r i e s Z when p e r c e i v e d i n the b i v a r i a t e s y s t e m . 

D e s p i t e t he f a c t t h a t P r o p o s i t i o n 3 p u t s the c h a r a c t e r i z a t i o n 

o f t he e x o g e n e i t y o f X i n terms o f i t s own and Y ' s own i n n o v a t i o n s on 

t he same t h e o r e t i c a l ( H i l b e r t space ) u n d e r p i n n i n g a s the Sims and G range r 

r e s u l t s , i t i s c u r s e d r e s u l t . A s s e v e r a l w r i t e r s have n o t e d ( [25 ] i s 

most f o r c e f u l ) , the n a t u r a l e s t i m a t i o n p r o c e d u r e w h i c h i t s u g g e s t s does 

n o t have the a s y m p t o t i c v a l i d i t y o f t he o t h e r two t e s t s . Whether t h i s 

p r o b l e m i s amenable to c o r r e c t i o n by some f a n c y f o o t w o r k w i t h d i s t r i b u t i o n 

t h e o r y ( t h e r e b y v a l i d a t i n g t he p r o c e d u r e used i n [ 5 ] , [ 9 ] , and [ 1 5 ] , t o 

name j u s t t h r e e a d h e r e n t s o f t he " p r e w h i t e n i n g s c h o o l " ) o r w h e t h e r t he 

d i f f i c u l t y i s more d e e p s e a t e d r e m a i n s an i s s u e on w h i c h p r e s e n t o p i n i o n 
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i s d i v i d e d . S h o u l d t he l a t t e r v i e w w i n o u t , i t wou ld shed some needed 

l i g h t on t h e c a u s e o f t he i n n o v a t i o n s a p p r o a c h ' s s a m p l i n g s h o r t c o m i n g s . 

A t t he t h e o r e t i c a l ( p o p u l a t i o n ) l e v e l , i t may be t oo e a r l y to 

a s s e r t w i t h any c o n f i d e n c e t h a t a l l o f t he i n t e r e s t i n g c h a r a c t e r i z a t i o n s 

o f e x o g e n e i t y have been d i s c o v e r e d . E v e n f o r b i v a r i a t e s y s t e m s , c e r t a i n 

n a t u r a l v a r i a t i o n a l c o n j e c t u r e s come to m i n d ; and t he i s s u e o f t he 

r e l a t i o n , i f a n y , o f H v ( - c o ) to H V ( O T ) r e m a i n s o p e n . An e l e g a n t p r o o f 
X , Y X , i 

o f t he r e s u l t i n Remark 2 i n S e c t i o n V I w i l l d o u b t l e s s be f o r t h c o m i n g . 

A l s o , t he s p e c i f i c q u e s t i o n posed r e l a t i n g Y 4 * X i n t he b i v a r i a t e and 

t r i v a r i a t e s y s t e m s was o n l y one o f many t h a t c o u l d be c o n s i d e r e d . 

O t h e r s , i n v o l v i n g t he p a s s a g e o f t he n o t i o n s o f i n s t a n t a n e o u s c a u s a l i t y 

f rom the t r i v a r i a t e to t he b i v a r i a t e s y s t e m , come i m m e d i a t e l y to m i n d . 

F i n a l l y , a d d i t i o n a l c o n t r i b u t i o n s w h i c h c l a r i f y , o r , o t h e r w i s e 

p ronounce u p o n , any r e c o n c i l i a t i o n o f s t a t i s t i c a l c a u s a l i t y w i t h 

" i n t e r v e n t i o n - b a s e d " n o t i o n s o f c a u s a l i t y w o u l d be g r a t e f u l l y r e c e i v e d . 
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F o o t n o t e s 

—^The s y m b o l = w i l l f r e q u e n t l y be used to i n d i c a t e t h a t t h e 
o b j e c t on t he l e f t - h a n d s i d e i s b e i n g d e f i n e d . 

21 
— These a b b r e v i a t i o n s ( h e r e , w . s . s . p . ) w h i c h f o l l o w t e c h n i c a l 

d e f i n i t i o n s w i l l o f t e n be u s e d to r e t a i n p r e c i s i o n and e c o n o m i z e on 
s p a c e i n t he s e q u e l . 

3 / 
— When the range o f Z ^ and Z^ i s c o m p l e x , i t i s n e c e s s a r y to 

t a k e t h e comp lex c o n j u g a t e of Z^, as t he n o t a t i o n i n d i c a t e s . Even 

though we d e a l w i t h r e a l p r o c e s s e s , t h e i r r e p r e s e n t a t i o n i n t he f r e q u e n c y 
domain r e q u i r e s t h i s t r e a t m e n t . S i n c e t h e r e i s e s s e n t i a l l y no u s e 
o f t he f r e q u e n c y domain i n t h i s p a p e r , we w i l l h e r e a f t e r s u p p r e s s t h e 
c o n j u g a t i o n n o t a t i o n . 

—^Because i t s u s a g e i s n o t u n i f o r m , we e m p h a s i z e t h a t a l l 
s u b s p a c e s f o r us w i l l b e c l o s e d ( e q u i v a l e n t l y c o m p l e t e , b e c a u s e a H i l b e r t 
s p a c e i s a c o m p l e t e m e t r i c s p a c e ; [ 1 3 ] , p. 116 p r o v e s t h i s e q u i v a l e n c e ) . 

—^The s e t S may be t a k e n as a mnemonic f o r t he span of t he 
e l e m e n t s i n t h e p a r e n t h e s e s , o r t h e l i n e a r m a n i f o l d g e n e r a t e d by them. 
I t s c l o s u r e may a l s o b e shown to be t h e i n t e r s e c t i o n o f a l l s u b s p a c e s 
c o n t a i n i n g t he g e n e r a t o r s . 

— To d e f i n e o r t h o g o n a l p r o j e c t i o n , s e v e r a l r e l a t e d c o n c e p t s 
a r e n e e d e d . The f i r s t i s f i n i t e d i r e c t sum: 

n 
X = M 1 + M „ + . . . + M = I M , 1 2 n i 

i = l 

means t h a t any x e X may be u n i q u e l y w r i t t e n 

n 
x = I x 

i = l 

where x ^ g M ^ . When t h e s u b s p a c e s M^J_M. , a l l i^ j (any e l e m e n t of one 

o r t h o g o n a l t o a l l e l e m e n t s of t he o t h e r ) , t he d i r e c t sum d e c o m p o s i t i o n 
i s s a i d t o be o r t h o g o n a l , and i s i n d i c a t e d 

n 

1 2 n i = l 1 

S e c o n d l y , i f H i s any H i l b e r t s p a c e and M i s any l i n e a r m a n i f o l d , t he 

s e t M J- = {xeH:xJ_m, a l l mcM} i s a s u b s p a c e ; and i f M i s i t s e l f a subs 

i t f o l l o w s t h a t H = M0M-L ( [ 1 ] , p . 1 7 2 ) . A p p l y i n g t h i s l a s t r e s u l t , 
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H X , Y ( " ° ' m ) = H X , Y ( t ) * [ H X , Y ( t ) ] ^ ; 

f o r z e H x y ( - c o , c o ) , 

z = u + v , u J _ v , u e H x ^ Y ( t ) , V fc [H j Y ( t ) 

Now t he p r o j e c t i o n o p e r a t o r w h i c h maps H v „ ( - » , c o ) on to t he s u b s p a c e 
A , I 

H x y ( t ) , ( . | H X y ( t ) ) , i s d e f i n e d by ( z | H x y ( t ) ) = u . The s p e c i a l c a s e s o f 

i n t e r e s t i n t he t e x t i n v o l v e z = X( t+1) and z = Y ( t ) . T h i s o p e r a t o r 
e n j o y s many i m p o r t a n t p r o p e r t i e s : l i n e a r i t y , i d e m p o t e n c y , c o n t i n u i t y 
u n i t no rm, s e l f - a d j o i n t n e s s , and p o s i t i v i t y — n o n e o f w h i c h a r e e x p l o i t e d 
i n t h i s p a p e r . T h a t the p r o j e c t i o n m i n i m i z e s t he m e a n - s q u a r e e r r o r 
f o l l o w s f r o m 5 . 8 ( 6 ) o f [ 3 0 ] . 

- ' L : ! ^ y ( - c o , OO ) + H x y ( - c o , oo) i s d e f i n e d by L [ X ( t ) ] = L [ X ( t + l ) ] 

and L [ Y ( t ) ] = Y ( t + 1 ) , a l l t , and e x t e n d e d by c o n t i n u i t y ( [ 1 6 ] , p. 1 4 , 1 5 ) . 
L i s u s e f u l no t o n l y i n p r o v i n g p l a u s i b l e i m p l i c a t i o n s o f s t a t i o n a r i t y , 
b u t a l s o i n d e r i v i n g s p e c t r a l p r o p e r t i e s o f t he p r o c e s s , w h i c h f l o w f rom 
t h e s p e c t r a l p r o p e r t i e s o f a u n i t a r y f a m i l y o f o p e r a t o r s ( c f . S t o n e ' s 

Theorem i n [ 1 6 ] , S e c t i o n 1 3 7 ) . { L t } , t e l i s s u c h a f a m i l y , when L t 

i s d e f i n e d as t he c o m p o s i t i o n o f L w i t h i t s e l f t t i m e s , 
g I 

— The n o t a t i o n i s so n a t u r a l t h a t i t s h o u l d c a u s e no c o n f u s i o n , 
a l t h o u g h s t r i c t l y s p e a k i n g we s h o u l d w r i t e 

( > ) 1 H x > Y ( t - 1) x y t - 1) 

and p r o c e e d to e x t e n d a l l c o n c e p t s t o p r o d u c t s p a c e s l i k e t h e s e . Such 
e x t e n s i o n s a r e h e l p f u l where e x t e n s i v e p r o o f s a r e i n v o l v e d , a s the W i e n e r -
M a s a n i [30] a r t i c l e d e o m o n s t r a t e s . Of c o u r s e , by s a y i n g t h a t a v e c t o r 

(^) ( t ) i s J_ to a s u b s p a c e , we mean t h a t e a c h component o f t he v e c t o r i s 

o r t h o g o n a l to a l l e l e m e n t s o f t he s u b s p a c e . 

9 / 
— T h i s d e f i n i t i o n and t he a s s e r t i o n of t he m u l t i d i m e n s i o n a l 

Wo ld d e c o m p o s i t i o n theorem a p p e a r s due to Z a s u h i n [33] who announced t he 
r e s u l t w i t h o u t p r o o f ( [ 3 0 ] , p . 1 3 6 ) . The f i r s t p r o o f o f t h e f u l l r a n k 
c a s e i s D o o b ' s ( [ 2 ] , p . 5 9 7 ) ; t he g e n e r a l r a n k c a s e was t r e a t e d by 
W i e n e r and M a s a n i [ 3 0 ] . A n o t h e r d e f i n i t i o n o f t h e r a n k of a p r o c e s s a s 
t h e a . e . (Lebesgue) rank o f i t s s p e c t r a l d e n s i t y f u n c t i o n ( [ 1 7 ] , p. 39) 
i s p r e s e n t i n t h e l i t e r a t u r e bu t n e e d n ' t c o n c e r n us i n t h i s p a p e r . 

- ^ T h e t e s t a b l e r e s t r i c t i o n s w h i c h must be i n t h e d a t a f o r 
t h i s t r e a t m e n t n o t t o b e r e j e c t e d a r e q u i t e — p e r h a p s t o o — s e v e r e . F o r 
e x a m p l e , X ( t ) must be p e r f e c t l y p r e d i c t a b l e f rom ( c u r r e n t ) Y ( t ) and t he 
j o i n t p a s t . Of c o u r s e , t he f i n i t e l e n g t h of r e a l w o r l d d a t a s e r i e s 
compromises any s t r i c t t e s t , b u t i n p r i n c i p l e t he same o b j e c t i o n a p p l i e s 
t o a l l t h e o r y . 
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— ^ T h e s e c l a i m s may b e made good by u s e o f t he u n i q u e n e s s o f 
t h e o r t h o g o n a l complement and 6 . 1 0 ( a ) and 5 . 1 1 ( b ) o f [ 3 0 ] . 

— ' ' T h i s i s 6 . 1 0 ( b ) of [ 3 0 ] . 

— / 6 . 1 3 ( b ) o f [ 3 0 ] . 

1 4 / 
— I t m igh t be a rgued t h a t i n most a p p l i c a t i o n s t h e r e i s no 

p e r f e c t l y p r e d i c t a b l e component i n the o r i g i n a l s e r i e s , a g a i n l e a v i n g us 
w i t h a l i n e a r l y r e g u l a r p r o c e s s t o a n a l y z e . 

— ^ I n t h i s c a s e , r u y ( s ) = J * 6 ( s ) , where 6 ( s ) = ^ 

i s t h e c o n v o l u t i o n i d e n t i t y (A * 6 = 6 * A = A f o r a l l s e q u e n c e s A ( . ) ) . 
T h u s , A * p u v * A ' ( k ) = A * £ . 6 * A ' ( k ) = A£ * A ' ( k ) . 

— ^ T h u s , one s e e s e x p r e s s i o n s l i k e X ( t ) = S a ( j ) e ( t - j ) where 
co . . j=0 
V l a ( j ) l < 0 0 i s i m p o s e d , and v a g u e , u n m o t i v a t e d r e f e r e n c e s to " i n v e r t i b i l i t y " 

3=0 
made. F i r s t , no c o v a r i a n c e s t a t i o n a r y p r o c e s s w i t h a d i s c o n t i n u o u s 
s p e c t r u m can be so r e p r e s e n t e d , so t he f i r s t a s s u m p t i o n i s o v e r l y s t r o n g . 
S e c o n d , no " i n v e r t i b i l i t y , " even w i t h a f i n i t e o r d e r m . a . r . , i s n e c e s s a r y 
f o r H ( t ) = H ( t ) , a l t h o u g h i f t he p r o c e s s were " i n v e r t i b l e , " t he d e s i r e d 

A e 
r e s u l t wou ld f o l l o w i m m e d i a t e l y f rom s t a t i o n a r i t y c o n s i d e r a t i o n s . 

— ^ T h e a u t h o r i s no t aware o f n e c e s s a r y and s u f f i c i e n t c o n d i t i o n s 
f o r a p r o c e s s to have an a . r . A v e r y n a t u r a l c o n d i t i o n on t h e s p e c t r a l 
d e n s i t y m a t r i x , t h a t t h e r e e x i s t 0 < c ^ < < <» s u c h t h a t c^ I < F ' ( \ ) < c^ I 

whe re F ' ( A ) i s t h e s p e c t r a l d e n s i t y m a t r i x o f t h e ( y ) p r o c e s s , has been 

u s e d i n [ 1 7 ] , [ 3 0 ] , [27] to a r r i v e a t an a . r . T h i s c o n d i t i o n i s n o t , 
h o w e v e r , n e c e s s a r y f o r an a . r . L i k e t he o u t r i g h t a s s u m p t i o n o f e x i s t e n c e 
o f an a . r . , i t i s i n t he n a t u r e o f a r e g u l a r i t y c o n d i t i o n w h i c h , d e p e n d ­
i n g on o n e ' s a x i o m a t i c p o i n t o f v i e w , may be p r e f e r a b l e . 

The f a c t i s , m o r e o v e r , t h a t t h i s boundedness c o n d i t i o n on 
t h e s p e c t r a l d e n s i t y a l s o g u a r a n t e e s t h a t t he p r o c e s s h a s an e . a . r . , 
and more : t h e s e t { X ( t ) , Y ( t ) , t e l } f o rms a " b a s i s " f o r H x Y ( - ° ° , ° ° ) , 

s o t h a t a l l e l e m e n t s i n H v ( - r o , °°) , n o t j u s t p r o j e c t i o n s , may be 
A , i 

e x p r e s s e d as c o n v e r g e n t i n f i n i t e l i n e a r c o m b i n a t i o n s . 

I S / 
— The r e s u l t r e f e r r e d to i n t he t e x t r e a d s : f o r any r e a l s q u a r e 

m a t r i x A t h e r e e x i s t s a r e a l , o r t h o g o n a l P s u c h t h a t PA = T , where T i s 
u p p e r ( r e a l ) t r i a n g u l a r , w i t h d i a g o n a l e l e m e n t s n o n n e g a t i v e . The d e s i r e d 
a p p l i c a t i o n f o l l o w s , upon t r a n s p o s i t i o n , f o r t h e I I - L n o r m a l i z a t i o n ; an 
a n a l o g o u s theorem f o r T l o w e r t r i a n g u l a r c o u l d be p r o v e d (by i n d u c t i o n ) 
and t r a n s p o s i t i o n w o u l d a g a i n g i v e the I I - U n o r m a l i z a t i o n ; u n i q u e n e s s 
i s i m m e d i a t e . 

1 9 / 
— T h i s f a c t i s t he c r u x o f t he s t a t e m e n t t h a t a Wold c a u s a l -

c h a i n s i m u l a t a n e o u s e q u a t i o n s mode l i s e x a c t l y i d e n t i f i e d b y i t s r e q u i r e ­
ment of l o w e r t r i a n g u l a r i t y ( w h i c h embodies t h e d i r e c t i o n o f c a u s a l i t y 
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i n t h e c h a i n ) and d i a g o n a l c o v a r i a n c e m a t r i x . The s i t u a t i o n must b e 
c a r e f u l l y d i s t i n g u i s h e d f r om a l o w e r t r i a n g u l a r Wold d e c o m p o s i t i o n i n a 
t i m e s e r i e s , w h i c h , i f imposed , wou ld b e a v a s t l y o v e r i d e n t i f y i n g r e s t r i c t i o n . 

2 0 / _ . 2 2 
— S i n c e 0 = o v w 

-^W- and r e c a l l i n g t he d e f i n i t i o n of ( U ) , 

we have 

( y ) ( t ) = A 

uw 

0 * 

2 
\ o a 
\ 2 uw \a -w 2 
\\ a 

U / 

/ u_ \ 

/ ° u \ 
/ 0 \ 

uw w - 2 U 

a 
u 

\ 2 2 
l a - a 

t I w U W 1 

\ 2 / 
\\ 0 / \\ u / 

( t ) = A * f / 2 Q ( * ) ( t ) 
f 

I n t h e t e r m i n o l o g y o f p. 1 5 . We may v e r i f y d i r e c t l y t h a t t he p r o p o s e d 

c a n d i d a t e f o r £ " ^ 2 Q works and t h a t ( f ) has c o v a r i a n c e m a t r i x the i d e n t i t y . 

2 1 / f 

— T h i s f o l l o w s by s t a n d a r d m a n i p u l a t i o n o f t he i n n e r p r o d u c t . 
X ( t ) - ( X ( t ) | N 1 ) 1 N X by t he c h a r a c t e r i z a t i o n of ( X ( t ) 1̂ ) . B u t 

( X C t ) ! ^ ) i s i n N r s o t h a t < X ( t ) , ( X ( t ) | N 1 ) > - < ( X ( t ) | N ; L ) , ( X ( t ) | N " 1 ) > = 0 , 

and t h e f i r s t t e rm i s z e r o s i n c e X ( t ) ]_ by a s s u m p t i o n . T h i s 

l e a v e s | | ( X ( t ) | N ^ ) | | 2 = 0 , so t h a t ( X ( t ) | N ^ ) = 0 . 

2 2 / 
— A c t u a l l y , S ims m o d e s t l y p r o v e s a l i t t l e more than he 

s t a t e s . He p r o v e s t he " o n l y i f " p a r t , t h a t Y ( t ) = h * X ( t ) + W ( t ) => Y 
does n o t c a u s e X , w i t h o u t the a s s u m p t i o n t h a t ( y ) h a s an a u t o r e g r e s s i v e 
r e p r e s e n t a t i o n . T h i s , o f c o u r s e , i s what ou r C o r o l l a r y 2 g a v e . S o , 
we o n l y h a v e a s t r e n g t h e n i n g i n t he " i f " d i r e c t i o n , i f t h i s change 
i n S i m s ' s t a t e m e n t o f Theorem 2 i s made. 

2 3 / 
— The a u t h o r w i s h e s to a c k n o w l e d g e h i s g r a t i t u d e t o 

C h r i s t o p h e r A . S ims no t o n l y f o r s u g g e s t i n g t he p u r s u i t o f t h i s 
p r o j e c t i o n , bu t more g e n e r a l l y f o r s t r e s s i n g t h e f u n d a m e n t a l n e s s o f 
f u n d a m e n t a l n e s s . H i s o r a l t r a d i t i o n i s r e f l e c t e d i n t he r e f e r e n c e s 
t o t he work o f Rozanov found i n t h e s e p a g e s . 

2 4 / 
— More e x p l i c i t l y , X Z <=> OTOO 1 2 ' 2 3 a 1 3 a 2 2 ^ ° < = > a 1 3 

-1 
a 1 2 a 2 2 
o n l y when a 

i 

23 * ° < = > a X Z . Y * ° ' 3 n d X Z <=> 4 0 . C o n s e q u e n t l y , 

1 2 a 2 3 = 0 w i l 1 a x z Y a n d a l 3 n e c e s s a r i l Y a g r e e ; i n o t h e r 

7. i f f p i r h p r X w o r d s , X •*-*• Z whenever X * * Z i f f e i t h e r X « Y o r Y « Z . V iewed a s 
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s u b s e t s o f t h e s p a c e L p o s i t i v e d e f i n i t e m a t r i c e s , t h e e v e n t s X Z 

and X Z b o t h have l e b e s g u e m e a s u r e , m ( . ) , z e r o , so t h a t t r i v i a l l y 
t h e i r comp lements a g r e e a l m o s t e v e r y w h e r e , a s a s s e r t e d . We do n o t 
p u r s u e t h e s e and r e l a t e d i s s u e s h e r e , b e c a u s e ou r c h i e f c o n c e r n i s w i t h 
c a u s a l i t y f l o w s o v e r t i m e . 

2 5 / 
— The word i s c h o s e n t o c o n n o t e t e c h n i c a l s e n s e s i n w h i c h 

t h i s c o n c e p t m igh t be made more p r e c i s e . 
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