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The v i e w s e x p r e s s e d h e r e i n a r e s o l e l y t h o s e of the a u t h o r and do no t 
n e c e s s a r i l y r e p r e s e n t t he v i e w s o f the F e d e r a l R e s e r v e Bank of M i n n e a p o l i s 
o r the F e d e r a l R e s e r v e S y s t e m . The m a t e r i a l c o n t a i n e d i s o f a p r e l i m i n a r y 
n a t u r e , i s c i r c u l a t e d to s t i m u l a t e d i s c u s s i o n , and i s no t to be q u o t e d 
w i t h o u t p e r m i s s i o n o f the a u t h o r . 

R o b e r t L i t t e r m a n most a b l y pe r f o rmed the r a t h e r i n v o l v e d c a l c u l a t i o n s 
r e p o r t e d i n t h i s p a p e r . 



Both Keynes and v a r i o u s c l a s s i c a l w r i t e r s a s s e r t e d t h a t r e a l 

wages wou ld move c o u n t e r c y c l i c a l l y as emp loye rs moved a l o n g downward 

s l o p i n g s c h e d u l e s r e l a t i n g the e m p l o y m e n t - c a p i t a l r a t i o to the r e a l 

wage. Dun lop [1938] and T a r s h i s [1939] d e s c r i b e d e v i d e n c e w h i c h they 

i n t e r p r e t e d as f a i l i n g to c o n f i r m a c o u n t e r c y c l i c a l p a t t e r n o f r e a l wage 

movements. Tha t and s u b s e q u e n t e v i d e n c e of a s i m i l a r n a t u r e h e l p e d to 

s t i m u l a t e a t t e m p t s to d e s c r i b e a g g r e g a t e employment and r e a l wages by 

" d i s e q u i l i b r i u m m o d e l s , " the work o f B a r r o and Grossman [1971] and So low 

and S t i g l i t z [1968] b e i n g two p rom inen t e x a m p l e s . However , most o f t h a t 

e m p i r i c a l e v i d e n c e stemmed f rom f i t t i n g s t a t i c r e g r e s s i o n s i n a t t e m p t s 

to t e s t s t a t i c t h e o r i e s o f the demand f o r employment . The r e c e n t p a p e r 

by S a l i h N e f t c i [ 1 9 7 7 ] , w h i c h computes l o n g t w o - s i d e d d i s t r i b u t e d l a g s 

be tween employment and r e a l w a g e s , i n d i c a t e s t h a t t h e r e a r e c o m p l i c a t e d 

and s t a t i s t i c a l l y s i g n i f i c a n t dynamic i n t e r a c t i o n s be tween r e a l wages 

and employment , a t l e a s t i n the p o s t - W o r l d War I I U . S . d a t a . 

T h i s paper e s t i m a t e s a dynamic a g g r e g a t i v e demand s c h e d u l e f o r 

employment f o r p o s t - w a r U . S . d a t a . W h i l e the demand model makes e m p l o y 

ment depend i n v e r s e l y on t he a p p r o p r i a t e r e a l wage, as does t he s t a t i c 

t h e o r y , a p o t e n t i a l l y r i c h dynamic s t r u c t u r e i s i n t r o d u c e d i n t o t h a t 

dependence b e c a u s e f i r m s a r e assumed to f a c e c o s t s o f r a p i d l y a d j u s t i n g 

t h e i r l a b o r f o r c e and so f i n d i t o p t i m a l to t ake i n t o a c c o u n t f u t u r e 

e x p e c t e d v a l u e s of the r e a l wage i n d e t e r m i n i n g t h e i r c u r r e n t employment . 

The model imposes o v e r i d e n t i f y i n g r e s t r i c t i o n s on t he b i v a r i a t e r e a l 

wage-employment s t o c h a s t i c p r o c e s s and t h e r e f o r e can be t e s t e d g i v e n a 

s i n g l e samp le of d a t a . 

The model i s fo rmed by b l e n d i n g t he c o s t l y a d j u s t m e n t mode l o f 

L u c a s [ 1 9 6 7 ] , Treadway [ 1 9 6 9 ] , and G o u l d [1969] w i t h L u c a s ' s s t a t i c 
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model o f o v e r t i m e work and c a p a c i t y [ 1 9 7 0 ] . The model i s f o r m u l a t e d so 

t h a t i t d e l i v e r s l i n e a r d e c i s i o n r u l e s r e l a t i n g the demand f o r s t r a i g h t -

t ime employment and o v e r t i m e employment each to t he r e a l wage p r o c e s s . 

The model imposes t he r a t i o n a l e x p e c t a t i o n s h y p o t h e s i s , s i n c e f i r m s a r e 

supposed to use the t r u e moments o f the r e a l wage p r o c e s s i n f o r m i n g 

f o r e c a s t s . The r a t i o n a l e x p e c t a t i o n s h y p o t h e s i s i s a ma in s o u r c e o f t he 

o v e r i d e n t i f y i n g r e s t r i c t i o n s imposed by the m o d e l . 

I n a d d i t i o n h o p e f u l l y to p r o v i d i n g some new e v i d e n c e i n t he 

D u n l o p - T a r s h i s t r a d i t i o n , t h i s paper i l l u s t r a t e s a t e c h n o l o g y f o r maximum 

l i k e l i h o o d e s t i m a t i o n o f d e c i s i o n r u l e s under t he h y p o t h e s i s t h a t e x p e c t a t i o n s 

a r e r a t i o n a l . T h a t t e c h n o l o g y p o t e n t i a l l y has a v a r i e t y o f a p p l i c a t i o n s . — ^ 
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1. The Demand f o r Employment 

The model i s fo rmed by t a k i n g L u c a s ' s model o f o v e r t i m e work 

and c a p a c i t y [1970] and amending i t t o p e r m i t p o t e n t i a l l y d i f f e r e n t 

a d j u s t m e n t c o s t s to be a s s o c i a t e d w i t h r a p i d l y c h a n g i n g s t r a i g h t - t i m e 

2 / 

and o v e r t i m e l a b o r . — I t i s w i d e l y a s s e r t e d t h a t i t i s much cheape r t o 

a d j u s t the o v e r t i m e l a b o r f o r c e q u i c k l y t han i t i s to a d j u s t t he s t r a i g h t -

t ime l a b o r f o r c e ; c o n s e q u e n t l y , i t i s a l l e g e d t h a t o v e r t i m e l a b o r r e s p o n d s 

r a p i d l y to the marke t s i g n a l s t h a t t he f i r m r e c e i v e s , w h i l e the s t r a i g h t -

t ime l a b o r f o r c e r e s p o n d s more s l u g g i s h l y . The model i s d e s i g n e d to 

r e p r e s e n t t h i s phenomenon and to p r o v i d e a f ramework f o r e s t i m a t i n g i t s 

d i m e n s i o n s and t e s t i n g i t . 

I s h a l l work w i t h a r e p r e s e n t a t i v e f i r m , a l t h o u g h as I s h a l l 

remark b e l o w , the model can h a n d l e c e r t a i n k i n d s o f d i v e r s i t y a c r o s s 

f i r m s . F o l l o w i n g L u c a s , suppose t h a t the r e p r e s e n t a t i v e f i r m f a c e s the 

i n s t a n t a n e o u s p r o d u c t i o n f u n c t i o n 

y ( t + T ) = f ( n ( t + T ) , k ( t + T ) ) , f n , f k , f n k > 0 ; f ^ , < 0 

t=0, 1, 2 , 3 , . . . 

r e [ 0 , l ) . 

Here y ( t + i ) i s t h e r a t e of o u t p u t pe r u n i t t ime a t i n s t a n t t+T, n ( t+T) 

i s the number of employees a t i n s t a n t t+T, and k ( t+T) i s t he s t o c k o f 

c a p i t a l a t t+T. The l e n g t h of the " d a y " i s 1, so t h a t t i n d e x e s days 

and i i n d e x e s moments w i t h i n the d a y . The f i r m i s assumed to have a 

c o n s t a n t c a p i t a l s t o c k o v e r the day so t h a t 

k ( t+T ) = k ( t ) = k t f o r T e I 0 , l ) . 
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The f i r m i s assumed to be a b l e to h i r e w o r k e r s f o r a s t r a i g h t - t i m e s h i f t 

o f f i x e d l e n g t h h^ < 1 a t the r e a l wage w .̂ d u r i n g day t . D u r i n g the 

o v e r t i m e s h i f t o f l e n g t h • 1 ~ h ^ , the f i r m can h i r e a l l t he l a b o r i t 

wants d u r i n g day t a t the r e a l wage aw^, where a s 1.5 i s an o v e r t i m e 

premium. T h u s , f o r t he f i r s t h . moments o f day t t he f i r m must pay 

w o r k e r s w t > w h i l e f o r the r e m a i n i n g h 2 moments i t must pay a w t . C o n 

f r o n t e d w i t h t h e s e market o p p o r t u n i t i e s i t i s o p t i m a l f o r the f i r m to 

choose to s e t n ( t+x ) = n ^ t f o r T e l O . h ^ ] and n ( t+x ) = n 2 t f o r T e ( h ^ , l ) . 

Tha t i s , i t i s o p t i m a l f o r t he f i r m to choose a s i n g l e l e v e l o f s t r a i g h t -

t ime employment n ^ t d u r i n g t and a s i n g l e l e v e l o f o v e r t i m e employment 

o f n 2 { . d u r i n g the day t . 

to s i m p l i f y t h i n g s , I assume t h a t c a p i t a l i s c o n s t a n t o v e r t ime so t h a t 

k t can be d ropped as an argument f rom £ ( ' , ' ) . ( I n t he e c o n o m e t r i c work 

b e l o w , s t e p s a r e t a k e n to d e t r e n d the d a t a p r i o r t o e s t i m a t i o n p a r t l y i n 

o r d e r to m i n i m i z e t he damage caused by t h i s a p p r o x i m a t i o n . ) S e c o n d , I 

assume a q u a d r a t i c p r o d u c t i o n f u n c t i o n s o t h a t we w r i t e i n s t a n t a n e o u s 

o u t p u t on t he f i r s t and s e c o n d s h i f t s as 

The f i r m ' s o u t p u t o v e r the " d a y " i s t hen 

y t = / J y ( t + T ) d T 

l t , k t ) + h 2 f ( n 2 t , k t ) . 

I t a k e s e v e r a l s t e p s to s p e c i a l i z e t h i s s e t u p f u r t h e r . F i r s t , 

f ( n l t , k ) = ( f 0 + a l t ) n l t -

f ( n 2 t , k ) = ( f 0 + a 2 t ) n 2 t -
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where f^, > 0 , and where a ^ t and a^t a r e exogenous s t o c h a s t i c p r o c e s s e s 

a f f e c t i n g p r o d u c t i v i t y o f s t r a i g h t - t i m e and o v e r t i m e employment . We 

assume t h a t E a ^ t = Ea^t = 0 . The s t o c h a s t i c p r o c e s s e s a ^ t and w i l l 

be r e q u i r e d to s a t i s f y c e r t a i n r e g u l a r i t y c o n d i t i o n s to be s p e c i f i e d 

b e l o w . 

The f i r m i s assumed to b e a r d a i l y c o s t s o f a d j u s t i n g i t s 

d 2 
s t r a i g h t - t i m e l a b o r f o r c e o f " 2 ^ n l t ~ n l t 1^ a n < * t 0 ^ e a r ^ a i l y c o s t s o f 

e 2 

a d j u s t i n g i t s o v e r t i m e l a b o r f o r c e o f " 2 ^ n 2 t - n 2 t - l ^ ' ^ C * s v^e^y 

b e l i e v e d t h a t i t i s s u b s t a n t i a l l y more e x p e n s i v e t o a d j u s t the s t r a i g h t -

t ime l a b o r f o r c e so t h a t d >> e . The f i r m f a c e s an exogenous s t o c h a s t i c 

p r o c e s s f o r t he r e a l wage o f ( w t ) . The f i r m ' s s t r a i g h t - t i m e and o v e r t i m e 

wage b i l l s a r e , r e s p e c t i v e l y , w

t

n ^ n ^ t and a w

t

n 2 n 2 t ' 

The f i r m chooses c o n t i n g e n c y p l a n s f o r n ^ t and n 2 t t o m a x i m i z e 
3 / 

i t s e x p e c t e d r e a l p r e s e n t v a l u e -

CO f 

<« \ - E t J 0

b J f ( f o + a i t + j - w t + j ) h i n i t + j - rVu+j 

" 2 ( n l t + j - n l t + j - l ) 2 + ( f 0 + a 2 t + j - a w t + j ) h 2 n 2 t + j 

f l , 2 e . , 2 , 
" 2 ~ h 2 n 2 t + j " 2 ( n 2 t + j _ n 2 t + j - l ) ] 

f Q , £ ± , d , e > 0 , a > 1 , 0 < b < 1 

whe re n i c _ ^ a n c * n 2 t i a s w e H as the s t o c h a s t i c p r o c e s s e s f o r w, a-^, and 

a 2 a r e g i v e n to t he f i r m . Here b i s a r e a l d i s c o u n t f a c t o r t h a t l i e s 

be tween z e r o and o n e . The o p e r a t o r E t i s d e f i n e d by E t x = E x | f t t where 

x i s a random v a r i a b l e , E i s m a t h e m a t i c a l e x p e c t a t i o n , and ft i s an 

i n f o r m a t i o n s e t a v a i l a b l e to the f i r m a t t i m e t . I assume t h a t ftt 

i n c l u d e s a t l e a s t { n i t _ i » n 2 t - l , a l t , a l t - l ' ' ' ' ' a 2 t ' a 2 t - l ' ' " ' W t ' W t - l ' ' ' ' " 
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The f i r m i s assumed to m a x i m i z e (1) by c h o o s i n g s t o c h a s t i c p r o c e s s e s f o r 

n^ and f r om the s e t o f s t o c h a s t i c p r o c e s s e s t h a t a r e ( n o n a n t i c i p a t i v e ) 

f u n c t i o n s o f t he i n f o r m a t i o n s e t ftfc. ( B e l o w , I w i l l f u r t h e r r e s t r i c t 

the c l a s s o f s t o c h a s t i c p r o c e s s e s o v e r w h i c h t he o p t i m i z a t i o n i s c a r r i e d 

o u t . ) I assume t h a t t he s t o c h a s t i c p r o c e s s e s w t > a ^ , and a 2 t a r e o f 

e x p o n e n t i a l o r d e r l e s s t h a n Cj~0» w h i c h means t h a t f o r some K > 0 

Vt+iI < K<£>J 

t+j 

l E t a 2 t + j l < K ( i ) j 

f o r a l l t and a l l j > 0 . 

F i r s t - o r d e r n e c e s s a r y c o n d i t i o n s f o r the m a x i m i z a t i o n o f (1) 

c o n s i s t o f a s e t o f " E u l e r e q u a t i o n s " and a p a i r o f t r a n s v e r s a l i t y 

c o n d i t i o n s . — ' ' The E u l e r e q u a t i o n s f o r { n ^ } and ( n

2 t . } a r e 

h l 
b Et + j

n i t+j + i + Vit+j + n i t + j - i = d- ( wt+ j-ait+j- fo ) 

(2) 

where 

(3) 

j=0, 1, 2 , . . . 

h 2 

bEt+jn2t+j+l + *2n2t+j + n2t+j-l = -e-(awt+;fa2t+;f V 

j = 0 , 1, 2 , . . . 

f h 
) L = - ( - ^ + (1+b)) 

f h 
^2 = -{-j-- + d + b ) ) . 
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The t r a n s v e r s a l i t y c o n d i t i o n s a r e 

(4) Um b T E t n - l i m b T E n = 0 . 
T-*» T-xo 

To s o l v e t he E u l e r e q u a t i o n s f o r the opt imum c o n t i n g e n c y p l a n s , f i r s t 

o b t a i n the f a c t o r i z a t i o n s 

<j> 
(5) (1 + ^ z + £ z 2 ) = ( l - 5 l Z ) ( l - 6 2 z ) 

(6) (1 + ^ z + i Z

2 ) = ( l - M l Z ) ( l - U 2 z ) . 

G i v e n the a s s u m p t i o n s abou t the s i g n s and magn i tudes o f the p a r a m e t e r s 

compos ing b , <J>̂ , and <t>2, i t f o l l o w s t h a t f a c t o r i z a t i o n s e x i s t w i t h 

0 < 6 1 < 1 < b < 6 2 a n d 0 < M l < 1 < £ < U 2 ' X t t h e n f o l l o w s t h a C 

s o l u t i o n s of the E u l e r e q u a t i o n s t h a t s a t i s f y the t r a n s v e r s a l i t y c o n 

d i t i o n s and the i n i t i a l c o n d i t i o n s a r e g i v e n by — 

<a> nu = Vit-i - ^ j ^ V t n ^ t w V 

(7) 

( b ) n 2 t = V 2 t - 1 " ^ . ^ n

( f c ) i E t ( a w t + i - a 2 t + i - f 0 ) -
i=0 2 

I t can be v e r i f i e d d i r e c t l y t h a t t h e s e s o l u t i o n s s a t i s f y t he E u l e r 

e q u a t i o n s and the t r a n s v e r s a l i t y c o n d i t i o n s . The p o l y n o m i a l e q u a t i o n (5) 
f 1 h 1 

i m p l i c i t l y d e f i n e s 6^ and &^ as f u n c t i o n s o f —^—. By s t u d y i n g t h i s 

p o l y n o m i a l , — ^ i t i s p o s s i b l e to show t h a t <5. i s a d e c r e a s i n g f u n c t i o n o f 
f l h l 1 1 
—:— and t h a t t~ = bo", . I t f o l l o w s t h a t 6 , and -?— b o t h i n c r e a s e w i t h d 6 2 1 1 o 2 

i n c r e a s e s i n the a d j u s t m e n t c o s t p a r a m e t e r d . R e f e r e n c e to e q u a t i o n (7a) 

then shows t h a t i n c r e a s e s i n the a d j u s t m e n t c o s t pa rame te r d , by i n c r e a s i n g 

6^ and -|—, d e c r e a s e the speed w i t h w h i c h the f i r m r e s p o n d s to t he r e a l 
2 1 

wage and p r o d u c t i v i t y s i g n a l s t h a t i t r e c e i v e s . S i m i l a r l y , | i , and 
f l h 2 1 2 

a r e d e c r e a s i n g f u n c t i o n s o f — , and — - b y . . 
e ^2 
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E q u a t i o n s (7) a r e d e c i s i o n r u l e s f o r s e t t i n g n ^ c and n 2 t as 

l i n e a r f u n c t i o n s o f n^ t _2» n 2 t - l ' a n d t b e c o n d i t i ° n a l e x p e c t a t i o n s 

E

t

w

t + 1 » E t a l t + i ' a n d E t a 2 t + i ' i = 0 ' 1 ' 2 ' However , i n g e n e r a l , 

t h e s e c o n d i t i o n a l e x p e c t a t i o n s a r e n o n l i n e a r f u n c t i o n s o f the i n f o r 

m a t i o n i n ftt- G i v e n p a r t i c u l a r s t o c h a s t i c p r o c e s s e s f o r w^ , a ^ , and 

a 2 t » e q u a t i o n s (7) can be s o l v e d f o r d e c i s i o n r u l e s e x p r e s s i n g n ^ t and 

n 2 t a s , i n g e n e r a l , n o n l i n e a r f u n c t i o n s o f Q^. 

F o r the p u r p o s e s o f e m p i r i c a l w o r k , i t i s c o n v e n i e n t to r e s t r i c t 

o u r s e l v e s to t he c l a s s o f d e c i s i o n r u l e s t h a t a r e l i n e a r f u n c t i o n s o f 

i 2 t - The o p t i m a l l i n e a r d e c i s i o n r u l e s c a n be o b t a i n e d by r e p l a c i n g t he 

c o n d i t i o n a l m a t h e m a t i c a l e x p e c t a t i o n s i n (7) w i t h the c o r r e s p o n d i n g 

l i n e a r l e a s t s q u a r e s p r o j e c t i o n s on the i n f o r m a t i o n s e t Q^. A c c o r d i n g 

l y , h e n c e f o r t h , I w i l l i n t e r p r e t E as the l i n e a r l e a s t s q u a r e s p r o j e c t i o n  

o p e r a t o r . 

To d e r i v e f rom (7) e x p l i c i t d e c i s i o n r u l e s f o r n ^ t and n 2 t a s 

f u n c t i o n s o f Q^, i t i s n e c e s s a r y f u r t h e r to r e s t r i c t the s t o c h a s t i c 

p r o c e s s e s w^., a ^ , and a 2 t - I assume t h a t a ^ and a,^ a r e each f i r s t -

o r d e r Markov p r o c e s s e s f o r w h i c h 

Vit + i • p i a i t 
(8) 

E t a 2 t + i = P 2 a 2 t ^ ° 

where | p11 <• -g, | P 2 | < ^ I assume t h a t w c i s an n t h - o r d e r Markov p r o c e s s 

(10) w t = v Q + v 1 w t _ 1 + v 2 w t _ 2 + . . .+ v n w t _ n + C 3 t 

where £ j i s a l e a s t s q u a r e s d i s t u r b a n c e t h a t s a t i s f i e s E

t _ ^ ^ 3 t

 =  

E S t ' i \ 1 = °'~ l t i S c o n v e n i e n C t o r e P r e s e n t t h e n C h - o r d e r p r o c e s s 
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(10) as t he ( n + l ) - v e c t o r f i r s t - o r d e r Markov p r o c e s s 

where 

X t • A V l + C t 

X t = 

w. 

w t - 1 

w t - 2 

w t - n 

E t = 

' 3 t 

A = 

v l "2 

1 0 

0 1 

n 0 

0 0 

0 0 

0 0 . . . 1 0 0 

0 0 . . . 0 0 1 

We can w r i t e 

X t+1 = A x t + C t + 1 

X t + 2 = A X t + C t + 2 + A C t + l 

x t + j = A J x t + £ t + j

 + A c t + j - i + • • • AJ' let+r 
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S i n c e E t e t + k = 0 f o r k > 1, we have 

E x , . = A j x . t t+ j t 

Assume t h a t the e i g e n v a l u e s o f A a r e d i s t i n c t s o t h a t A can be w r i t t e n 

as 

A = P A P - 1 

where t he co lumns o f P a r e the e i g e n v e c t o r s o f A and A i s the d i a g o n a l 

8 / 
m a t r i x whose e l e m e n t s a r e the e i g e n v a l u e s o f A .— Then we have 

E x_ , . = PA- 'Px . 
t t+j t 

F i n a l l y , l e t c be t he l x ( n + l ) row v e c t o r ( 1 , 0 , 0 , . . . ,0 ) so t h a t w t = c x ^ . 

We thus have t h a t 

(11) E t w t + j = c P A J p " l x

t -

9 / 
S u b s t i t u t i n g f r om (8) and (11) i n t o (7a) g i v e s -

" I t - V l t - l " ^ C P J 0

( V ) V 1 X t  

6 l h l , f o , . 6 l \ 1 , 

2 6 2 

L e t A i be the i i t b e lement of ft. S i n c e ^ = we have t h a t = 

| A j 6 j b | < 1 by v i r t u e of the a s s u m p t i o n t h a t w t i s o f e x p o n e n t i a l o r d e r 

l e s s t han -jk 1 - e . , t h a t U . ' b l < 1. Then t he i n f i n i t e sum above c o n -
b i 

v e r g e s and we can w r i t e 
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6 l h l 1 - 1 
( 1 2 ) nu = 6 i n i t - i - - a - ^ — r ] i i p x t 

6 l h l f 0 6 l h l 1 
d _ 1__ d p. I t 

2 6 2 

1 t h 
where [ r— ] . . i s a d i a g o n a l m a t r i x w i t h (1 - -r~) as the i d i a g o n a l 

11 6 2 

6 2 
e l e m e n t . 

L e t us w r i t e (12) a s — ^ 

(13) n u = + a i w t + + . . .+ a w t _ n + 1 + a Q 

+ — ( T ^ b > + a i t 

where 

(14) ( a i , a 2 , . . . , a n , a 0 ) = - 4 ^ P [ F I ^ 1 i i P " 1 

a l t d 4 - p 1 6 1 b ; a l t ' 

P r o c e e d i n g i n the same way , we c a n w r i t e t he d e c i s i o n r u l e f o r n 2 t a s 

(15) n 2 t = u 1 n 2 t _ 1 + B l w t + B 2 w t _ x + . . .+ 6 n w t _ n + 1 + 6 Q 

+ I - ( T ^ b > + a 2 t 

where 

(16) ( g 1 , g 2 , . . . , B n , 6 0 ) = - ^ P [ I = X ^ ] P - 1 

y , h , , _ 1 2 . 1 . 
a 2 t e 4 - P 2 W 1 b ; a 2 t * 
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E q u a t i o n s (14) and (16) s u c c i n c t l y summar ize how the d i s t r i b u t e d l a g 

c o e f f i c i e n t s , t he a ' s and 8 ' s , r e f l e c t t he c o m b i n a t i o n o f f o r e c a s t i n g 

( t h r o u g h the p a r a m e t e r s of P and A) and o p t i m i z a t i o n ( t h r o u g h the p a r a 

me te r s d , 6 , and y) e l e m e n t s . C l e a r l y , t h e d e c i s i o n r u l e s (13) and (15) 

a r e no t i n v a r i a n t w i t h r e s p e c t to the s t o c h a s t i c p r o c e s s f o r r e a l wages 

( 8 ) , a g e n e r a l c h a r a c t e r i s t i c o f opt imum d e c i s i o n r u l e s whose f a r r e a c h i n g 

i m p l i c a t i o n s f o r e c o n o m e t r i c p o l i c y e v a l u a t i o n have been s t r e s s e d by 

R o b e r t E . L u c a s , J r . , [ 1 9 7 6 ] . 

S i n c e I w i l l f i t the model to d a t a t h a t a r e d e v i a t i o n s f rom 

means and t r e n d s , I s h a l l h e n c e f o r t h d r o p t he c o n s t a n t s f rom ( 1 3 ) , ( 1 5 ) , 

and ( 1 0 ) . S u b s t i t u t e (10) f o r w t and s u b t r a c t Pj_a]_t_]_ f r om b o t h s i d e s 

of (13) to ge t 

(17) n u = ( « 1 + P 1 ) n l t _ 1 - P 1 6 1 n l t _ 2 + C ^ i V ^ V l 

+ ( a 3 + a 1 v 2 - a 2 p 1 ) w t _ 2 + . . .+ ( V V V r V l P l K - n + l 

+ ( a l W l ) w t - n + [ a 1 ^ 3 t + ( a i t - p l a i t - l ) ] -

From ou r e a r l i e r a s s u m p t i o n s , E t _ j _ f a i ^ 3 t + ^ a l t ~ ^ l a l t - l ^ = ^ ' S ° t * i a t 

(17) i s t he ( v e c t o r ) a u t o r e g r e s s i o n f o r n ^ t - * n p a r t i c u l a r , we have 

(18) E t _ 1 n l t = ( 6 1 + P 1 ) n l t _ 1 - P ^ n ^ + < ^ V ° 2 P l ) , r t - l 

+ ( a 3 - k x 1 v 2 - a 2 p 1 ) w t _ 2 + . . .+ ( V a l V r a n - l p l ) w t - n + l 

+ ( a l V n - a n P l ) w t _ n . 
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S i m i l a r l y , we have f o r n 2 t 

(19) n 2 t = ( » i 1 + P 2 ) n 2 t _ 1 - P 2 M 1 n 2 t _ 2 + ( B ^ B ^ - B ^ ) " ^ 

+ ( B 3 + B 1 v 2 - B 2 P 2 ) w t _ 2 + . . .+ ( B n + B 1 v n _ 1 - B n _ 1 P 2 ) w c _ n + 1 

+ ( e i V e n P 2

) w t - n + [ e ^ 3 t + ( a 2 t - p 2 a 2 t - l ) ] -

We can now w r i t e t he c o m p l e t e t h r e e - v a r i a t e v e c t o r a u t o r e g r e s s i o n 

f o r n l t , n 2 t > w t as 

(a) n l t = ( 6 1 + p 1 ) n u _ 1 - P 1 6 1 n u _ 2 + ( a 2 + a 1 v 2 - a 2 p 1 ) w t _ 1 

+ ( c t 3 + a 1 v 2 - a 2 p 1 ) w t _ 1 + . . .+ ( a n + a 1 v n _ 1 - a n _ 1 p 1 ) w t _ n + 1 

+ (alVanpl)wt-n

 + ult 

(20) (b) „ 2 t = ( M 1 + P 2 ) n 2 t _ 1 - P 2 y 1 n 2 t _ 2 + ( B ^ - B ^ ^ w ^ 

+ ( 3 3 + B 1 v 2 - B 2 P 2 ) w t _ 2 + . . .+ ( 6 n + B 1 v n _ 1 - B n _ 1 P 2 ) w t _ n + 1 

+ ( B 1 v n - B n P 2 ) w t _ n + u 2 t 

( c ) w t = v 1 w t _ 1 + v 2 w t _ 2 + . . .+ v n w t _ n + u 3 t 

where 

Ut = 

' I t 

' 2 t 

' 3 t 

a i ? 3 t + ( a i t - p i a i t - i ) 

P l ^ 3 t + ( a 2 t - p 2 a 2 t - l ) 

' 3 t 

n l t _ E t - l n l t 

n 2 t _ E t - l n 2 t 

w t - E t _ 1 w t 

Here u c i s the v e c t o r o f i n n o v a t i o n s , i . e . , e r r o r s i n p r e d i c t i n g ( n

l t » n 2 t ' w t ^ 

f r om p a s t i n f o r m a t i o n . The re a r e (3n+4) r e g r e s s o r s i n ( 2 0 ) , i . e . , 
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W t - 1 ' ' " * ' W t - n * e a c ^ ° ^ w n i c h appea r t h r e e t i m e s , and n ^ c _ j » aXt-2' 

n2t-i' a n < * n 2 t - 2 ' e a c n ° * w h i c h a p p e a r s o n c e . The f r e e p a r a m e t e r s o f 

the model a r e f . , d , e , p . , p . , v . , . . . , v , s o t h a t t h e r e a r e (n+5) 1 1 I 1 n 

pa rame te r s to be e s t i m a t e d . A s i t t u r n s o u t , the model i s o v e r i d e n t i f i e d 

f o r n > l . 

C o l l e c t i n g the e q u a t i o n s t h a t summar ize the r e s t r i c t i o n s t h a t 

t he model imposes on the v e c t o r a u t o r e g r e s s i o n ( 2 0 ) , we have 

r 
f h 

\ = - ( - ^ + d + b ) ) 

f h 
<t>2 = + d + b ) ) 

(1 + ^ z + £ z 2 ) = ( l - 6 l Z ) ( l - 6 2 z ) 

(21) * 2 1 2 (1 + ^ z + £ z Z ) = ( l - M l Z ) ( l - u 2 z ) 

( V a 2 V V = " ^ c P [ i ^ X b ] i i p _ 1 

( 6 1 , 6 2 , . . . , 6 n , B 0 ) = - ^ c P [ 

i 1 

1 1 P 
1-X i i j b ' l l 

- l 

A = PAP . 

E s t i m a t e s of the f r e e p a r a m e t e r s <t> = ( f ^ , d , e , p ^ , P 2 » v ^ , . . . . v ^ ) a r e o b t a i n e d 

by u s i n g the method of maximum l i k e l i h o o d to e s t i m a t e t he v e c t o r a u t o r e -

g r e s s i o n ( 2 0 ) , s u b j e c t to ( 2 1 ) . — L e t u t = ( u

l t . » u

2 t

, u 3 t ' b e t h e s a m P l e 

r e s i d u a l v e c t o r a s s o c i a t e d w i t h t he pa rame te r v a l u e s 0 . Under the 

a s s u m p t i o n t h a t u c i s a t r i v a r i a t e no rma l v e c t o r w i t h E u ^ J . = V , the 

l i k e l i h o o d f u n c t i o n of a samp le o f o b s e r v a t i o n s on the r e s i d u a l s e x t e n d i n g 

o v e r t = l , . . . , T i s 

4 3 T 4 
(22) L ( 9 ) = (211) 2 | v | 2 e x p ( - \ \ u ! V _ 1 G ) . 

"t=l 
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As shown by W i l s o n [1973] and Bard [ 1 9 7 4 ] , maximum l i k e l i h o o d e s t i m a t e s 

I A | 

o f 8 w i t h V unknown can be o b t a i n e d by m i n i m i z i n g | V | w i t h r e s p e c t to 6 , 

where V i s t he samp le c o v a r i a n c e m a t r i x o f u t > 

T 
A r A ^ . 

T 
I 

t = l 

The m a t r i x V i s the maximum l i k e l i h o o d e s t i m a t o r o f V (see W i l s o n [1973] 

o r B a r d [ 1 9 7 4 ] ) . 

Now c o n s i d e r the u n c o n s t r a i n e d v e r s i o n o f t he v e c t o r a u t o r e g r e s s i o n 

(20) i n w h i c h each o f the (3n+4) r e g r e s s o r s has i t s own f r e e p a r a m e t e r . 

L e t L be the v a l u e o f the l i k e l i h o o d f u n c t i o n a t i t s u n r e s t r i c t e d u 

maximum, i . e . , the maximum o b t a i n e d by p e r m i t t i n g e a c h o f t he (3n+4) 

r e g r e s s o r s to have i t s own f r e e p a r a m e t e r . L e t L r be t he v a l u e of t he 

l i k e l i h o o d under the r e s t r i c t i o n s ( 2 1 ) . Then - 2 l o g e ( L r / L u ) i s asymp-
2 

t o t i c a l l y d i s t r i b u t e d as x (q) where q = (3n+4) - (n+5) i s the number of 

r e s t r i c t i o n s imposed by the t h e o r y . H i g h v a l u e s o f t he l i k e l i h o o d r a t i o 

l e a d to r e j e c t i o n o f t he r e s t r i c t i o n s t h a t the t h e o r y imposes on t he 

v e c t o r a u t o r e g r e s s i o n . U s i n g the c a l c u l a t i o n s o f W i l s o n [1973 , p. 80] 

o r Bard [ 1 9 7 4 ] , i t can be shown t h a t t h e l i k e l i h o o d r a t i o i s e q u a l to 

T { l o g e | V r | - l o g e | V u | } 

where V and V a r e the r e s t r i c t e d and u n r e s t r i c t e d e s t i m a t e s o f V , r u 

r e s p e c t i v e l y . 
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2 . A l t e r n a t i v e E s t i m a t i o n S t r a t e g i e s 

I t s h o u l d be s t r e s s e d t h a t t he v e c t o r a u t o r e g r e s s i o n (20) 

w h i c h b u i l d s i n the c r o s s - e q u a t i o n r e s t r i c t i o n s i m p l i e d by the model has 

been o b t a i n e d under t he a s s u m p t i o n (8) t h a t t he p r o d u c t i v i t y s h o c k s 

and a 2 t a r e f i r s t - o r d e r Markov p r o c e s s e s . The fo rms o f t he v e c t o r 

a u t o r e g r e s s i o n s (20) wou ld be a l t e r e d had we assumed o t h e r fo rms f o r t he 

a ^ t and a^t p r o c e s s e s , a s t he r e a d e r can v e r i f y by c a l c u l a t i o n s p a r a l l e l 

i n g t h o s e a b o v e . 

An a l t e r n a t i v e e s t i m a t i o n s t r a t e g y i s a v a i l a b l e t h a t a v o i d s 

the n e c e s s i t y to make s p e c i f i c a s s u m p t i o n s abou t t he fo rms of t he s t o 

c h a s t i c p r o c e s s e s f o r t he d i s t u r b a n c e s a ^ ^ and o n ^ y r e q u i r i n g t h a t 

t hese p r o c e s s e s be c o v a r i a n c e s t a t i o n a r y . The a l t e r n a t i v e e s t i m a t o r 

r e q u i r e s i n s t e a d t h a t t he w^ p r o c e s s be s t r i c t l y e c o n o m e t r i c a l l y e x o g 

enous w i t h r e s p e c t to and i n p a r t i c u l a r r e q u i r i n g t h a t E w

t

a i s

 = 

E w

t

a 2 s = 0 f o r a l l t and s . Under t h a t a s s u m p t i o n , the model (7a) and 

(7b) c a n r e a d i l y be shown to p l a c e r e s t r i c t i o n s on the p r o j e c t i o n s o f 

n l t and n , , t , r e s p e c t i v e l y , on the e n t i r e {w g} p r o c e s s . The s t r u c t u r e o f 

t h o s e r e s t r i c t i o n s p a r a l l e l s t h o s e worked ou t by S a r g e n t [1977a] f o r a 

c o n s u m p t i o n f u n c t i o n e x a m p l e . An a s y m p t o t i c a l l y e f f i c i e n t e s t i m a t o r 

s u c h as " H a n n a n ' s e f f i c i e n t e s t i m a t o r , " w h i c h a l l o w s f o r c o m p l i c a t e d 

s e r i a l c o r r e l a t i o n p a t t e r n s i n the d i s t u r b a n c e s , c o u l d t h e n be a p p l i e d 

to e s t i m a t i n g the p r o j e c t i o n s w i t h and w i t h o u t t he r e s t r i c t i o n s imposed 

by t he m o d e l . 

T h i s a l t e r n a t i v e e s t i m a t i o n s t r a t e g y g e t s a l o n g w i t h much 

weaker a s s u m p t i o n s about the s e r i a l c o r r e l a t i o n p r o p e r t i e s o f the d i s 

t u r b a n c e p r o c e s s e s {a . } and { a „ } a t the c o s t o f mak ing somewhat more 
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s t r i n g e n t a s s u m p t i o n s abou t the e x o g e n e i t y of w t > i . e . , abou t t he 

c o r r e l a t i o n be tween w and t he a . ' s . The o r i g i n a l e s t i m a t o r p r o p o s e d 
t J s 

t h a t o p e r a t e s on (20) does assume t h a t iv^) i s a p r o c e s s t h a t i s no t 

caused i n G r a n g e r ' s [1969] s e n s e by n ^ t o r n 2 t , i . e . , t h a t E [ w f c l w

t „ i » w

t _ 2 ' 

* * " , n l t - l , n l t - 2 ' * * ' ' n 2 t - l ' n 2 t - 2 ' " ' ' = E ^ w t ' W t - l , W t - 2 ' " " N o w S i r a s ' 

[1972] theorems a s s u r e us t h a t i f w c i s no t G r a n g e r - c a u s e d by o r 

n 2 t » then t h e r e e x i s t s a s t a t i s t i c a l r e p r e s e n t a t i o n i n w h i c h w t i s 

s t r i c t l y e c o n o m e t r i c a l l y exogenous w i t h r e s p e c t to n ^ t o r n

2 t - However , 

t h i s s t a t i s t i c a l r e p r e s e n t a t i o n need no t c o r r e s p o n d w i t h the a p p r o p r i a t e 

economic b e h a v i o r a l r e l a t i o n s h i p . I t i s p o s s i b l e f o r n ^ t o r n 2 ( _ to 

f a i l t o cause w^ , and y e t f o r " i n s t a n t a n e o u s c a u s a l i t y " to f l o w f r om n ^ t 

o r n 2 t to w t so t h a t w t i s no t s t r i c t l y exogenous i n the a p p r o p r i a t e 

m o d e l . See S a r g e n t [1977b] f o r an example o f t h i s phenomenon w i t h i n the 

c o n t e x L o f C a g a n ' s model o f h y p e r i n f l a t i o n . The " a u t o r c g r c s s i v e e s t i m a t o r " 

based on (20) p e r m i t s a r b i t r a r y c o r r e l a t i o n be tween the i n n o v a t i o n s to 

° l t ° r n 2 t a n c * W t a n c ^ m a ^ e s n o a s s u m p t i o n abou t w h i c h p a t t e r n of i n s t a n 

taneous c a u s a l i t y e x p l a i n s t h a t c o r r e l a t i o n . On t he o t h e r h a n d , t he 

a l t e r n a t i v e " p r o j e c t i o n e s t i m a t o r " a t t r i b u t e s a l l o f t h a t c o r r e l a t i o n t o 

t he w o r k i n g s o f t he demand s c h e d u l e s f o r n ^ and n 2 t ' (^a) and ( 7 b ) . 

F o r t he p r e s e n t a p p l i c a t i o n , I p r e f e r t he e s t i m a t o r t h a t makes t he 

weaker a s s u m p t i o n abou t the c o r r e l a t i o n be tween i n n o v a t i o n s to emp loy 

ment and the r e a l wage. 

The r e a d e r by now w i l l have u n d e r s t o o d t h a t o p t i m i z i n g , r a t i o n a l 

e x p e c t a t i o n s models do no t e n t i r e l y e l i m i n a t e t he need f o r s i d e assump

t i o n s not g rounded i n economic t h e o r y . Some a r b i t r a r y a s s u m p t i o n s abou t 

t he n a t u r e o f t he s e r i a l c o r r e l a t i o n s t r u c t u r e of t he d i s t u r b a n c e s 

a n d / o r abou t s t r i c t e c o n o m e t r i c e x o g e n e i t y a r e n e c e s s a r y i n o r d e r to 

p r o c e e d w i t h e s t i m a t i o n . 
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P e r h a p s I s h o u l d c o n c l u d e t h i s s e c t i o n by p o i n t i n g to a n o t h e r 

s o u r c e o f a r b i t r a r i n e s s , namely t he l a t i t u d e a t ou r d i s p o s a l i n s p e c i f y 

i n g the f i r m ' s o p t i m i z a t i o n p r o b l e m . F o r e x a m p l e , a d d i n g terms l i k e 

d 2 2 

- 2 ~ ^ n 2 t - l ~ n l t - 2 ^ C ° t b e t ^ r m ' s d a i l y p r o f i t s wou ld l e a d to E u l e r 

e q u a t i o n s t h a t a r e f o u r t h - o r d e r s t o c h a s t i c d i f f e r e n c e e q u a t i o n s and 

wou ld l e a d to d e c i s i o n r u l e s t h a t depend o n two l a g g e d v a l u e s o f e m p l o y 

ment . Such s p e c i f i c a t i o n s wou ld seem p l a u s i b l e and wou ld l e a d to m a t e 

r i a l l y d i f f e r e n t r e s t r i c t i o n s than t h o s e above on v e c t o r a u t o r e g r e s s i o n s 

(o r p r o j e c t i o n s o f n on w, as t he c a s e may b e ) . T h e r e a r e c l e a r l y 

l i m i t s s e t by the r e q u i r e m e n t s o f e c o n o m e t r i c i d e n t i f i c a t i o n on ou r 

a b i l i t y to e s t i m a t e s u c h c o m p l i c a t e d a d j u s t m e n t c o s t p a r a m e t e r i z a t i o n s . 

I d e n t i f i c a t i o n p r o b l e m s i n s u c h mode ls have as y e t r e c e i v e d l i t t l e 

a t t e n t i o n a t a g e n e r a l l e v e l . 

The g e n e r a l theme o f t h i s s e c t i o n has been to i s s u e a w a r n i n g 

t h a t r a t i o n a l e x p e c t a t i o n s , o p t i m i z i n g mode ls w i l l no t be a b l e to s a v e 

us e n t i r e l y f rom the ad hoc a s s u m p t i o n s and i n t e r p r e t a t i o n s made i n 

a p p l i e d work . However , t h i s i s no t to deny t h a t t he r a t i o n a l e x p e c t a 

t i o n s h y p o t h e s i s seems p r o m i s i n g as a d e v i c e f o r o r g a n i z i n g r e s t r i c t i o n s 

on p a r a m e t e r i z a t i o n s o f e c o n o m e t r i c m o d e l s . 
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3. P a r a m e t e r E s t i m a t e s 

The model was e s t i m a t e d u s i n g q u a r t e r l y d a t a on t o t a l c i v i l i a n 

employment and a s t r a i g h t - t i m e r e a l wage i n d e x , w i t h t he p e r i o d o f 

o b s e r v a t i o n f o r the dependent v a r i a b l e s e x t e n d i n g f rom 19471 t h r o u g h 

1972 IV . The v a r i a b l e n ^ t was i n t he f i r s t i n s t a n c e measured by t h e 

s e a s o n a l l y a d j u s t e d BLS s e r i e s "Emp loyees on N o n a g r i c u l t u r a l P a y r o l l s , 

P r i v a t e and G o v e r n m e n t . " To g e t a measure o f i * 2 , t b e ^ ° ^ o w ^ n 8 p r o c e d u r e 

was u s e d . I d e f i n e d t he v a r i a b l e h t t o be a v e r a g e w e e k l y h o u r s , a 

s e r i e s measured by t he s e a s o n a l l y a d j u s t e d BLS s e r i e s " A v e r a g e Week ly 

Hours i n M a n u f a c t u r i n g . " I t h e n e s t i m a t e d t o t a l manhours by ̂ n . ^ . 

F i n a l l y , I measured n 2 t by 

h t n l t ~ h l " l t  
n 2 t " h^ 

1 2 / 

where h^ and h 2 were s e t a p r i o r i a t 37 and 1 7 , r e s p e c t i v e l y . — The 

r e a l wage w t was measured by d e f l a t i n g the s e a s o n a l l y u n a d j u s t e d BLS 

s e r i e s " A v e r a g e H o u r l y E a r n i n g s : S t r a i g h t - t i m e M a n u f a c t u r i n g P r o d u c t i o n 

W o r k e r s " by t he s e a s o n a l l y u n a d j u s t e d Consumer P r i c e Index (1967=100) . 

I a l s o c r e a t e d s e a s o n a l l y u n a d j u s t e d measures o f n ^ t and n ^ 

by t a k i n g as a measure o f n ^ t the s e a s o n a l l y u n a d j u s t e d BLS s e r i e s 

" E m p l o y e e s on P r i v a t e N o n a g r i c u l t u r a l P a y r o l l s " and then u s i n g t h e 

p r e c e d i n g p r o c e d u r e to c r e a t e e s t i m a t e s of n 2 t by u s i n g t he s e a s o n a l l y 

u n a d j u s t e d a v e r a g e w e e k l y h o u r s s e r i e s . The d a t a a r e q u a r t e r l y a v e r a g e s 

of mon th l y d a t a . N o t i c e t h a t h^ and h 2 a r e c o n s t a n t s t h a t a r e i n d e p e n 

den t o f t i m e . 

I b e g i n by d e s c r i b i n g the e s t i m a t e s o b t a i n e d u s i n g t h e s e a s o n a l l y 

a d j u s t e d employment s e r i e s t o g e t h e r w i t h the s e a s o n a l l y u n a d j u s t e d r e a l 
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wage s e r i e s . ( L a t e r I w i l l d e s c r i b e t he r e s u l t s o b t a i n e d w i t h t h e 

s e a s o n a l l y u n a d j u s t e d s e r i e s f o r a l l v a r i a b l e s . ) B e f o r e e s t i m a t i n g the 

m o d e l , the d a t a on n ^ t and n 2 t were each d e t r e n d e d by r e g r e s s i n g them on 

a c o n s t r a n t , l i n e a r t r e n d , and t r e n d s q u a r e d , and then u s i n g t h e r e s i d u a l s 

f r om t h o s e r e g r e s s i o n s as the d a t a f o r e s t i m a t i n g the m o d e l . The d a t a 

on w^ were fo rmed as the r e s i d u a l s f r om a r e g r e s s i o n on a c o n s t a n t , 

l i n e a r t r e n d , t r e n d s q u a r e d , and t h r e e s e a s o n a l dummies. Two r e a s o n s 

can be g i v e n f o r d e t r e n d i n g i n t h i s way p r i o r to f i t t i n g t he m o d e l . 

F i r s t , the model i g n o r e s t he e f f e c t s o f c a p i t a l on employment , e x c e p t to 

t he e x t e n t t h a t t h e s e can be c a p t u r e d by t h e p r o d u c t i v i t y p r o c e s s e s a ^ t 

and a^t- S e c o n d , t he t h e o r y p r e d i c t s t h a t any d e t e r m i n i s t i c components 

o f t he employment and r e a l wage p r o c e s s e s w i l l no t be r e l a t e d by the 

same d i s t r i b u t e d l a g model as a r e t h e i r i n d e t e r r a i n i s t r i c p a r t s . D e t r e n d 

i n g p r i o r to e s t i m a t i o n i s a d e v i c e d e s i g n e d to i s o l a t e t he i n d e t e r m i n i s t i c 

componen ts . The r e a l wage i s measured i n 1967 d o l l a r s , w h i l e employment 

i s measured i n m i l l i o n s of men. 

T a b l e 1 r e p o r t s e s t i m a t e s o f t he v e c t o r a u t o r e g r e s s i o n s f o r 

^ n l t ' n 2 t ' W t ^ k ° t n u n c o n s t r a i n e d and c o n s t r a i n e d by t he m o d e l . Each s e t 

o f e s t i m a t e s was o b t a i n e d by the method o f maximum l i k e l i h o o d . We have 

s e t n e q u a l to f o u r , a f o u r t h - o r d e r a u t o r e g r e s s i o n b e i n g used to model 

the r e a l wage p r o c e s s . T h i s means t h a t t he l i k e l i h o o d r a t i o s t a t i s t i c 

i s a s y m p t o t i c a l l y d i s t r i b u t e d as c h i - s q u a r e w i t h q = (3n+4) - (n+5) = 7 

d e g r e e s of f r eedom. The l i k e l i h o o d r a t i o i s 7 . 3 1 7 2 , w h i c h has a m a r g i n a l 

c o n f i d e n c e l e v e l o f . 6 0 3 4 . The model thus p a s s e s the l i k e l i h o o d r a t i o 

t e s t o f i t s o v e r i d e n t i f y i n g r e s t r i c t i o n s a t t he u s u a l s i g n i f i c a n c e 

l e v e l s . 

The pa rame te r e s t i m a t e s f o r t he mode l a r e r e p o r t e d i n T a b l e 2 . 

The f r e e p a r a m e t e r s were f±, d , e , p 2 , v ^ v 2 > vy and v 4 w i t h b 
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b e i n g f i x e d a t . 9 5 , h.^ a t 37 , and h 2 a t 1 7 . The d e c i s i o n r u l e s a s s o c i a t e d 

w i t h t he maximum l i k e l i h o o d e s t i m a t e s a r e : 

r » l t = . 5 7 8 2 n l t _ 1 - 1 . 3781w t + . 0 5 8 0 w J ; _ 1 + . 1 0 9 8 w t _ 2 

+ . 2 9 2 9 w t _ 3 + a i t 

n 2 t = • 1 9 7 9 n 2 t - l " 4 - 2 7 2 3 w

t " • 0 0 6 5 w t _ 1 - . 0 2 1 7 w t _ 2 

+ . 1 7 2 5 w t _ 3 + a 2 t . 

N o t i c e how b o t h t he shape of the d i s t r i b u t e d l a g and t he magn i tude o f 

the r e s p o n s e to t he r e a l wage d i f f e r s be tween s t r a i g h t - t i m e and o v e r t i m e 

employment . O v e r t i m e employment i s more r e s p o n s i v e to t he r e a l wage. 

F u r t h e r , the s t r a i g h t - t i m e a d j u s t m e n t c o s t pa rame te r d i s e s t i m a t e d to 

be much l a r g e r t h a n the o v e r t i m e a d j u s t m e n t p a r a m e t e r e . That i s why 

depends more s t r o n g l y on n - ^ t _ ^ than does n 2 t on n2t-l' 

T a b l e 2 a l s o r e p o r t s t he e s t i m a t e d c o v a r i a n c e m a t r i x o f t he 

i n n o v a t i o n s V = E u ^ u V R e c a l l t h a t 

I t 

*2t 

*3t 

1 0 a , 

0 1 

0 0 

' I t 

C 2 t = B5. 

where C l t = p l a l t - l ' ^2 t a 2 t D 2 a 2 t - 1 ' a n d w h e r e 

0 a . I t 

B = 2 t 

0 0 3t 
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T h e n , s i n c e £ t = B u t > the c o v a r i a n c e m a t r i x of £ t can be e s t i m a t e d 

-1 - 1 ' 

f rom E£; t£^ = B VB , an e s t i m a t e of w h i c h i s a l s o r e p o r t e d i n T a b l e 2 . 

The c o r r e l a t i o n be tween the i n n o v a t i o n s to a ^ t and to a ^ t * * - , e , » a n ( * 

£ 2 t » i s e s t i m a t e d to be . 7 5 9 . The c o r r e l a t i o n be tween t he i n n o v a t i o n s 

to a ^ t and w t > i . e . , £^ and I s o n l y . 0 2 1 5 , w h i l e t h a t be tween £ 2 t 

and i s . 0 1 2 7 . I had e x p e c t e d £^ and £ 2 t t o be even more h i g h l y 

c o r r e l a t e d than they a r e . 

As i t h a p p e n s , the e s t i m a t e s r e p o r t e d i n T a b l e s 1 and 2 c o r r e s p o n d 

to t he h i g h e r o f two l o c a l maxima of the l i k e l i h o o d f u n c t i o n w h i c h I 

f o u n d . The p a r a m e t e r e s t i m a t e s a s s o c i a t e d w i t h t he l o w e r o f t h e s e two 

l o c a l maxima a r e r e p o r t e d i n T a b l e 3 . I n v i e w o f t he fo rm the v e c t o r 

a u t o r e g r e s s i o n ( 2 0 ) , i t i s no t a t a l l s u r p r i s i n g t h a t the l i k e l i h o o d 

f u n c t i o n s h o u l d e x h i b i t m u l t i p l e maxima. I n p a r t i c u l a r , n o t i c e t h a t the 

c o e f f i c i e n t s i n (20) on n ^ t ^ , l l i t _ 2 ' l l 2 t - l ' n 2 t - 2 a r e ' r e s P e c t i v e l y » 

( 6 j + p ^ ) , -0"]_P]_» ( U j + P 2 ) » a n < * - U ^ P 2 - I f i t were no t f o r t he c o n s t r a i n t s 

a c r o s s p^ and the B ' s and a c r o s s 6^ and the a ' s and t he a p p e a r a n c e of p^ 

and p 2 e l s e w h e r e on the r i g h t s i d e of ( 2 0 ) , t he p a r a m e t e r s <5 ,̂ p^, p^ , 

and p 2 wou ld no t be i d e n t i f i e d , s i n c e i t wou ld be i m p o s s i b l e to d i s t i n g u i s h 

the e f f e c t s o f 6^ f r om p^ and the e f f e c t s o f p^ f r om p 2 - The p r e s e n c e 

o f l a g g e d w ' s on the r i g h t s i d e of (20) and the a f o r e m e n t i o n e d c o n s t r a i n t s 

r e s o l v e t h i s i d e n t i f i c a t i o n p r o b l e m but l e a v e a v e s t i g e o f i t i n t he 

form o f p r o b a b l e m u l t i p l e peaks i n the l i k e l i h o o d f u n c t i o n w i t h s m a l l 

s a m p l e s . Compar ing the pa rame te r e s t i m a t e s i n T a b l e s 2 and 3 shows t h a t 

T a b l e 2 i s a h i g h ( p 1 > P 2 ) - low ( 6 1 » w 1 ) s o l u t i o n , w h i l e T a b l e 3 r e p o r t s 

t he h i g h ( 6 , , M j ) - low ( p 1 , p 2 ) s o l u t i o n . N o t i c e t h a t f o r the T a b l e 3 

e s t i m a t e s , p. + 6± - 1-534 and p 1 6 1 = - 5 3 8 , w h i l e f o r t he T a b l e 2 e s t i m a t e s , 
p l + 61 = 1 - 5 1 6 W h i l e P 1 6 1 = ' 5 4 2 ' 
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The p r e s e n c e o f m u l t i p l e maxima o f t he l i k e l i h o o d f u n c t i o n 

means t h a t c a u t i o n i s c u l l e d f o r i n i n t e r p r e t i n g the t e s t s t a t i s t i c s 

r e p o r t e d , s i n c e t he a s y m p t o t i c d i s t r i b u t i o n on w h i c h the t e s t i s computed 

does no t p r e d i c t m u l t i p l e maxima f o r t he l i k e l i h o o d f u n c t i o n and s o does 

no t p r o v i d e a v e r y good a p p r o x i m a t i o n f o r the samp le s i z e t h a t we a r e 

s t u d y i n g . The p r e s e n c e o f m u l t i p l e maxima of t he l i k e l i h o o d f u n c t i o n 

a l s o a r g u e s f o r s t a r t i n g the n o n l i n e a r e s t i m a t i o n f rom s e v e r a l d i f f e r e n t 

i n i t i a l p a r a m e t e r e s t i m a t e s . I f o l l o w e d t h i s p r a c t i c e i n each c a s e 

r e p o r t e d be low a n d , i n each c a s e , found a n o t h e r l o w e r l o c a l maximum o f 

t he l i k e l i h o o d f u n c t i o n i n a d d i t i o n to the one r e p o r t e d b e l o w . I n each 

c a s e t h e r e was a h i g h ( 6 ^ , u ^ ) - low ( p ^ , P 2 ) s o l u t i o n and a h i g h ( p ^ , P 2 ) 

low ( 6 ^ , u ^ ) s o l u t i o n . 

T a b l e 4 r e p o r t s the e s t i m a t e s a s s o c i a t e d w i t h t he h i g h e r 

1 3 / 

l i k e l i h o o d o f two maxima found f o r the s e a s o n a l l y u n a d j u s t e d d a t a — 

w i t h n=4. In t h i s c a s e , the h i g h ( 6 ^ , u ^ ) - low ( p ^ , P 2 ) s o l u t i o n had t he 

h i g h e r l i k e l i h o o d . The e s t i m a t e s i n d i c a t e d >> e and a r e q u a l i t a t i v e l y 

s i m i l a r to t h o s e d e s c r i b e d a b o v e . The m a r g i n a l c o n f i d e n c e l e v e l i s 

. 6 2 0 6 , w h i c h i n d i c a t e s t h a t the samp le does no t c o n t a i n s t r o n g e v i d e n c e 

a g a i n s t t he n u l l h y p o t h e s i s . 

T a b l e 5 r e p o r t s e s t i m a t e s w i t h t he s e a s o n a l l y u n a d j u s t e d d a t a 

w i t h n=8. In t h i s c a s e , t he l i k e l i h o o d f u n c t i o n c a l l s f o r h i g h v a l u e s 

o f 6^ and v^. The l i k e l i h o o d r a t i o s t a t i s t i c i s now d i s t r i b u t e d asymp

t o t i c a l l y as c h i - s q u a r e w i t h f i f t e e n d e g r e e s o f f reedom under the n u l l 

h y p o t h e s i s t h a t t he model i s c o r r e c t . Once a g a i n t he l i k e l i h o o d r a t i o 

s t a t i s t i c does no t c a l l f o r r e j e c t i n g the m o d e l . 

T a b l e 6 shows the e s t i m a t e s o b t a i n e d f o r t he s e a s o n a l l y a d j u s t e d 

d a t a f o r n=8. I t i s i n t e r e s t i n g t h a t w i t h n=8 t he h i g h 6y \i± e s t i m a t e s 
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a r e the ones t h a t m a x i m i z e the l i k e l i h o o d f u n c t i o n . The l i k e l i h o o d 

r a t i o t e s t a g a i n f a i l s to r e j e c t t he m o d e l . 

I a l s o e s t i m a t e d a s i n g l e - s h i f t v e r s i o n o f t he model i n w h i c h 

a l l o f the terms i n n 2 t a r e d ropped f r om t h e o b j e c t i v e f u n c t i o n ( 1 ) . 

The r e s u l t i s a model r e s t r i c t i n g o n l y n ^ and w^ and c o n s i s t i n g o f 

e q u a t i o n s (20a) and ( 2 0 c ) . The r i g h t s i d e o f (20a) and (20c) c o n t a i n 

2n + 2 r e g r e s s o r s , w h i l e the model p o s s e s s e s t he (n+3) f r e e p a r a m e t e r s 

d , f^, p^, v ^ , v n < So the model p l a c e s q = (2n+2) - (n+3) o v e r -

i d e n t i f y i n g r e s t r i c t i o n s on t he b i v a r i a t e v e c t o r a u t o r e g r e s s i o n ( 2 0 a ) , 

( 2 0 c ) . 

T a b l e s 7 and 8 r e p o r t the p a r a m e t e r e s t i m a t e s f o r the s e a s o n a l l y 

a d j u s t e d and u n a d j u s t e d d a t a . The s e a s o n a l l y a d j u s t e d d a t a i n d i c a t e 

t h a t t he o v e r i d e n t i f y i n g r e s t r i c t i o n s a r e m a r g i n a l l y to be r e j e c t e d a t 

the .95 c o n f i d e n c e l e v e l , w h i l e they a r e m a r g i n a l l y r e j e c t e d a t t he . 9 0 

c o n f i d e n c e l e v e l f o r the s e a s o n a l l y u n a d j u s t e d d a t a . The p a r a m e t e r 

p o i n t e s t i m a t e s c o n t i n u e to i n d i c a t e t h a t a d j u s t m e n t c o s t s e x e r t a n 

i m p o r t a n t i n f l u e n c e on the demand f o r employment . 
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C o n c l u s i o n s 

The s i m p l e con temporaneous c o r r e l a t i o n s t h a t fo rmed the e v i d e n c e 

i n the o r i g i n a l D u n l o p - T a r s h i s - K e y n e s e x c h a n g e , and a l s o i n much o f the 

f o l l o w - u p e m p i r i c a l work done to d a t e , a r e no t s u f f i c i e n t to r u l e on t he 

q u e s t i o n o f whe the r the t ime s e r i e s a r e c o m p a t i b l e w i t h a model i n w h i c h 

f i r m s a r e a lways on t h e i r demand s c h e d u l e s f o r employment . T h i s i s t r u e 

a c c o r d i n g to v i r t u a l l y any dynamic and s t o c h a s t i c t h e o r y of the demand 

f o r employment . I n t h i s p a p e r , I have t r i e d to i n d i c a t e one way i n 

w h i c h the t ime s e r i e s e v i d e n c e can be b r o u g h t to b e a r on the q u e s t i o n i n 

the c o n t e x t o f a s i m p l e d y n a m i c , s t o c h a s t i c m o d e l . The e m p i r i c a l r e s u l t s 

a r e m o d e r a t e l y c o m f o r t i n g to t he v i e w t h a t t he e m p l o y m e n t - r e a l wage 

o b s e r v a t i o n s l i e a l o n g a demand s c h e d u l e f o r employment . I t i s i m p o r t a n t 

to emphas i ze t h a t t h i s v i e w has c o n t e n t ( i . e . , imposes o v e r i d e n t i f y i n g 

r e s t r i c t i o n s ) because I have a p r i o r i imposed r e s t r i c t i o n s on the o r d e r s 

o f the a d j u s t m e n t c o s t p r o c e s s e s and on the Markov p r o c e s s e s g o v e r n i n g 

d i s t u r b a n c e s . A t a g e n e r a l l e v e l w i t h o u t s u c h r e s t r i c t i o n s , i t i s 

d o u b t f u l whe the r the e q u i l i b r i u m v i e w has c o n t e n t . 
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T a b l e 1 

V e c t o r A u t o r e g r e s s i o n s , S e a s o n a l l y A d j u s t e d D a t a (n=4) 

(20a) 

l t - 1 

n I t - 2 

w t - 1 

w t - 2 

w t - 3 

W t - 4 

(20b) 

n 2 t - l 

n 

w 

w 

w 

2 t - 2 

t - 1 

t - 2 

t - 3 

w t - 4 

(20c) 

w 
t -1 

w t - 2 

w t - 3 

u t - 4 

U n c o n s t r a i n e d 

1 .5128 

- . 5 3 7 2 

- 2 . 0 2 8 7 

- 1 . 9 6 6 7 

2 .9944 

- 1 . 0 5 3 8 

.9667 

- . 1 5 9 6 

- 5 . 6 1 5 5 

.5847 

1.9400 

- 4 . 8 4 4 4 

.9307 

- . 0 2 9 0 

.1146 

- . 1 9 0 7 

C o n s t r a i n e d by (20) 

1 .5159 

- . 5 4 2 2 

.0225 

.0512 

.0969 

- . 0 3 4 3 

.9730 

- . 1 5 3 4 

- . 8 1 1 7 

- . 0 2 9 7 

- . 0 9 8 8 

.6114 

.9635 

.0031 

.0674 

- . 1 7 4 4 

| V | . 5 1 1 3 1 9 9 E - 0 5 . 5 5 0 1 4 E - 0 5 
T { l o g | V r | - l o g | v J } = 7 .3172 

M a r g i n a l c o n f i d e n c e l e v e l = .6034 

L e t X be a random v a r i a b l e d i s t r i b u t e d c h i - s q u a r e s e v e n d e g r e e s o f 
f r e e d o m , and l e t x be t he v a l u e o f the computed t e s t s t a t i s t i c . Then 
t he m a r g i n a l c o n f i d e n c e l e v e l i s d e f i n e d as P r o b {X<x} under t he n u l l 
h y p o t h e s i s . 
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T a b l e 2 

P a r a m e t e r E s t i m a t e s 
S e a s o n a l l y A d j u s t e d Da ta ( n - 4 ) 

f l = 

d = 

e = 

6 1 = 

a i = 

a 2 " 

a 3 = 

a , = 

.2794 

31 .4283 

1 .4429 

.5782 

- 1 . 3 7 8 1 

.0580 

.1098 

.2929 

P , = 

Po = 

U, = 

6 1 = 

6 2 = 

e 4 = 

.9377 

.7751 

.1979 

- 4 . 2 7 2 3 

- . 0 0 6 5 

- . 0 2 1 7 4 

.1725 

. 9 2 9 1 E - 0 1 .2011E+00 . 1 2 9 4 E - 0 2 

7746E+00 . 2 0 8 9 E - 0 2 

. 1 9 3 9 E - 0 3 

.0968E+00 .21061E+00 . 1 5 6 1 E - 0 2 ' 

.7960E+00 . 5 3 8 2 E - 0 3 

. 1 9 3 9 E - 0 3 , 
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T a b l e 3 

S e a s o n a l l y A d j u s t e d D a t a — S e c o n d S o l u t i o n 
L i k e l i h o o d E q u a t i o n s 

f l = .03402 v l = . 9461 

d = 2367 .94 v 2 = . 0162 

e = 1 0 . 4 5 5 8 V 3 = - . 1 1 4 8 

p l = .5426 V 4 = . 0139 

P 2 = .1552 

6 1 = .9910 .8077 

a l = - 3 . 4 1 4 0 6 1 = - 6 . 6 6 5 8 

a 2 = - . 3 8 0 0 h- . 1880 

a 3 = - . 3 4 8 3 e 3 = . 3530 

a 4 = - . 7 6 1 9 *4 = - . 3 0 5 3 

^ . 9 4 9 1 E - 0 1 .2053E+00 .1242E 

V = .7701E+00 .1982E 

. 1 9 9 9 E - 0 3 

B ^ V B " 1 ' 

- 0 2 .10572E+00 .2249E+00 .19241E 

.8054E+00 . 3 3 1 5 E - 0 2 

V = . 5 6 3 5 3 E - 0 5 , V = . 511320E-05 
r 1 u ' 

T { l o g | V r | - l o g | V u | } = 9 .7221 

. 1 9 9 9 E - 0 3 

M a r g i n a l c o n f i d e n c e l e v e l = .7951 
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T a b l e 4 

S e a s o n a l l y U n a d j u s t e d D a t a (n=4) 

f l = .4358 V l = . 8498 

d = 3 2 6 6 . 2 9 v 2 " . 1215 

e = 75 .6748 V 3 = - . 0 2 1 9 

P l = .3849 V 4 = - . 1 1 9 8 

p 2 = .0909 

6 1 = .9512 ^1 = . 7475 

al ' - . 0 1 1 0 6 1 = - . 5 6 2 0 

a2 - .0091 h " . 0409 

a 3 " .0114 6 3 = .1259 

a 4 * .0124 *4 = . 1650 

.1414E+00 2688E+00 • 1 2 3 4 E - 0 2 

8189E+00 . 1 6 3 1 E - 0 2 

V = . 9 6 4 3 8 , V - . 8 9 4 7 5 E - 0 5 r 1 u 1 

T { l o g | V J - l og | v l } = 7 .4934 

. 2 3 4 0 E - 0 3 , 

/ .1414E+00 .2695E+00 . 1 2 3 7 E - 0 2 ' 

.8208E+00 . 1 7 6 2 E - 0 2 

. 2 3 4 0 E - 0 3 , 

M a r g i n a l c o n f i d e n c e l e v e l = .6206 
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T a b l e 5 

S e a s o n a l l y U n a d j u s t e d D a t a (n=8) 

f , = 

d = 

e = 

Pi = 

Po • 

. 3721 

3266 .29 

75 .6750 

.39930 

.0522 

V l = 

V 3 = 

v 4 = 

. 8388 

.1512 

.0204 

- . 2 7 8 6 

V 5 = 

V 6 = 

V 7 = 

v 8 = 

. 2718 

- . 1 3 6 9 

- . 0 3 0 6 

- . 0 3 4 0 

6 1 = .9560 y x = .7651 

ot. 

° 2 = 

a 3 = 

a 4 = 

a 5 = 

a 6 = 

a 7 = 

cx0 = 

- . 0 2 8 2 

. 0 0 4 5 

. 0092 

.0108 

.0040 

.0121 

.0094 

.0095 

*2 = 

B 3 = 

B 4 " 

6 7 = 

- . 7 1 9 4 

- . 0 3 1 6 

.0653 

.1045 

- . 0 5 6 7 

.1176 

.0633 

.0650 

V = 

•1370E+00 

.1370E+00 

.2756E+00 

.8473E+00 

.2764E+00 

.8494E+00 

|V I = . 8 3 4 4 2 E - 0 5 , |V I = . 7 9 7 5 4 E - 0 5 

T { l o g | V r | - l o g | V u | } = 4 .3394 

M a r g i n a l c o n f i d e n c e l e v e l = .0036 
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T a b l e 6 

S e a s o n a l l y A d j u s t e d D a t a (n=8) 

f , = 

d = 

e = 

Pi = 

Po = 

.2274 

2367 .87 

6 7 . 3 9 5 0 

.5632 

.1532 

V l = 

V 2 = 

v 3 = 

v 4 = 

.9117 

.0727 

.1036 

- . 2 5 3 5 

V 5 = 

V 6 = 

v 7 = 

v 8 = 

.0484 

.0665 

- . 1 5 1 8 

.0337 

6, = .9608 U± = .8044 

02 

a 3 = 

a 4 = 

a = 
5 

a 6 = 

a 7 = 

- . 5 1 6 2 

- . 0 7 8 4 

- . 0 4 8 4 

.0004 

- . 1 3 0 4 

- . 1 1 7 8 

- . 0 9 4 8 

- . 1 8 2 2 

6 1 = 

6 3 = 

6 4 = 

3 6 = 

B 7 = 

B„ = 

- 1 . 0 8 0 3 

- . 0 3 0 5 

.0385 

.1624 

- . 0 6 1 4 

- . 0 2 8 0 

.0351 

- . 1 1 8 0 

V = 

B vB 

. 9443E-01 

.9567E-01 

.2156E+00 

.8021E+00 

2183E+00 

8076E+00 

V = . 4 8 1 6 2 E - 0 5 , V = . 4 4 0 8 8 3 E - 0 5 
r u 

T ( l o g | v | - l o g |V |} • 8 .484 

M a r g i n a l c o n f i d e n c e l e v e l = .0971 
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T a b l e 7 

S e a s o n a l l y A d j u s t e d , O n e - S h i f t M o d e l 

f , = 

d = 

Pi " 

A , = 

.0059 

3 .4108 

.7834 

.7934 

Vl = 

v 2 = 

V 3 = 

v 4 = 

.9342 

- . 0 0 6 3 

- . 0 5 3 9 

- . 0 0 2 9 

a , = 

a „ = 

a , = 

- 2 6 . 3 8 8 0 

1 .0662 

1 .2488 

.2356 

V = 

. 8 3 5 9 E - 0 1 

V = . 1 5 1 5 4 E - 0 4 , V = . 1 3 9 8 3 E - 0 4 
T 1 U 1 

T { l o g | V r | - l o g | V u j } = 8 .0402 

M a r g i n a l c o n f i d e n c e l e v e l = .9548 
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T a b l e 8 

S e a s o n a l l y U n a d j u s t e d , O n e - S h i f t M o d e l 

f l = .0144 v1 = .8476 

d = 5 .1839 v 2 = .0634 

P l = .7002 v 3 = - . 0 3 8 8 

A l = .7417 v . = - . 0 1 4 7 4 

a i = - 1 3 . 3 2 8 8 

a 2 = - . 1 0 7 0 

a 3 = .6930 

a 4 = .4663 

/ . 1 2 6 7 E + 0 0 

|V | = . 2 8 5 1 1 E - 0 4 , |V I = . 2 6 7 5 7 E - 0 4 r ' 1 u 1 

T { l o g | V r | - l o g | v J } = 6 .3492 

M a r g i n a l c o n f i d e n c e l e v e l = .9042 



F o o t n o t e s 

— ^ A p p l i c a t i o n s of r e l a t e d methods a r e c o n t a i n e d i n S a r g e n t 
[ 1977a , 1 9 7 7 b ] . 

2 / 
— R e s t r i c t i o n s on the p r o d u c t i o n f u n c t i o n r e q u i r e d to p e r m i t 

L u c a s ' s s t a t i c model to a c c o u n t f o r t he c y c l i c a l b e h a v i o r o f l a b o r p r o 
d u c t i v i t y and r e a l a v e r a g e h o u r l y e a r n i n g s were d i s c u s s e d by S a r g e n t and 
W a l l a c e [ 1 9 7 4 ] . A d d i n g d i f f e r e n t i a l c o s t s f o r a d j u s t i n g s t r a i g h t - t i m e 
and o v e r t i m e l a b o r wou ld w i d e n t he c l a s s o f p r o d u c t i o n f u n c t i o n s t h a t 
c o u l d l e a d to p r o c y c l i c a l movements o f a v e r a g e h o u r l y e a r n i n g s and l a b o r 
p r o d u c t i v i t y . 

3 / 
— O p t i m i z a t i o n p rob lems o f t h i s f o rm a r e d i s c u s s e d by H o l t , 

M o d i g l i a n i , M u t h , and S imon [ 1 9 6 0 ] , G raves and T e l s e r [ 1 9 7 1 ] , and 
Kwakernaak and S i v a n [ 1 9 7 2 ] . The t r e a t m e n t h e r e c l o s e l y f o l l o w s t h a t o f 
S a r g e n t [ 1 9 7 7 c ] . I t wou ld be s t r a i g h t f o r w a r d to c a r r y a l o n g n f i r m s , 
each f a c i n g t he same wage p r o c e s s and o p e r a t i n g under t he same f u n c t i o n a l 
fo rm f o r i t s o b j e c t i v e f u n c t i o n ( 1 ) , y e t each h a v i n g d i f f e r e n t v a l u e s 
f o r the p a r a m e t e r s f g , f^ , d , and e . I t wou ld t hen be s t r a i g h t f o r w a r d 
to a g g r e g a t e the E u l e r e q u a t i o n s and t h e i r s o l u t i o n s ( 7 ) . T h u s , a s s u m i n g 
a r e p r e s e n t a t i v e f i r m i s o n l y a c o n v e n i e n c e , as t he mode l a d m i t s a t i d y 
t h e o r y o f a g g r e g a t i o n . 

4 / 

— See S a r g e n t [ 1 9 7 7 c ] , C h a p t e r s IX and X I V . 

- ^ S e e S a r g e n t [ 1 9 7 7 c ] . 
- ^ S e e S a r g e n t [ 1 9 7 7 c ] . The s o l u t i o n (7) c l e a r l y e x h i b i t s t he 

c e r t a i n t y - e q u i v a l e n c e o r s e p a r a t i o n p r o p e r t y . Tha t i s , t he same s o l u t i o n 
f o r n ^ t and n 2 t wou ld emerge i f we m a x i m i z e d the c r i t e r i o n fo rmed by 

r e p l a c i n g ( • l M . j . * 2 t + J . » e + J ) by (Vlt+j » E

c

a 2 t + j »Vt+j > a n d d r o P P i n S 
t he o p e r a t o r E^ f r o m o u t s i d e t he sum i n ( 1 ) . 

—^The c o n d i t i o n t h a t E ^ 3 t l ^ c _ ^ = 0 i s e q u i v a l e n t w i t h the 

c o n d i t i o n t h a t w t i s no t c a u s e d , i n G r a n g e r ' s [1969] s e n s e , by n 2 o r 

V 
8 / 

— The a s s u m p t i o n t h a t w £ i s o f e x p o n e n t i a l o r d e r l e s s t h a n 

( r ) i m p l i e s t h a t t he max \ \ ± \ < Og) where X± i s t he i C h e lement o f A. 
—^Here we a r e u s i n g t h a t ( ) ( — ) ^ p . ) a . - ; a 

i=0 U 2 1 - — P l L=0 U2 

s i n c e | | < and | y 2 | > -g, so t h a t the i n f i n i t e sum c o n v e r g e s . 

— ^ E n g i n e e r s d i r e c t l y o b t a i n s o l u t i o n s o f the fo rm (13) by 
s o l v i n g m a t r i x R i c a t t i e q u a t i o n s , e . g . , s e e Kwakernaak and S i v a n [ 1 9 7 2 ] . 



F o o t n o t e s , c o n t i n u e d 

In t h e i r j a r g o n , ou r s y s t e m i s no t " c o n t r o l l a b l e " bu t i s " s t a b i l i z a b l e " 
and " d e t e c t a b l e " so t h a t c o n v e r g e n c e o f i t e r a t i o n s on the R i c a t t i e q u a t i o n 
i s a s s u r e d . The s t a b i l i z a b i l i t y o f ou r s y s t e m depends on { a ^ } , ^ a 2 t ^ ' 

and {w t } b e i n g o f e x p o n e n t i a l o r d e r l e s s t han ( ^ ) . 

— ^ T h e p a r a m e t e r s fp and v^ a r e d ropped b e c a u s e t he d a t a a r e 

i n t he f o rm o f d e v i a t i o n s f rom means and t r e n d t e r m s . The p a r a m e t e r s b, 
h ^ , and h 2 w i l l be f i x e d a_ p r i o r i . 

1 2 / 
— T h a t t h e s e v a l u e s f o r h^ and h 2 do no t add to u n i t y , as i n 

t he t h e o r e t i c a l p r e s e n t a t i o n o f t he m o d e l , amounts o n l y to a h a r m l e s s 
r e n o r m a l i z a t i o n . 

—''with t he s e a s o n a l l y u n a d j u s t e d employment d a t a , I f i r s t 
r e g r e s s e d each o f n ^ , n

2 t » and w t a g a i n s t a c o n s t a n t , t r e n d , t r e n d 

s q u a r e d , and t h r e e s e a s o n a l dummies and used t he r e s i d u a l s f r om t h o s e 
r e g r e s s i o n s as the d a t a . 
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